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Abstract

Studying various types of generalized continuity notions, various classes of sets asociated to the
original topology are useful. The present paper deals with the connections of such classes and
mappings which are continuous with respect to them. Some completions of results of several authors
are given. Also errors appearing in some papers are corrected.

Notations and notions

Throughout the present note (X, T'), (Y, U) etc. will denote topological
spaces. The closure of a set S will be denoted by cl S. The interior of a set S will
be denoted by int S.

Let (X, T') be a topological space. A subset S of X is said to be

(i) an a-set if S < int(cl(intS)) [8],

(i1) a semi-open set or semi-open if S < cl(intS) [4],

(iii) a preopen set or preopen if S < int(clS) [6].

In [8] Njastad used the term f-set for a semi-open set.

In our paper the families of all a-sets, of all semi-open sets and of all preopen
sets in (X, T') are denoted by AO(X, T'), SO(X, T), and PO(X, T) respectively.

Every open set is an a-set. Every a-set is semi-open and preopen, Conversely,
if S is semi-open and preopen then S is an a-set ([9], [10]).

1 Topologies with the same systems of a-sets, semi-open sets and preopen sets

We start this section with the following simple
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Proposition 1. There exist topological spaces (X, T'), (X, U) such that
SO(X, T) = SO(X, U) while T ¢ U.

Proof. 1t is sufficient to consider X = {a, b, ¢} with T = {0, X, {a}} and
U=1{0, X, {a, b}}. Then it is easy to see that a nonempty set A = X belongs to
SO(X, T) if and only if «e A. Similarly a nonempt set B = X belongs to
SO(X, U) if and only if {a, b} = B. Thus SO(X, U) =< SO(X, T) while T ¢ U.

Remark 1. The above proposition shows that Theorem 10 in [4] is not true.
(A misunderstanding caused by unappropriate notation in the proof of the
mentioned theorem was the reason of obtaining the false assertion.)

Example 1. X ={a, b, ¢}, T=1{0, X, {a}}, U= Tu {{a, b}}. We can see that
SOX, T)=SO(X,U)={Ad < X; ae X} u{0}. Butevidently T# U, T < U.

Definition 1. Let T, U be two topologies on X. The topologies T, U are said
to be a-equivalent if and only if AO(X, T) = AO(X, U). The equivalence classes
are called a-classes ([8]).

Remark 2. The class of all topologies on X is an union of all a-classes (which
are pairwise disjoint). It was proved that if T is a topology on X then AO(X, T)
is a topology on X too. Moreover AO(X, T) is a member of the a-class which
is generated by T and AO(X, T) is the finest topology of this a-class [8].

Considering two topologies 7, U on X the following equivalence holds:
AO(X, T) = AO(X, U)<=SO(X, T) = SO(X, U) [8].

We are going to prove a similar assertion for classes of a-sets and preopen
sets.

Lema 1. Let (X, T') be a topological space. Let 4 = X be an a-set. Then for
an arbitrary preopen set P the set 4 n P is preopen.

Proof. 4 is open in the topological space (X, AO(X, T)). It is well-known that
intersection of an open set and a preopen one is a preopen set and by [1]
PO(X, T) = PO(X, AO(X, T)).

Lema 2. Let (X, T') be a topological space such that for every ae X either {a}
is closed or int(cl{a}) is empty. If Z < X, nonempty and such, that for an
arbitrary preopen P, Z N P is preopen, then int Z # 0.

Proof. Let us assume int Z = . Hence cl(X — Z) = X. Let us choose ze Z
and let us denote P: = {z} U(X — Z).CI P = X holds so P is preopen. Hence
Zn P ={z} have to be preopen. But either {z} is closed and int(cl{z}) =
=int{z} = 0 orint(cl{z}) = 0. So {z} is not preopen ({z} & int(cl{z})), and it is
a contradiction. ‘

Lema 3. Let (X, T') be a topological space such that for every x € X either {x}
is closed or int (cl {x}) is empty. If 4 = Xis such, that for every P preopen 4 N P
is preopen, then 4 e AO(X, T).

Proof. Let A be nonempty. By Lema 2 int 4 # 0. We are going to show
A ccl(int A). Let ae A. Let us assume a¢cl(int 4). Let us denote U: = X —
—cl(int 4). So AN U is nonempty set. Let P be an arbitrary preopen set.
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(4 n U) n Pis preopen too, since (4 n U)n Pequals An(Un P)and Un Pis
preopen since U is open. So for an arbitrary preopen set P the set AnUn P
is preopen. By Lema 2 int (4 n U) # 0. But it is a contradiction since U
NnintA4 = 0.

We have proved 4 < cl(int A) so A is semi-open. X is preopen set hence
AN X = A is preopen too. A4 is semi-open and preopen so by [10] 4 is a-set.

Remark 3. We can see that Lema 2 and Lema 3 hold for every 7, topological
space.

Lema 1, Lema 2 and Lema 3 have this

Corollary 1. Let (X, T) be T, topological space. Then A < X is an a-set if and
only if for every Pe PO(X, T) P n A is preopen.

Example 2. Let X = <0, +00). Let T = {p} U {0, b); b > 0}. Let P = {0} It
holds: for every 4e PO(X, T) An PePO(X, T). But P¢ AO(X, T).

2 Homeomorphisms

We give the following definitions 1.1, 1.2 and 1.3 from the paper [3]

Definition 1.1. A function f: (X, T) — (Y, U) is said to be irresolute if and
only if for any semi-open subset S of Y f~'(S) is semi-open in X.

Definition 1.2. A function f: (X, T) — (¥, U) is said to be pre-semiopen if
and only if, for all AeSO(X, T), f(4)eSO(Y, U).

Definition 1.3. Let (X, 7) and (Y, U) be topological spaces. (X, T) and
(Y, U) are said to be semi-homeomorphic if and only if there exists a function
f: X - Y such that f'is one-to-one, onto, irresolute and pre-semiopen. Such an
fis called a semi-homeomorphism.

Every Homeomorphism is a semi-homeomorphism. A semi-homeomor-
phism need not be a homeomorphism [3].

We are going to define a notion of an a-homeomorphism. We shall show that
a function f'is semi-homeomorphism if and only if it is an a-homeomorphism.

In 1980 S. N. Maheshwari and S. S. Thakur [5] introduced a notion
of an a-irresolute function.

Definition 2. ([5]) A mapping f: (X, T) — (Y, U) is said to be a-irresolute if
the inverse image of every a-set of Y is an a-set in X.

So a function f could be defined to be an “a-homeomorphism” in the
following manner:

Definition 3. A mapping f: (X, T) — (¥, U) is said to be an a-homeomor-
phism if and only if fis one-to-one, onto and f and f~' are a-irresolute.

Definition 4. A mapping f: (X, T) —» (¥, U) is said to be a pre-homeomor-
phism if and only if fis one-to-one, onto and for every 4 € PO(X, T) the set f(A4)
belongs to PO(Y, U) and for every Be PO(Y, U) the set f~'(B) belongs to
PO(X, T).
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Lema 4. Let (X, T), (Y, U) be two T, topological spaces. Let /: X — Y be
pre-homeomorphism then f'is a-homeomorphism.

Proof. We shall prove that if 4e AO(X, T) then f(4)e AO(Y, U). Since Y is
T, it is sufficient to prove (see Lema 3) that intersection of f(A4) with an arbitrary
preopen set is a preopen set. Let P < Y be preopen. f(4) N P = f(A4) ~ f(B)
where B = f~'(P) is preopen. f(4) N f(B) = f(4 n B) which is an image of a
preopen set (Corollary 1); therefore it is a preopen set.

Lema 5. Let f: (X, T) - (Y, U) be a semi-homeomorphism. Then fis a
pre-homeomorphism.

Proof. f: (X, AO(X, T)) - (Y, AO(Y, U)) is a homeomorphism (by [3]).
Moreover AO(X, T) and T (AO(Y, U) and U respectively) have the same
systems of preopen sets ([1] Theorem 2.9). Now it is sufficient to prove that a
homeomorphism is a pre-homeomorphism.

Let g: (X,, 7)) - (Y,, U,) be a homeomorphism. Let P c X,, Pcintcl P
then g(P) < g(intcl P), g is a homeomorphism so g(intcl P) = intcl g(£) hence
g(P) c intclg(P) and g(P) is preopen.

Remark 4. It is easy to show that every a-homeomorphism is a semi-homeo-
morphism. In fact if f: (X, T)—(Y,U) is an a-homeomorphism then
S (X, AO(X, T)) - (Y, AO(Y, U)) is a homeomorphism. So f: (X, AO(X, T)) —
- (Y, AO(Y, U)) is a semi-homeomorphism. But SO(X, T') equals SO(X.
AO(X, T)) and SO(Y, U) equals SO(Y, AO(Y, U)). Hence f: (X, T) - (Y, U) is
a semi-homeomorphism too.

Lema 4, Lema 5 and Remark 4 give us the following

Theorem 1. Let (X, T), (Y,U) be two T, topological spaces. Then
S (X, T)—> (Y, U) is a pre-homeomorphism <> f'is a semi-homeomorphism <> f
is an @-homeomorphism.

Corollary 2. Let (X, T), (X,U) be two T, topological spaces. Then
AO(X, T) = AO(X, U)<=PO(X, T) = PO(X, U)<SO(X, T) = SO(X, U).

Example 3. Let X = {1, 2, 3}. Let T=2" Let U=1{0, {1}, {2,3}}. Then
PO(X, T) = PO(X, U) = 2*. But evidently AO(X, T) # AO(X, U).

It is an open problem to find two T; topologies T, U on a set X such, that
PO(X, T) = PO(X, U) but AO(X, T) # AO(X, U).

3 Remark on semi-topological groups

Bohn and Lee introduced the notion of a semi-topological group in [2].
Unfortunately a slight error in their considerations in Theorem 5 in [2] caused
that this theorem and also some further assertions in their article are false. We
give here some counterexamples to the mentioned statements.

Definition 5. A set M, is a semi-neighbourhood of a point x € X if there exists
AeSO(X, T) such that xe A = M.
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Definition 6. For subsets 4, B of a group (G, +) symbols —4 and 4 + B
denote the following sets: —4 = {a; —a€ A}; A+ B={a+ b;ae Aand be B}.

Definition 7. A triple (G, +, T) is termed a semi-topological group if (G, +)
isa group, X = (G, T) s a topological space and for each neighbourhood N, _ ,
of x — y there exist semi-neighbourhoods M, and M, (of x and y) such that
M,+(—M) < N,_,.

In the following examples a semi-topological group is given, which does not
fulfil some assertions of [2].

Example 4. Let U denote a usual topology on R (real line). Let T = {V < R;
V=W—{l}and WeU}uU{R}. Let us denote (R, +, T) = S. We can see that
(R, T) is a topological space. For proving that S is a semi-topological group it
is sufficient to prove the following statement: If ce R, ¢ = a — b then for any
open O (such that ¢ € O) there exist semi-neighbourhoods V,, V, of a, b such, that
Vot (V)= 0. '

First we prove that every open interval (a, b) belongs to SO(R, T). There are
two cases.

(a) if 1¢(a, b) then (a, b)e T,

(b) if 1€(a, b) then (a, b) — {1} belongs to T and (a, b)e SO(R, T).

In fact (a, b) = ((a, b) — {1}) U{1}. So putting L = (a, b) — {1} we have that
LeTand L < (a,b) cclL.

Soletc=a—b.

(i) Letc = 1. R is the only neighbourhood of the point 1 so O = R and the
proof is trivial.

(i) Let ¢ # 1. Let V' be a neighbourhood of the point c. From the definition
of the topology T it follows that there exists d > 0 such that an open interval
(¢ —2d,c + 2d)is asubset of V. Let uschoose V, = (a —d,a+ d), V, = (b — d,
b+d). V, and ¥V, are semi-neighbourhoods of a,b respectively and
V.+(=V,)=(a—b—2d,a—b+2d)=(c— 2d, c+ 2d)  V holds.

S is proved to be a semi-topological group.

Example 5. Let us consider S = (R, +, T) defined above. Let 4 = {1} U
v (0;0,5). 4eSO(R, T) but —4 = {—1} U (—0,5; 0) is not semi-open. So in a
semi-topological group it holds: if A4 is semi-open then — A4 need not be semi-
open. Thus the assertion of Theorem 5 in [2] is false.

Example 6. Note that the translation 4 + a of a semi-open set in a semi-
topological group need not be semi-open what is a contradiction with Theo-
rem8 in [2]. Take A4 ={1}u(0;0,5). AeSO(R,T). Leta=10. Then
A+ a = {11} U (10; 10,5). But this set is not semi-open in (R, +, T).

Example 7. There is a false assertion in the proof of the Theorem 5 in [2]. This
assertion says: if (G, 4+, T) is a semi-topological group and VeT then
—(lV)=cl(=V). Let us take V' =(0;0,5). VeT. clV=<0;0,5u {1}.
= (V) ={=1}u{=0,5;0) but cl(—¥) =(—0,5; 0> U{l} so —cl ¥V #cl(— V).
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SUHRN

O NIEKTORYCH SYSTEMOCH MNOZIN SUVISIACICH
SO ZOVSEOBECNENOU SPOJITOSTOU

IVAN KUPKA, Bratislava

Pri stadiu rozliénych druhov zovSeobecnenej spojitosti je uzitocné skumat rozne systémy
mnozZin, suvisiace istym sposobom s povodnou topolégiou. Clinok sa zaobera vzfahmi medzi
systémami semiotvorenych mnoZin, preotvorenych mnoZin a @-mnozin. Skimaji sa rézne typy
homeomorfizmov spojité vzhfadom na tieto typy mnozin. Clanok dopliiia vysledky niekolkych
autorov a opravuje chyby, vyskytujice sa v niektorych pracach.

PE3IOME

O HEKOTOPBIX KJIACCAX MHOXECTB CBA3AHHBIX
C OBOBLEHHON HEIMPEPLIBHOCTHIO

HNBAH KVIIKA, Bpatucnasa

\
H3yyas pa3Hble BUAbI 0G0GILEHHOMH HEMPEPHIBHOCTH MOJIE3HO PACCMATPUBATDH Pa3HBIE KJIACCHI
MHOXECTB CBSi3aHHbIE ONpefeN€HHBIM 00pa3oM c HavanbHOM Tomonorueil. B pabote
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PaccCMaTpUBAIOTCA B3aHMOOTHOILEHMS MEXJY CHCTEMaMH MOJYOTKPBITBIX MHOXECTB, MpPEAOT-
KPbITBIX MHOXECTB H @-MHOXeCTB. M3y4aroTcs pa3Hbie BUAbI FTOMEOMOP(H3IMOB HENPEPLIBHLIX B
OTHOLLIEHHH K ITHM THNOM MHOXecTB. CTaTbhs NOMOJHSET Pe3yJibTaThl HEKOTOPHIX aBTOPOB H
HCTIpaBAsieT OIIMOKH, HaXONALMECH B HEKOTOPbIX paboTax.
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