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Introduction

In the present paper we generalize the well-known Kolmogorov consistency
theorem. The proof of this theorem can be found in the case of weakly regular
lattice group-valued measures in [3]. In this paper we shall prove the Kol-
mogorov theorem for vector lattice measures. The inner regularity in this paper
is generalized of the inner regularity in [3]. We also deal with measures defined
on rings.

Throughout the paper V will denote a boundedly o-complete vector lattice,
N the set of all positive integers. We shall say that V is weakly o-distributive,
if whenever (g, ;), ;v is a bounded family of ¥ such that q, iNO(—ooo5i=1,

2, ...), then
/\, V a0 = 0.

feNN
The following lemma is proved in [4].
Lemma 1. Let (a, , ;), ; jev be a triple bounded sequence such that a, i >0
(—ooo;n=1,2,...;i=1,2,...). Then for each ae V, a = 0 there is a double
bounded sequence (g, ), ;v such that

a,-,j\o (j—*(X);i=l,2, ...)

and

a0 e e)

o o
an Y Ve iy <V a

n=1i=1 i=1
for each fe NV
Let (X, &) be a measurable space, i.e. X be an arbitrary non-empty set and
& be a ring of subsets of X. A system € of subsets of X is called a compact
system, if to any sequence (C,), of sets from € such that
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there exists k€ N such that
k
ﬂfC,, = 0.
n=1

Definition 1. An additive non-negative set mapping m: & — V is called
compact if there is a compact system € and if for each E€ & there is a bounded
sequence (a; ;) of points from ¥ such thata,; ~ 0 (j > c0;i=1,2,...) and to any
fe NV there are Ke ¢, Fe & such that it holds:

FcKcE, mE-F)<\/ay,.
i=1

Lemma 2. Let m: & — V be a compact additive non-negative set mapping
and V be weakly o-distributive. Then m is o-additive.

Proof. By [4] it is sufficient to prove that m is continuous from above in 0. Let
E, N0, E,e ¥ and € be a compact system. Then there exists a bounded triple
sequence (@, ;,), @,;; ~ 0 (j = 0o; n, i = 1, 2, ...) such that for each fe N" there
exist K, € ¥, F,e & that '

F;l < Kn < En’ m(En —-Er) é \/an. i, f(n + i) _S_ m(EI)

Since

n

m((\ £~ (\F) s 3 mE- ),

i=1
then

m(ﬂ By QE) Sm(E) A Z \/an. i) = \/ai,m),

n=1i=1 i=1

where (a;,) is a sequence from Lemma 1 depending on m(E),).
Because E, \ 0, then

ﬁl K,=0

and therefore there is k€ N such that
N K, =0

And so "
r £ it
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for r = k. Therefore
m<ﬂ En) =m(E) < \/ a; 1)
n=1 i=1

for each fe N". With respect to the weak o-distributivity we obtain

/\ m(E,) = 0. Q.E.D.

The Kolmogorov theorem

Let I be an index set, T be a set of all finite subsets of / and (X,),, be a system
of topological spaces. Let us define

X'= X X, for each te T;

iet
X=XX.
iel

We denote the projection of X' into X* by p,, for any s, te T, s = ¢t and the
projection of X into X' by p, for any te T. Further, let %, be a system of all
compact sets of a topological space X' and (¥,),. the system of rings with the
following properties:

(i) &, is a ring of subsets of X';

(i) 6, < &,;
(iii) for any (s, t)e T x T there is re T such that su ¢ < r and

P (&)op (&) < p (L),
where
(L) = {p (E); Ee )
for each ke T. Put
B, = p; (&), for each teT,

v=U3a,.

teT

Then the proof of the following lemma is easy.

Lemma 3. 4, is a ring for each 1€ T and ¥ is a ring, too.

Definition 2. Let m,: &, —» V be a measure for each e T. A system of measures
(m,),cr will be called consistent if for every s, te T, s = t and Ee %, it holds

m,(p; (E)) = m,(E).
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Lemma 4. Let A€ %, 2, and (m,),. be consistent system of measures, then
m,(p,(4)) = m,(p,(4)).
Proof. Let Ae%,,i.e. A =p,~'(E) for some E€.¥,. Put r = s U t. Since
p(4)=E
P, \(E)) = p,; '(E)

and the system of measures is consistent, we have

m,(p,(4)) = m,(p; (E)) = m,(p,(A)).
We prove

m(p,(4)) = m,(p,(A))
analogously. Q.E.D.

Definition 3. Let A€ 7", i.e. A€ %, for some te T. Then we define a mapping
m: ¥ =V as

m(A) = m,(p,(A)).

Evidently, m is a nonnegative and additive mapping. Put ¢ = {p,”'(C):
Ce¥€e€,, teT}. Then ¥ is a compact system. (see [3], p. 348).

Theorem (Kolmogorov). Let V' be a boundedly o-complete weakly o-distri-
butive vector lattice, (m,), r consistent system of measures and m, be compact
with respect to %, for each € 7. Then there exists a measure y: s(¥") - V, where
s(¥") is a o-ring generated by ¥", such that

mr(E) = #(P:_ l(E))

for any teT, Eec¥,.

Proof. We have the mapping m on ¥°, which is non-negative and additive.
From the additivity we have m(p) = 0, too. Let now Ade¥", 4 = p.”\(E). Since
m, is compact, there exists a bounded double sequence a;~0 (j— oo,
i=1,2,...) such that for each fe N" there is Ce %, such that

CcEm(E-C)s\/ayy,.

i=1
Put D = p,'(C). Then D c A and
m(4 — D) =m(E - C) £ \/ a,q,
i=1

and therefore m is compact. By Lemma 2 m is a measure on ¥ and by [7] there
exists a measure u defined on s(¥") such that is an extension of m. Q.E.D.
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SUHRN

ZOVSEOBECNENIE KOLMOGOROVOVEJ KONZISTENTNEJ VETY
PRE VEKTOROVE MIERY

Ervin Hrachovina, Bratislava
V praci je zovSeobecnena Kolmogorovova konzistentna veta. Miery, s ktorymi sa v praci
pracuje, nadobudaju hodnoty v slabo o-distributivnom podmienene o-iplnom vektorovom zvize.
PE3IOME

OBOBIIEHUE KOHCUCTEHTHO¥W TEOPEMbI KOJIMOIOPOBA /11 MEP
CO 3HAYEHUSAAMU BO BEKTOPHOW CTPYKTYPE

OpsuH XpaxoBuHa, BpaTucnapa
B craTbe noka3biBacTCA KOHCHCTEHTHas Teopema KosnMoroposa. Mepbl, ¢ KOTOPbIMH 31€Ch

pabGoTaeTcs, NPHHHMAIOT 3HAYEHHS B YCJIIOBHO O-MOJIHOM cnabo o-aucTpHOYTHBHOM BEKTOPHOIA
CTPYKType.
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