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ON A TYPICAL PROPERTY OF SOME FUNCTION SPACES

PAVEL KOSTYRKO, Bratislava

In the present paper we shall point out a typical property of the'spaces of real
functions which are determined by the n-th symmetric difference (n = 1, 2, ...).
For a function f: (a, b)) > R (R — the real line, —00 < a < b < + o), we define
the n-th symmetric difference of f at x to be

afe =Y (- 1)"(',?)f(x + (n = 20)h).
i=0

We shall deal with functions from a local point of view. For every n = 1,2, ...
let LS, and SC, be classes of functions defined in the following way:

LS,,={/': Vv 3V A, h)=0},

xela. b) o, > 0o n:0< h < 6‘.

SC, = { £V lmAf(x, h) = o}.
xe(a.h) h—0

Note that some properties of the functions of classes LS,, LS,, SC, and of the
measurable functions of SC, are known (locally symmetric functions [F], locally
Jensen functions [Ko], symmetrically continuous and symmetric functions [L]).
The n-th symmetric difference A"f(x, k) is investigated also from a global point
of view. A function f: R — R fulfiling the functional equation A"f(x, /) =0 is
called a polynomial function of the n-th order (see e.g. [Ku]).

First we shall investigate the relations between the classes LS, and SC,
n=1,2,..).

Theorem 1. (a) For every n = 1, 2, ... the class LS, is a proper subset of the
class SC,;

(b) We have SC, < SCy _, SC, = SCy, LS, = LS. _, and LS, c LSy for
everyk=1,2,...;
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(c) Inequalities LS., , — SCy # 0 and LS,,, — SC5 _, # 0 hold for each
m=1,2 ...andk =12, ...

Proof. (a) Let n be fixed. The inclusion LS, = SC, is an easy consequence of
the definition of classes LS, and SC,. We prove SC, — LS, # 0. First we show
that fe SC, holds for each continuous function /: (a, b) — R. Continuity of f at
x implies that f(x + (n — 2i)h) = f(x) + &(h) for each i=0, 1, ..., n, and

&(h)— 0 whenever 1#—-0. Then A'f(x, h) = i (— l)'(’;)(f(x) + &(h) =
i =0

=) Y (- ”’(7) + Y (—1 )’('?) &(h). Hence lim 4'f(x, h) = 0 and fe SC,.
i=0 i=0 hor

To prove SC,— LS, # 0, it is sufficient to show that there is a continuous

function g: (a, b) = R such that g¢ LS,. Put g(1) = ¢', ¢ > 0, ¢ # 1. Using the

binomial formula we have:

et =1y =¢" Y (=1)Yg(x + (n — 20)h) = ¢" A"g(x, h), hence

i=0

A”g(,\', h) = " —-n/l(CZh _ ])n.

For every xe(a, b) and h # 0 we have A"g(x, h) #0. Consequently g¢ LS,,.
(b) In this part of the proof of Theorem 1 we shall use the identity

A" f(x, h) = A'f(x + 2h, h) — 24"f(x, h) + A"f(x — 2h, h), (I
which is an easy consequence of the identity
A'f(x, h)y=A""f(x+h, h)y— A" "f(x—h, h)

(the last identity can be proved by a straightforward verification).
The principle of induction will be used to prove the inclusion SC, = SC,, _,.
We show SC,nSC,<SC,., for n=2k—1, k=1, 2, .... We have

A'f(x+2h, h)= }E (— l)’(';)f(x +((n+2—2)h) and A"f(x—2h, h) =
i=0

=) (- l)"(".l)f(x + (n — 2 — 2i)h). If we put j = n — i, then the last equality

i=0
can be expressed in the form A"f(x — 2h, h) = Z (— l)""<n ’1},)_/'(3( —(n+

j=0

+2—2)h) = 2": (—1y+ '(;)f(x — (n+ 2 —2j)h). Hence A"f(x + 2h, h) +

i=0

+ A'f(x—2h, h) = Z,: (— l)’(’;)[/'(x +(n+2-=-2Dh)—f(x—(n+2—

i=0

— 2i)h)]. The identity (I) and fe SC, N SC, imply |A"**f(x, h)| < |A"f(x + 2h, h) +
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n

+ A"f(x — 2h, h)| + 2]|A"f(x, h)| < Z <'Z>|f(x +(nn+2-=20h) —f(x —(n +

+ 2 — 2i)h)| + 2|A"f(x, h)| - 0 whenever h — 0. Consequently, fe SC,

n+2

Analogously, the inclusion SC,n SC, < SC,,, forn =2k, k=1, 2, ..., is
sufficient to SC, = SC,,. We have A"f(x + 2h, h) = Y (- l)’(';)/'(.\- +(n +
i=0

!

+ 2 — 2i)h) and A"f(x — 2h, h) = i (— l)’(’;)_/'(x + (n — 2 — 2i)h). If we put

J = n — i, then the last equality can be expressed in the form A"f((x — 2h, h) =
=) (- l)-’(;)f(x — (n + 2 — 2j)h). Then, using Y (— l)’(';) =0, we have
i=0 i=0

A'f(x +2h, h) + A'f(x — 2h, h) = 2 (— 1 <”)[/‘(x + (n+ 2 — 20)h) — 2f(x) +
i=0 '

i
+f(x—@m+2-2)h)]= i (— l)’(’:)A%f(.r, <§ +1- i>l1). The identity (I)
i=0
and feSC, SC, imply |A"*2f(x, h)| < |A"f(x + 2h, h) + A'f(x — 2h, h)| +
+2|Af(x, W< Y (7) Azf<x, (g +1— i)h)’ + 2|A"f(x, h)| -0 whenever

i=0
h— 0. Hence fe SC, , ,.
Proofs of inclusions LS, < LS,, _, and LS, = LS,, are obvious modifications
of the above ones.
(c) Choose xe(a, b). Let y, be the characteristic function of the set {x}, i.e.
Z(x) =1 and x (#) = 0 for te(a, b) — {x}. The fact y €LS,, _, follows from
%€LS, and LS, c LS,, _, (Theorem 1 (b)). Further we have A% y (x, h) =
2k
=Y (- l)"(zl',l(>xx(x + (2k — 2)h) = (— ])"(2:) # 0, hence y, ¢ SCy,.
i=0
Let x € (a, b). Define the function g, : (a, b) » R as follows: g.(¢) = 1 fort > x,
g.(t)=—1 for t < x and g .(x) = 0. Obviously g.eLS,,. A straightforward
k—1

verification gives A* ~'g (x,h) =2 ) (— 1)’(2k 1_ ]> =2(—1) “(zlf_ 12> #
i=0

# 0 (the last equality is a consequence of a combinatoric identity

Y (- 1)"(“5) =(— 1)"(x ; ]), see e.g. [Ka], p. 42). Hence g € LS,,, — SCy _,-
i=0

Theorem 2. Let (X, @) be a metric space. Let F be a linear space of bounded
functions f: X — R furnished with the sup norm || f| = sup {|f(x)|}. Suppose
xeX

that in F there exists a function 4 such that the set of all its discontinuity points
D(h) is uncountable. Then the family
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G = {fe F: D(f) is uncountable}
is a residual open set in (F, d), d(f, g) = Ilf — gl
Proof. Let C(f) be the set of all continuity points of the function f. If
f,.eF—G,n=1,2, ... (i.e. each of the sets D(f,) is countable) and d(f,, /) — 0,

then obviously (1) C(f,) = C(f). We have D(f) < | ) D(f,) and feF -G
n=1 n=1
— the set G is open in (F, d). The fact that G is residual in (F, d) is an easy
consequence of the structure of the linear space F (see e.g. [NSS], Lemma 1).
Let bSC, (bSCF) stand for the class of all bounded (bounded Lebesgue
measurable) functions of SC,, n = 1, 2, ... . (Note that each function in SC, is
Lebesgue measurable [P]. Since each additive function belongs to SC, this does
not hold for the class SC,.)
Corollary. Let F be one of the introduced classes SC,, or bSCF, n =

no

=1, 2, ..., furnished with the sup norm. Then F is a Banach space and
G = {fe F: D(f) is uncountable}

is a residual open set of the second category in (F, d).

Proof. Fis a linear space closed with respect to the uniform convergence, i.e.
F is a Banach space. In the paper [P] ([T]) there is constructed such a function
he SC, (he SC,, h — Lebesgue measurable), that D(h) is an uncountable set.
Obviously, we can arrange he bSC, (he bSCy). The statement of the Corollary
is a consequence of Theorem 1 (b) and Theorem 2.

REFERENCES

[F] Foran, M.: Symmetric functions, Real Anal. Exchange, 1 (1976), 38—40.

[Ka] Kaucky, J.: Kombinatorické identity, Veda, Bratislava 1975.

[Ko] Kostyrko, P.: On a local form of Jensen’s functional equation, Aequationes Math. 30
(1986), 65—69.

[Ku] Kuczma, M.: An introduction to the theory of functional equations and inequalities,
PWN, Warszawa——Krakow—Katowice, 1985.

[L] Larson, Lee: Symmetric real analysis: a survey, Real Anal. Exchange 9 (1983—84),
154—178.

[P] Preiss, D.: A note on symmetrically continuous functions, Cas. pést. mat. 96 (1971),
262—264.

[NSS] Neubrunn, T.—Smital, J.—Salat, T.: On the structure of the space M (0, 1), Revue
Roum. Pures Appl. 13 (1968), 377—386.

[T} Tran, T.: Symmetric functions whose set of points of discontinuity is uncountable, Real
Anal. Exchange 12 (1986—87), 496—509.
Author’s address: Received: 1. 10. 1987

Pavel Kostyrko

Katedra algebry a teorie ¢isel MFF UK
Mlynska dolina

842 15 Bratislava

214



SUHRN

O JEDNEJ TYPICKEJ VLASTNOSTI NIEKTORYCH FUNKCIONALNYCH
PRIESTOROYV

Pavel Kostyrko, Bratislava
Praca sa zaobera realnymi funkciami definovanymi na reilnom otvorenom intervale (a, b). Ak
oznacime symbolom A"f(x, h) n-ta symetricku diferenciu (n = 1, 2, ...) funkcie f v bode x (t.].
Af(x,h)y=Y (- I)'('il)f(x + (n — 2i)h)), tak mozeme definovat triedy funkcii LS, a SC, nas-
i=0

ledujicim spésobom:

Ne(a.h) 8y >0 h:0<h<dy

LS.,={f: vV 13 YV Af(x, h)=0},

SC, = {f: V limA"f(x, h) = 0}.
NE(a. h) h—0

V praci sa Studuji vlastnosti tried LS, a SC,. Napriklad je dokazané, Ze v normovanom priestore

vietkych ohrani¢enych (ohrani¢enych lebesgueovsky meratelnych) funkcii z SC, so suprémovou

normou je mnozina vietkych funkcii s nespocitatelnou mnozinou bodov nespojitosti rezidualnou

otvorenou mnoZinou druhej Baireovej kategorie.

PE3IOME
OB OJHOM TUIIMYHOM CBOHMCTBE HEKOTOPBIX IMPOCTPAHCTB ®VHKLIUIA
Masen Koctbipko, BpaTtucnasa

Pa6oTa 3aHMMaeTCa AeHCTBUTEIbHBIMA GYHKLUMAMH OTIpENEIEHHbBIMU HA AeHCTBUTEILHOM OTK-
peITOM HHTepBate (a, b). Ecnn 0603uauum cumbosiom A"/ (x, h) n-Tyro CAMMETPHYECKYIO Pa3HOCTD

(n=1, 2, ...) ysxuun f B Touke x (1.e. Af(x, )= Y (— l)'(':)f(x + (n — 2i)h)), To MOXEM
i=0
onpenenuTh knacchl Gynkuui LS, u SC, cnenyromum o6pa3om:

LS, = {f: V 3V A h)=0},

NEla, h) Oy >0 h:0< h<dy

SC, = {f: YV limA'f(x, h) = o}.
xe(a by h—=0

B pa60‘re H3Yy4YaroTCs CBOWCTBA KJIaCCOB LS,, H SC,, . )Z[oxasaﬂo HanpHMED, YTO B MPOCTPAHCTBE BCEX

OrpaHH4YE€HHBIX (Ol'paHH‘leHHHX H3MEPDHMBIX 1O J'leﬁery) Cl)yHKllHﬁ TpHHAAJIEXXKALHUX SC,, C HOpMOﬁ

paBHOMCpHOﬁ CXOOUMOCTH CHCTEMA BCEX q)yHKl.lHﬁ, MHOXECTBO TOYEK pa3pbiBa KOTOPbIX HECYETHO

SIBJIAETCA OTKPBITHIM PE€3HAYyaJIbHbIM MHOXECTBOM BTOpOﬁ KaTEropuu Bapa.
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