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ON A CERTAIN BOUNDARY VALUE THIRD ORDER PROBLEM
WITH TWO PARAMETERS

MICHAL GREGUS, Bratislava

1. The boundary value problem of the form
YO+ [f(x) + gy + Ah(x)y =0 (M
y(—a, A, p)=y(a, A, p)=0, a>0 )

lf r(e, wg((Oy(t, A, p) + f (h(1) — g(D)y(z, A, p)dr]dr =

= uf r(t, wlf()y(t, A, p) ~f f()y'(r, A, pyddds, 3)

where /”(x), g'(x), (x) are continuous functions on { —a, a), r(x, M) is a suitable
function of xe(—a, @) and —0 < A, u < o are parameters, will be studied.
The boundary condition (3) is in the integral form. For the first time such a
condition was formulated in [1] and the problem (1), (2), (3) is a generalisation
of the problem discussed in [1].
It will be shown that under certain conditions on the function r = r(x, y) the
problem can be solved by means of the problem (1), (4).

y(—av '1’ #)'__y"(_a’ A’ #)=}’(as ’L /1)=0 (4)

In order to solve the problem (1), (4) the theory of the third order linear
differential equation [2] can be applied.

2. Consider the problem (1), (2), (3). Let the functions /5 g, h fulfil the
conditions formulated in Section 1. Then the following theorem is true.

Theorem 1. A solution of the problem (1), (4) where the parameter u is one
of the eigenvalues and the function r = r(, x, ) is the corresponding eigenfun-
ction of the second order eigenvalue problem
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r 4+ pf(xyr =0, )
r(—a, p) =r(a, w) =0 (6)

is the solution of the problem (1), (2), (3), too.
Proof. Integrating the differential equation (1) written in the form

YA (x) + A} + {—pf'(x) + Alh(x) — g'()ly =0
term by term from —a to x, x £ a, and considering (2) we get
Y+ uf(x)y + Ag(x)y + j [—uf"(1) + Ath(7) — g'(DDv(z, A, pdr=

= y”(—a’ A’a /1)

Now suppose that y"(—a, 4, 1) = 0, multiply the last equality by r(x, z) and
integrate it from —a to a. We come to the equality

- J r(t, W (8, A, ) + pf @Oy (e, A, p)lde =
= J‘ r(t, 1) {lg(t)y(t, A, w)+ j [—uf(t) + A(h(7) — g'(D)y(z, A, ﬂ)dT}dI _
= Af‘ r(t, u){g(t)y(t, A, p) +J- [h(7) — g (D(z, A, ﬂ)d,}d, _

- #J r, u){f Oyt A, p) — J f(y'(z, A, #)dr}dt- (7

The right-hand side of (7) contains the expression which stands in the boundary
condition (3). Therefore it is necessary to prove that the integral on the left-hand
side of (7) is equal to zero.

Calculate this integral. Under the condition (2) it follows that

f "D A )+ P A @It ) de = y(a, A, (e, 1) —

a

=y (—a, A, wr(—a, p) — '[ Yt A (e, pyde + #J

r(e, WfOy@, A, wdt =

= y/(a’ 2" p)r(a, ﬂ) _y/('—as l’ #)r(_aa /'l) +J~ [r” =+ ”fr]ydt

This implies that the boundary condition (3) will be fulfilled if y"(—a, A,
) = 0 and if the parameter y is one of the eigenvalues and the function r = r(x,
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1) is the corresponding eigenfunction of the problem (5), (6). Thus the theorem
is proved.

Remark 1. If f(x) =1, h(x) =g'(x), a =§ and p =1, then we have the

following special problem

Y7+ {ll + gy} =0 (1)

Vs T
==, A)=yl=,A)=0 2
{-34)-(G4) @
JS (cost — cos g>g(t)y(t, A)dr = 0. {3)

(SIS

This is the case of the paper [1] for a = g

Remark 2. If f(x) =1, h(x) = g’(x) and a = E, n = 2 being a natural num-
n

n .
ber, then the parameter y can be for example equal to Z and we obtain

n? “
y" 4+ {I:: + /lg(x)]y} =0 a"

y(— r /1) =y(—’f, =0 @)
n

n

n

J7 g(y(t, A) cosgtdt = 0. (3"

n

Corollary 1. The problem (1”), (2”), (3”) and for n = 2 also the problem (1"),
(2), (3") can be solved by means of the problem (1”), (4”), where

(E)rE)mde
n n n

Remark 3. Suppose that g(x) > 0 for xe < — E, 7_r>. Then the problem (1”),

n n
(4”) is clearly equivalent to the Sturm-Liouville problem

y'+ ["I + Ag(x)]y =0

J’<— E, /1) = y<7—r. /1) =0.
n n
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3. In this section the conditions on the coefficients of the equation (1) for the
solution of the problem (1), (4) will be stated.

First of all we introduce some auxiliary results of the theory of the differential
equation of the third order [2] of the form

P4 24(x, Ay + [A'(x, A) + b(x, M)y = 0. @)

Lemma 1. Let 4 = A(x, 1), A" = a—A(x, A) and b(x, A) be continuous func-
X

tions of x e {a, c0), a being a real number and Ae(A,, A,) and let b(x, A) = O for
xe(a, o) and Ae(A,, A,) and b(x, 1) = 0 do not hold in any subinterval of (a,
o) for any A. Let y(x, 1) be a non-trivial solution of (a) with y(a, ) = 0. Then
the zeros of y(x, A4) in (¢, oo) (if they exist) are continuous functions of the
parameter A€ (A,, A,). \

Proof. (See Lemma 4.2 in [2]).

Theorem A (Oscillation Theorem). Let the supposition of Lemma 1 on the

coefficients of (a) be satisfied. Let further Alim A(x, A) = oo uniformly for all
- Ay

xe{a, ©). Let a < b < oo and let y(x, 1) be a non-trivial solution of (a) with
y(a, A) = 0. With increasing A — A, the number of zeros of y in {a, b) increases
to infinity and at the same time the distance between any two neighbouring zeros
of y converges to zero.

Proof. (See Theorem 4.5,b) in [2]).

Theorem B. Let the suppositions of Lemma 1 be satisfied and let for some
A = Le(A,, A,) the differential equation of the second order

u' + % ACx, Du=0

be oscillatory in (a, ).

Then every solution y of the differential equation (a) with the property y(a,
A) =0, a = a oscillates in (a, o).

Proof. (See Corollary 2.3, [2]).

Consider now the differential equation (1) and suppose (without loss of
generality) that the functions f’(x), g’(x), A(x) are continuous on {—a, o0),

0 < a < oo. Let further f(x) > 0, g(x) > 0, f'(x) < 0 and let A(x) — %g’(x) =0

for x > —aand let A(x) — % g’(x) = 0 not hold in any subinterval of ( —a, o).

Under these conditions the following theorem holds.
Theorem 2. Let the coefficients of the differential equation (1) satisfy the
above assumptions. Let u be one of the positive eigenvalues and r(x, u) the
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corresponding eigenfunction of the problem (5), (6). Then there exist such a
number p and a sequence {4, }7_, of value S of the parameter A and such a
sequence of functions {y,, J7_, that y,, = p(x, A, i \» M) is a solution of (1)
satisfying the boundary conditions (4), y(x, A, ., 1) having exactly p + v — 1
zeros in (—a, a).

Proof. First of all we should observe that the coefficients of (1) satisfy the
hypotheses of Lemma 1 and Theorem A. The equation (1) can be written in the
form (a), that is

V' () + Ag(x)ly + B W' (x) + Ag'(x)) + Ah(x) — %8 ) —

- %/If’(x)}’ -,

It is easy to see that the hypotheses of Lemma 1 and Theorem A are satisfied
if A€ (0, 00) is a positive parameter and 4 is a positive eigenvalue of the problem
(5), (6). Such eigenvalue yu clearly exists.

In virtue of Theorem B to the eigenvalue y there exists such a 2 = e (0, o)
that the differential equation

u + —:;[ﬂf(-w + 2g()u =0

oscillates in (—a, oo0) for A = 1 and therefore the solution v =1r(x, A) of the
differential equation (1) with the property y(—a, A) = y"(—a, 1) = 0 oscillates
in (—a, o0) for A = 1. Denote by x, (1), n = 1, 2, ... the zeros to the right of —a,
of y(x, A) satisfying y(—a, £) = y"(—a, L) = 0. Let for n = p be x,(4) < a and
Xp s 1(4) = a. According to Lemma 1 X, 1(A)is a continuous function of 4 and
hence in virtue of Theorem A there is 4 > Z'such that x, , ({) < a, and from the
continuity of x,, (4) thereis A< 4,,, < Asuch that x,, (4, ) = a, and y(x,
A, + 1, p) satisfies the conditions (4) and has exactly p zeros in (—a, a). Proceeding
in this way we prove the existence of the sequences {4+ hizvand {»,, J7_ .
Thus the theorem is proved.
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SUHRN
O ISTOM OKRAJOVOM PROBLEME TRETIEHO RADU S DVOMA PARAMETRAMI
Michal Gregus, Bratislava

Praca sa zaobera linearnym dvojbodovym okrajovym problémom tretieho radu (1), (2), (3), v
ktorom koeficienty linearnej diferencialnej rovnice tretieho radu su funkciami nezdvisle premennej
a dvoch parametrov A, n. Naviac jedna okrajova podmienka je dand v integralnom tvare. Ukaze sa,
Ze rieSenie problému (1), (4) je tieZ rieSenim okrajovému problému (1), (2), (3), kde okrajoveé
podmienky (4) nie st v integralnom tvare. Pomocou teorie linearnej rovnice tretieho radu sa potom
dokaze existencia vlastnych hodnoét a vlastnych funkcii, ktoré si funkciami vlastnych hodnét istého
linearneho okrajového problému druhého radu.

PE3IOME

O HEKOTOPOW KPAEBOW 3AJAYE TPETBLEIO MOPAJKA C JBYMA
ITAPAMETPAMHU

Muxan peryw, Bpatucnasa

B paboTe u3yyaeTcs JMHeHHas AByXTOYEYHAs KpaeBas 3aaa4a TpeTbero nopsaka (1), (2), (3). B
KOTOpPOH KO3DDHLUHEHTbI JHMHEeHHOro AHGQEPEHIHATbHOTO YPAaBHEHHS TPETbEro MoOpsAaKa
ABIAIOTCHl PYHKUMAMHM HE3aBHCHMOIl NEpeMeHHON M IBYX mapaMeTpoB A, u. Bosee Toro, omHo
KpaeBoe YC:IOBMe 3aJaHO B MHTerpaabHoit ¢opme. [Moka3zaHo, 4To peuteHue 3amauu (1), (4), B
KOTOPO# KpaeBble YCIIOBHS YXe HE BbIPaXalOTCA B MHTErpasibHO# (opme, ABIseTCA pelueHHEM
3aaauu (1), (2). (3). C noMouiblo TEOPHH JTHHEHHOrO YpaBHEHUS TPEThEro NOPsAAKA NOKA3bIBAECTCH
CylL1eCTBOBAHHE COOCTBEHHBIX 3HA4eHHH M COOCTBEHHBIX (YHKUMH, KOTOpBIE, B CBOIO OYEpenb,
ABIAIOTCA QYHKLUMAMH COOCTBEHHBIX 3HAYCHWH HEKOTOPOMN NMHEWHOW KpaeBOi# 3aJayu BTOPOro
nopsaKa.
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