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ON THE CONDITIONAL MEAN VALUE OF VECTOR LATTICE
VALUED RANDOM VARIABLES

PETER MALICKY, Liptovsky Mikula§

Inner regular measure spaces and dyadic tree condition for vecter lattices
were defined in [3]. It was shown that the monotone limit convergence theorem
holds for integrals of simple functions defined on an inner regular measure space
with values in a vector lattice V if V satisfies a dyadic tree condition.

This paper generalizes results of [3] and it gives a proof of the monotone limit
convergence theorem for the conditional mean value of vector lattice valued
functions under the same assumptions.

The monotone limit convergence theorem enables to apply Matthes—Wright
theorem on the conditional mean value when a vector lattice V is weakly
o-distributive (see [1], [4], [S]).

Preliminaries and notations

Symbol V denotes a vector lattice, i.e. a real linear space V' which has a partial
ordering < such that:

(1) V is a lattice with respect to <,

@ii)) Va,b,ceV:a<b=a+c<b+ec,

(iii) Va,beV ViAeR:a<b, 0<A=la< Aib.

V is said to be o-complete if every upper bounded sequence has a least upper
bound. If {a,},"_ , is a sequence of elements of V, then a, ™ 0 means that sequence
{a,}r_, is nonincreasing and 0 is its greatest lower bound. We say that {a,}*_,
decreases to 0.

A double sequence {a(n, k)}7_,.7 -, of elements of V is called a dyadic tree.

A sequence {b,};_, is called a chain of a dyadic tree {a(n, k)};_,.; -, if there
is a sequence {k,} _, of integers such that:

ko = l
Vn: kn+ 1 E{ka 2kn - l}
Vn: b, = a(n,k,).
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A dyadic tree {a(n, k)}/_,, 1~ is said to be decreasing to 0 if all its chains
decrease to 0.

We say that vector lattice V satisfies the dyadic tree condition (briefly DTC)
if (2"'- i a(n, k)) \ 0 whenever {a(n, k)}_,, 7~ decreases to 0.

k=1
In the sequel (X, S, P) denotes a probability measure space (X is a set, S is
a o-algebra on X, and P is a probability measure).

A measure space (X, S, P) is calied inner regular if there is a system 4" < §

such that:
(i) V{ n)’n—l (Vn Kne‘%f’ Kn+| C " ?& 0)=> ﬂ Kn # 0
n=1

(ii) VAeS: P(A) = sup{P(K): K< 4, Ke X'}.
A function f: X — V is said to be simple if there are sets 4,, ..., 4,€S and
i

elements a,, ..., a,€ V such that /= ) X4,a;, where x, denotes a characteristic
i=1

function of a set 4,. We may always assume that sets 4,, ..., 4,form a partition

of X, ie.:

/
X=Y A4, and A,nA4,=0 for i#j.

i=1

Moreover, if we have a sequence {f, e _, of simple functions f,,: X — V, we
1,

may assume that there are systems {/,}._,, {Pn.. ,},,,_l,,"'_l, {@m.j}m=1,j=1 Of
integers, a system {4, ;}. - ],f’"_, < S and a system {a,, ;. - ,,,”Ll < V such that
I"l
(1) Z X4, Gn; forallm
i
IIH
(2) X=JA4,;, and 4,,n4,,=0 for i#j
i=1
(3) ] = pm.l < pm.l <..< pnnlm
(4) qm.l < qm,Z <..< qm. [ = 1m+l
(5) pm.[+l = qm.j + 1
. j
(6) m; U Am+ i

i= Py, j

Let S, be a o-subalgebra of S and ¢: X — R be a S-measurable P-integrable
function. Radon—Nikodym theorem implies that there is a unique (almost
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everywhere) Sj-measurable P-integrable function y: X — R such that

f.¢dP=j v dP forany AeS,.
A A

The function wis called a conditional mean value of ¢ with respect to S, and
it is denoted as E(¢p| S,).

!
Now, we may define E(f|S,) for V-valued simple function. If f=> X4, Qs
i=1

A,€S, aeV, put

E(f1S)) = ¥, E(x4]S0)-a;.

i=1

If {f..}m - 1 is a sequence of functions f,,: X — V then the symbolf N 0 means
that f£,,(x) \ 0 for all xe X.

Aproximations

Lemma 1: Let SyStemS {m}m—]’ {pm_[}jo—hjl 1 and {qm/}m—l’:—l SatiSfy

(3 —5). Let X be a set, S, be a 5-algebra on X and { @ i3 = ,,,_ ; be a system of
nonnegative S,-measurable real functions defined on X such that:

(8) Z Py =
j=1
m.j
)] . Z Pn+1,i = Pmj-
i=Pm;

For any ¢£> 0 there is a family {y,, ,},,,_,,f_l of nonnegative simple dyadic
rational valued functions such that:

(10) Z Yn, =1 foral m
j=1
(11) 2 10m;— Wl <e(l —2"") forall m
ji=1
9m, j
(12) Y Vniri=V,,; forallmand je{l,..,1,}.
i=pm_j

Proof: The system {y,, ;} will be constructed by induction. It is convenient to
start fromm = 0. So,put =1, ¢, , = 1, g, , = !\, po,y = 1. Then (8) and (9) are
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satisfied for m = 0 also. Put y, , = 1. Then (10) and (1 1) are satisfied for m = 0.
Assume that the functions ¥, are already defined for m < k and je{l, ..., 1}
and they have the required properties. We shall construct functions Vi 4, for
ie{l, ..., . }. Take an integer r such that

(13) 2ok - 27" 2 g 2E,

Take fixed je{l, ..., /,} and consider all L€{Prjs - s G}
If @, ,(x) = 0 then for all T€{Pijs s Qi j} Oy 1.:(x) =0 by (9).
Put y; ., (x) = 0 when Pri<i<gq;and y; l.z,k‘,(x) = Y /(x).
Then (12) holds for m = k and
W
(14) 2 1010 = Wi O] = @ () — w (X))

i=pg;

If ¢, j(x) > 0 then put

Wi (X)) =2 '[gﬂjﬂ)_wii\_)

for i<gq,;
(PA-,,'(-\’) ] .

and
Gy
Vi1, (0 = V() = 3 ey 4(x)
i:"k./
(the symbol [a] denotes the integer part of a).
Then we have:

9k,j
(15) Z Vi 1.i(x) = Wi (x)
=P
(16) 05 py () < BtV )y o
@ (x)

fori<g,.

Relation (9) implies equality

qk.j ; <

(17) Z ¢k+ |.i(')‘) Wk.!(") — W[‘,(x)

i=p; ‘ (ok.j(x)
Comparing relations (15), (16) and (17), we have
Dic + |.qk_j(x) 7969 _
& /(x)

(18) Vis g (%) —

Yk j—1
- (Pt )
¢k.j(x)

i=ppj
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Relations (16) and (18) give

9k.j
(19) P 1.X) Wi (X) Vi sr.(x) =
i=p; (pk'j(X)
Ghj= !
: X i\ X -
S L BN R L7C B 2qu; = Pe)2"
i=pe; @ /(x)

Using (9) and (19), we obtain the following estimate:

9. j k. j } 5
2 100100 = Vs I < Y oy () - BerdD V)]
i=p; =Py (pk‘j(x)
k. j
4 Z Ok +1.4(x) Wk.[(x) — Y, ()| =
i=p; (" /'(x)
q.j ¥ b
—[1- 88 g+ z e ST G
o0 5, =l (%)

< I(pk./(x) = Vi, (O + 2(qu; — P ) 27"
It means that

9k.j

Z |0k 4 1.:(x) — @ (X)) < |94 (%) — Wi ; ()| + 2(g,; — Pej)2"

i=pyj
\

whenever ¢, (x) > 0.
Looking at (14), we see that the last inequality holds for all x. Using (3), 4),
(5), the inductive assumption and (13) we obtain:

by h 4
Z [ @i 4 1.4(x) — Wi+ 1.0 = Z Z [0k 4 1.:6(%) = Yy 1. ()] <
i=1 J=li=p

I I

< Y1040 = @I+ ¥ 2q;~pi)27 <

<e(1—27%) 42, 27" <e(l —27%) + 2%~ = g(1 — 27% 1),

It means that (11) holds for m = k + 1.

The other properties of y, , , ; are obvious.

The proof is complete.

Now, suppose we have a probability measure space (X, S, P) and fixed
systems of integers {/,}>_,, {p. j},,,_,,,' i and {g,, ;}=_ 1,,’ , and a system
{4, - ,, j=1 of measurable sets which satisfy relations (2)—(6).
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Definition 1: A sequence {4,,; }» - is said to be acceptable, if j, €{1, ..., .}
and ji, . 1 €{Pm;,>-->qm,;,} fOT all m. An acceptable sequence {4,,; },/_, is said to

be disappearing if (") 4,,, =90.

Aset AeSis sai’:i tlo be catching if for-any disappearing sequence {4, ; }» -
there exists m, such that 4, iy © A.

Lemma 2:

(i) If A and B are catching sets, then 4 N B is catching

(i) If (X, S, P) is inner regular, then for any & > 0 there is a catching set A4
such that P(4) < &.

Proof: Part (i) is obvious. We shall prove (ii).

Let £ > 0 be fixed. We shall construct a system {K,, ;},, | such that:

m=13j=1

(20) vmVje{l, ..., l,}: K,,< A,,, K.,eX or K. —@
1) v vyell, .., LY Vie{p, s mit: Kniri € Ky

II"
(22) Vm: Y P(K,;)>1—¢1-=2"").

j=1

The system {K,, ;}.._ ,,_;",'_., will be constructed by induction.

Let m = 1. For all je{l, ..., |} take K, ;e X" or K, ; = 0 such that:

Kijc4,; and P(4,,-K,)) < 2_?

Then {K, j}ll-‘z, has the required properties. Suppose that for all m” < m the
systems {K,,, ; J'.'"; , are already constructed. We are going to construct the system
{K, . |,,~}¢’"=*.'. Let je{l, ..., I,} be fixed. Consider all ie{p,, , ..., 4.}

If P(4,,, 1,0 K,;)=0put K, ,,,=0.

If P(4,.,,)nK,;) >0 take K, ,, ;€ such that:

Km+ i < (Am+ I.in Km.j)
and

g-2™"

20y

P((Am+ I,im Km.j) - Km+ l.i) <

m+ |

:=, has the required properties and the system

The system {K, ..}

{K, = ,,J'-";, is constructed. Put 4 = X — (1) | K, ;. Obviously P(4) <e&

m=1j=1

We are going to prove that A is a catching set. Let {j,,}>_ , be a sequence such

120



that:
ij{l, ""Im}9 Am+ Vm 41 < Am.j,,,

for all m and

ﬂ Am../,,, =0.
1

Then for some m, we must have K. Ty = 0. In the opposite case we should
have a sequence {K,, jdm—1 such that:

K, #0, K, €X, K., < Ay, K

L B

c kK

m.j,

for all m and

which is a contradiction.
Since
NnK

mo.j,"o

=0.

Mgimg K., =0 because K,,;< An,; and

Ko, hog = 0, we have Ay, g

Ifje{l, ..., l,,} and j # Jm, then A
Ay O Amy = 0 bY (2). Therefore

Imo o Im
Amo.i,,,o cX _jk=)| Kmo.j cX - mOI jL=)| Km.j =A.

The proof of (ii) is complete.

The monotone limit convergence theorem

Theorem: Let (X, S, P) be an inner regular probability measure space, S, be a
o-subalgebra of S and V' be a o-complete vector lattice which satisfies DTC. For
any sequence {f,}_, of simple V-valued functions defined on X we have:

SuNO=E(f,|S) »0 a.e.
Proof: Let {f,}7. 1, {bdm-1s {Pmidioi)ers @mpdiarims {(An 21 m, and
{a, )2_\. 1, satisfy (1)—(6) and
(23) £, N 0.
Put ¢, ;= E(x, ,IISo)-

m.j

Then E(f,|S,) = ) a,, ¢, and @, ; satisfy (8) and (9) almost everywhere.

Jj=1
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We shall assume that (8) and (9) are satisfied everywhere. It is easy to see that

E(fon+118) < E(f,1S,) for all m.
If we show that /\ E(f,,|S,) = 0, the proof will be finished.

m=1

For every natural s take a catching set 4, such that
(24) P(A,) < l
s
We may assume that

(25) ' A,,, < A, foralls.
Now, let s be fixed. Put ¢, = E(y, | S,) and

a,; when A, & A,
(26) b, = { ! ! .
0 when A4, c A,
Then
27 b,.;, ~ 0 for every acceptable sequence {4,, Jooln =13

o e}

because b,,; = f,,(x) for some xe () A, ;. when {4, ; }>_,isnot disappearing,

m=1

and b,,; = 0 for sufficiently large m, when {4,, j.tm =1 is disappearing. Put

h
(28) a=\/a
j=1
Then:
IM Im
(29) E(fmlSO) = Z am,j¢m,j < a(Ds + bm.j¢m,j'
i=1 =1

J= J

Take € = 1 and the functions y,, ; from Lemma 1.
s

Using (29), (11) and (28), we obtain:
l /

E(fmlso) < a'¢s + Z bm.ij,j+ Z bm,j(¢m,j - Wm.j) <
j=1 j=1

[/ /

m

S a¢s + Z bm,ij,j + Z bm,j|¢m,j - y’m.jl S
j=1

Jj=1 J=
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/ )

m m

< ag, + Z bm.ij.j +.a Z Iq’m.j - lym.jl <

Jj=1 yi=1
l

m

1
< ae s Z bm.jv/m.i + a; =

Jj=1
/

l ”m -
B a(— * (o“) + 2 by ¥n)s e
s j=

/

m

. 1
(30) E(f,|Sy) < a(; + <o) + 3 b U

Jj=1
/

Now, we shall show that /\ ( Y b, l//,,,ﬁ,-(x)) =0 for all xe X. Let xe X be

m=1 \j=1
fixed. We shall construct a dyadic tree {c(n, k)}*_ 0. -1, which is decreasing to
0 and

Im 2"m

Z bm.j 'Vm._i(x) = 2;’,," Z C(nms k)

j=1 k=1
for a suitable increasing sequence {n,,}_, of natural numbers. Since all values
¥,/ (x) are dyadic rational, there are integers I'm; = 0 and n, > 0 such that
(31 V(X)) =1,,2"" forallmand je{l, ... 1,5}
We may assume that
32) n, ., >n, forall m.

Then (31), (10) and (12) imply

33) Y Fag=2"

j=1

{/m.j

(34) Y Bpg i LR

i=pm.j
If 0 <n<n, put
(35) c(n,k) =a forall kefl,..., 2"},

where a is defined by (28).
If n,<n<n,, and ke{l, ..., 2"}, then put

(36) cn,k)=b

mj, i
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where j, . is a natural number such that j, ,e{1, ..., /,} and

Jn.k = ! In.k
(37 ( Y r,,,.,->2"'"”’<ks(Zrm_,>2"‘""‘.
i=1 i=1
J m
(Note that the sequence { Y P 2"—"’"} is nondecreasing and
i=1 j=0

[}

m

Y 2 =22 =2 by (33).

i=1

It means that j, , is uniquely determined by » and k.

We shall show that the dyadic tree {c(n, k)} is decreasing to 0.
Let {k,};_, be a sequence such that

(38) k=1 and k,,  e{2k,—1,2k,}.
Put

(39) o™= B

Then we have:

(40) Jnk, =Jm Whenever n,<n<n,,,
and

(41) Im s V€4 Py o0s Gmy -

We shall prove (40). Relations (39) and (37) imply
m=1 T

Y i< k, = ¥ Fois
i=1

i=1

which may be rewritten as

o — 1
(42) Z rm,i < (knm - 1) < knm < Z rm,i'

i=1 i=1

Relation (38) implies inequality
(43) 2" "k, — 1)<k, < 2""".k, whenever n>n,,.

Relations (42) and (43) give

Jm—=1

Im
Y i<k, <2"Y 1,
i=1 i=1
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Looking at (37) we seet that j, «, = Jm Which proves (40).
We shall show (41). Using (34) we may rewrite (42) in the following form:

Jm =1 Gm.i im Dm.i

2" Z Z T < (kn,,, = 1)< kn,,, < Pha =Ny Z Z 414

ii=1 j=pm.i i=1 i=pm‘i
or equivalently:

I, g — 1 ‘/m./'
mn n

rm+ "y S 2"hr+|'—"m(k"m — l) < 2nm+l_"ln_k < Z r

My = m+ 1
J=1 i=1

Comparing the last inequality with (43) we obtain

Gy - 1 b jpyy

Z rm+l./'<kn,"+| S Z rm+!./"

ji=1 i=1

Looking at (37) we see that j, Lk must belong to the
LU o D/ P

set {1 + Dmjpy =15 --+> G, J» 1-€. to the set

{P s <ons 9m., }» Which proves (41).
From (40), (39) and (37) we obtain

c(n,k,) =b,, whenever n,<n<n, o s

The sequence {4, mdm=1 15 an acceptable sequence by (41). Therefore
c(n, k,) ~ 0 by (27).

We have just proved that the dyadic tree {c(n, k)}7_ 0.k - 1 is decreasing to zero.
Since V satisfies DTC,

(2*"~ {: c(n.k)) N0,

k=1
which means

2"m
2_"’"< Y c(n,, k)) N 0.
k=1

Looking at (36) we see that

Il”
( Z r"n/" 2*"m 3 bm~_i> N O

i=1
It means
1)

A (2 b, Va,()) = 0

m=1 f=1

for all xeX.
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Returning to (30) we obtain:

A E(f,]S)) < a(& + <ox)

m=1

for any natural s.
Relation (25) gives ¢, ., < ¢, for all s and

[(p,szJxAdeslaO.
JX X S

Therefore ¢, \ 0 a.e. and /\ E(f,1S)=0a.e.

m=1
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SUHRN

O PODMIENENEJ STREDNEJ HODNOTE NAHODNYCH PREMENNYCH
S HODNOTAMI VO VEKTOROVOM ZVAZE

PETER MALICKY. Liptovsky Mikulas
V ¢lanku je dokazana veta o monotdnnej konvergencii podmienene;j strednej hodnoty pre
nahodné premenné definované na vnitorne regularnych pravdepodobnostnych priestoroch s hod-

notami v g-uplnom vektorovom zvize. ktory spifia podmienku DTC (podmienku o dyadickych
stromoch).
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PE3IOME
OB YCJIOBHOM CPEJHEM BEKTOPHO-3HAUHBIX CJIYUANHBIX BEJIUUYUH
INIETEP MAJIMYKM, JluntoBcku Mukynaw
B paboTe paccMOTpeHBI MPOCThIE CIyYaiHbIE BETMYHHBI, ONIPEAETEHHBIE HA BHYTPEHHE Peryifp-
HbIX BEPOATHOCTHBIX NPOCTPAHCTBAX MPHHUMAIOLIME 3HAYCHHUS B O-TIOJIHON BEKTOPHOM peluéTke,

KOTOpas yAOBJIETBOPSET OJHOMY YCJIOBHIO O ABOHYHBIX AepeBbiX. [l TAKHX CJIy4alHBIX BEJIMYHUH
J0Ka3aHa TeopeMa O MOHOTOHHOM CXOANMOCTH YCIIOBHOTO MaTEMaTHYCKOrO OXHAAHUS.
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