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A REMARK ON A FLOW WITH A HOMOCLINIC TRAJECTORY

MAREK FILA — FRANTISEK MARKO, Bratislava

1 Introduction

We show the existence of nontrivial positively invariant sets for certain flows
with homoclinic trajectories.

Our proof is based on the Wazewski theorem (on its version stated in

[1]) and the main tool is the fundamental group. An analogous result for a flow
with a knotted trajectory can be found in [1].

2 Wazewski principle

Let T be a topological space and let R denote the set of all reals. If

f: T x R— Tis aflow on T then we denote f(y, f) = y.t for all ye T and te R.
The set

y.R={y.t;te R}

is called the trajectory of the flow f determined by the point . \
Let W be a subset of 7. We denote

Wo={yew;3t>0, g.t¢ W}
and W-={yeW;Vt>0,vy.[0, 1) ¢ W}.

The set W~ is called the exit set of W.
If W~ is closed relative to W, and for every ye W it holds

7.[0, ] =l (W)= 7.0, ] < W,

where cl (W) is the closure of W, then the set W is called a Wazewski set.
In [1] one can find the following
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Theorem (Wazewski): If W is a Wazewski set, then W~ is a strong deforma-
tion retract of W, and W, is open relative to W.

If W~ is not a strong deformation retract of W, then W — W, is not empty,
i.e. there exists a trajectory which stays in W for all positive time.

3 Topological prelimilaries

If we want to prove the existence of a trajectory which stays in W for all
positive time, it is sufficient to show that W and W~ are not of the same
homotopy type.

Let X be a linearly connected topological space. We denote the fundamental
group of X by #(X). It is an invariant of the homotopy type.

If the fundamental groups of Wand W~ are not isomorphic, then Wand W~
have different homotopy types and we can conclude that there exists some
trajectory which stays in W for all positive time. This is the main idea of our
paper.

Let G,, G, be arbitrary groups. We denote the free product of the groups G,
and G, by G, x G,.

The computation of the fundamental group of a more complicated topologi-
cal space can be reduced to computations of fundamental groups of simpler
spaces by

Theorem (Seifert-van Kampen, [2]): Let X be a linearly connected topological
space. Let X = U, u U,, where U, and U, are open sets, U, n U, is linearly
connected. The inclusion maps i: U,nU,— U, and j: U, n U, > U, induce
homomorphisms of groups i,: 7(U, n U,) —» n(U,) and j,: n(U, n U,) - z(U,).
Let N be the smallest normal subgroup of #(U,) x #(U,) which contains the set
{L.(M. 0. yem(U, 0 Uy)}. Then #(X) = 7(U,) x m(U,)/.

4 Flows in a cylinder

Suppose that fis a flow on R* such that its trajectories run downward outside
a solid cylinder V of a finite height. Further let there exist points %, %, %, 7
from the interior of ¥ such that

Yo- R = {1}
o(y) ={y} and vy .1,¢V for somet, <0
a(y,) ={y} and y,.1,¢V for somet,>0
o(y,) = () = {y,} and

the trajectory 7,. R is contained in the interior of V.
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3
Finally, let the set W =V — | ) ¥/, where

i=0
v, ={yeV;3teR, y.t=y} fori=0,1,2,3.

Moreover, suppose that the set W has the same homotopy type as a solid
cylinder of a finite height without its axis and without a circular line which lies
in the interior of the cylinder and has exactly one common point with that axis.
See Figure 1.

Figure 1

It is easy to see that such a flow exists.

Using the above notation we state the following theorem:

Theorem 1: Thereisa y* € W (y~ € W) such that the positive (resp. negative)
part of the trajectory running through y* (resp. y7) is contained in W.

Proof: It is obvious that W is a Wazewsi set. The set W~ consists of all points
of the bottom of V" without one of its internal points. W~ is therefore homoto-
pically equivalent to the circle S', hence n(W ) is isomorphic to the group of
integers denoted by Z.

Now we shall compute the fundamental group of W. Let us choose the sets
U,, U, as follows:

U, is the set W without some surface o with the boundary consisting of the
trajectories ;. R and %,. R,

U, is the open solid torus contained in the interior of V.

The position of the sets U, and U, is depicted in Figure 2.

The set U, n U, is homeomorphic to an open cylinder, hence it is contractible
to a point and n(U, n U,) is trivial.
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According to the theorem of Seifert — van Kampen we have n(W) >~ Z x Z.

Since the group Z x Z is not commutative an Z is commutative, the groups
a(W) and n(W ™) are not isomorphic.

The previous arguments show that there exists a trajectory y* . R which stays
in W for all positive time.

Reversing the flow we get also the existence of a trajectory ¥~ . R which stays
in W for all negative time.

Figure 2

Remark: If we assume that ¥, is a hyperbolic rest point of the flow f'and there
is no trajectory which is contained in V for all time except of 7,. R, 7;. R, then
%-R U 3. R is either the ® — limit set of ¥* . R or the @ — limit set of y~ . R.
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SUHRN
POZNAMKA K TOKOM S HOMOKLINICKOU TRAJEKTORIOU
Marek Fila — Frantisek Marko, Bratislava
Pre isty typ tokov s homoklinickou trajektoriou je dokazana existencia netrivialnej pozitivne

invariantnej mnoziny.
Dokaz je zaloZeny na Wazewského vete.

PE3IOME
3AMEYAHUE O INMOTOKAX C TOMOKJIMHUYECKOW TPAVMEKTOPUEN
Mapek ®una — Ppantuinex Mapko, bpatuciasa
JIns HEKOTOPBIX NOTOKOB C FTOMOK/IMHHYECKOH TPaeKTOpHel MOKa3aHO CylI1IeCTBOBAHHE HETPH-

BHAJIbHOIO MO3HTHUBHO HHBAPHAHTHOIO MHOXECTBA.
Iloxaaarcuwrno OCHOBAaHO Ha T€OpeEMe Baxesckoro.
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