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ON LOGARITHMS OF RATIONAL NUMBERS

MILAN PASTEKA, TIBOR SALAT, Bratislava

It is well known that the decadic logarithm of a rational number r > 0 is
rational if and only if » = 10", n being an integer (cf. [1], p. 24; [2], p. 210). It can
be also proved that log,r (b, r are positive rational numbers, b # 1) is rational
if and only if »" = r™ for some integers m, n (cf. [1], p. 25). In this paper we
restrict ourselves to the study of logarithms of rational numbers at integer bases
b > 1. It is a natural request from the point of view of teaching mathematics to
determine the set of all positive integers b > 1 that have a property similar to
the mentioned property of the number 10, i.e. log, r is rational for rational r > 0
if and only if r = 4", n being an integer. The aim of this note is to give a
characterization of numbers 4 > 1 with the mentioned property and to show
that “almost all” positive integers b > 1 have this property.

In connection with the formulated aim of this paper we introduce the follow-
ing definition. In what follows the symbols Q*, Q and Z denote the set of all
positive rational numbers, the set of all rational numbers and the set of all
integers, respectively.

Definition 1. An integer » > 1 is said to have the property (L) provided that
the number log,r for re @ * is rational if and only if r = 4", ne Z.

The following theorem gives a characterization of numbers having the
property (L).

Theorem 1. Aninteger b > 1,b = p," . p;* ... pu" (the standard form of b) has
the property (L) if and only if

(al’ a27 ) aln) = l' (l)
Proof. 1. Suppose that (1) holds. Let reQ*, r = ’—), p. g€ N, (p, q) = 1. Let
q A

log,re Q. We can already assume that r > 1. Hence

log,r = 2 ¢, deN, (c,d) = 1.
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From this we get

bc-qu — pd. (2)
and so g|p. Since (p, ¢) = 1, we have ¢ = 1. But then (2) has the form
b = p* 3)

For the standard form of p we get on account of (3),

p=plpl e (3)
It follows from (3), (3°) that
df=ca, (j=1,2,...,m).

Since (¢, d) = 1, we getd|a;(j = 1, 2, ..., m) and then according to (1) we obtain
d = 1. But then (3) yields p = &, ce Z.
2. Suppose that (1) does not hold. Then (e, @, ... @,) = v > 1. Put ;= v/
1

G=1,2, ..., m). Then (d, @&, ..., @,)=1. Put z=5b". Then zeQ* and
log,z = 1e Q. But z has not the form 4", ne Z. The proof is finished.
v

Llet Hc N=1{1,2, ...,n, ..} Put
Hx)= Y 1
ueH. u

and
d(H) = lim i)
X=> % x

if the limit on the right-hand side exists. The number d(H) is said to be the
asymptotic density of the set H. Clearly, we have d(H)e <0, 1) (cf. [3], p. 100).

Let (P) be a property of positive integers. Denote by M(P) the set of all ne N
having the property (P). We say that almost all positive integers have the
property (P) provided that the set M(P) has the asymptotic density equal to 1.

Theorem 2. Almost all positive integers have the property (L).

We shall give two different proofs of Theorem 2.

Proof I. Let M(L) have the defined meaning, i.e. M(L) is the set of all ne N
having the property (L).
We set

A = N\({1} u M(L)).

If suffices to prove that d(4) = 0.
It can be easily deduced from Theorem 1 that

A= 4,, @)
k=2
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where

A, = 2% 3% ... 6% ) k=23, ..).

1
Let x > 2. Then A4,(x) is evidently not greater than the number [x‘ﬁ]. Hence
log x

log2

A;(x) =0 for k > . Thereofore according to (4) we get

Ax) <Y [xﬂ.
5 kglo X

lo

g

A
e
to

A simple estimation gives

1
ALy % - OBX

log 2

hence A(x) =0 (v/x. log x) (x — 20). From this we get at once
2 0(2E) o) (x> o0)
X C

VX

thus d(A) = 0. This ends the proof.
Proof II. This proof is based on the follwing result:

Let Hc Nand ) h™' < +oc. Then d(H) = 0 (cf. [1], p. 257, Exercise 2; (31,

he H
p- 100).
Let the set A have the same meaning as in Proof I. On account of the

mentioned result it suffices to prove that Y a~' < + co. Since the set A consists

aeA

of all positive integers n*, where n > 2, k > 2, it suffices to show that

Z <Z n“'>< +
A=2\n=2

A simple estimation using the improper integral yields

2—k+l

" . * dt !
n“'<2“+f —=2"%4 .
ngl 2 tk k—l

Thus
5 (z n">< Y 242y 24 =3,
=2 \n=2 k= =
The proof is finished.
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SUHRN
O LOGARITMOCH RACIONALNYCH CiSEL
Milan Pastéka — Tibor Salat, Bratislava
Hovorime, Ze prirodzené ¢&islo b > 1 ma vlastnost (L), ak pre Tubovolné raciondlne Cislo r > 0
je cislo log,r racionalne vtedy a len vtedy, ked r = b", n je celé (islo.

V ¢élanku je odvodena nutna a postaujiica podmienka k tomu, aby ¢islo b > 1 malo vlastnost
(L) a je ukazané, Ze skoro vietky prirodzené ¢isla v zmysle asymptotickej hustoty maji viastnost (L).
PE3IOME
O JIOTAPUOPMAX PALMOHAJIBHBIX YHUCEJ
Munasn [Mawreka — Tu6op llanaT, BpaTucnasa

loBopuM, 4TO HaTypasbHOe uncao b > 1 umeet csoiicTBo (L), ecnn ansa noboro paunoHaib-
HOro Yuca r > 0 4Kcio log,r pauMoHAIbHOE TOrAA M TOJILKO TOrAa koraa r = b, rae n — uenoe
yuciio. B paboTte nokazaHo He06X0AMMOE W IOCTATOYHOE YCTOBHE [UTA TOrO, 4TOOBI HaTypaJibHOE

uncao h > 1 umeno ceokictBo (L) W n0Kka3aHO, YTO MOYTH BCE HATYpasibHblE YHCNA (B CMBbIC]E
ACCUMNTOTHYECKOH MJIOTHOCTH) UMEIOT cBo#cTBO (L).
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