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Introduction

The construction of a measure from a content is well-known in the case of
a real-valued measure. In [2] we can find the case when X is a locally compact
Hausdorff space. The papers by Neubrunn [4] and Kalas [3] are generalizations
of [2]. If X is a compact Hausdorff topological space and the content is vector
valued, then a construction of a measure from this content can be found in [6].
In that paper the extended vector measure is finite and it is supposed that the
valued vector lattice is weakly (o, oo)-distributive. The assertions are proved by
the Stone representation theorem. In this paper we suppose that X is an
arbitrary set and the vector lattice is weakly o-distributive. We use Theorem 1,
which was proved in [1] and [5].

Some notions and notes.

Troughout the paper W will denote a boundedly complete vector lattice and
X and arbitrary non-empty set. Supremum of any unbounded set of positive
elements in W is taken to be infinity and the infinity is denoted by “oo”. Let
U, B be systems of subsets of X with the following properties:
(A) PeU n %,
(B) If A, A,e¥, then A, U A,eWU,
(C) if (B,), is a sequence from 4, then U B, belongs to #;

n=1
(D) if Ae%, B,, B,e # and A < B, U B,, then there exist 4,, 4,€% such that
AICBI’ AchzandA AIUAz,

(E) if Ae¥, A c U B,, B,€ 8, then there exists k€ N such that 4 = U B,;

n=1 n=1
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(F) if Be#, Ce%, then B— Ce%, C — Be,
(G) if A€, then there exist Be B, Ce% such that A <« B< C.
Definition 1. A triple sequence (a, ; ;) has the P-property iff:
(i) a, ;= 0 for each n, i, je N;

(i) (a, ; ;) is bounded from upper;

(iii) a, ;; »O0forj— oo, n,i=1,2,3, ... (i.e. @, ;2 8;;41and N\ a, ;= 0).

j=1
o0

For each f: N— N we denote \/ a, ; /., by 4, ,. Analogously we define the

i=1

P-property for double sequences (a; ;) and we denote \/ a; s, by ay.
=

Definition 2. A boundedly o-complete vector lattice W is weakly o-distri-
butive if for an arbitrary sequence (g, ,) with the P-property the equality

AN \/ a5 =0 (1)

feNN i=1
is satisfied.
Theorem 1. Let (a, ; ;) be a sequence in W with the P-property. Then for each
ae W, a 2 0, there is a sequence (g, ;) with the P-property such that

20
a/\ Z Ay n = as.

n=1

The proof of Theorem 1 can be found in [1] and [5].

A content and a measure

Let c: % — W be a content on %, i.e. it holds
(I) ¢(4) 20 for each Ae¥;
(Il) ¢c(A) < c(B)if A, Be¥ and A4 < B;
(III) if A, Be, then ¢(A U B) < c(A4) + ¢(B);
(IV) if A, Be¥U, An B =90, then ¢c(4 U B) = c(A4) + ¢(B);
(V) for Ae% there exists (a;,;) with the P-property such that for each fe NV
there exist B;e #, C;e % such that

Ac Brc Cr, C(A) g C(Cr) — 4as.
Evidently, ¢(0) = 0.
Lemma 1. If Ae% and W is weakly o-distributive, then
c(A) = /\{c(C): CeuU(A)},

where % (A) = {Ce%: there exists Be # such that 4 = B < C}.
Proof. From (II) we have that c¢(4) is a lower bound of the set
{c(C): Ceu(A)}. Let w be another lower bound of the set {c(C): Ce#(A)}.
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From (V) we have C;e %(A) and
c(4) 2 ¢(Cp) — ay.

We consider
w—c(A) £ c(Cp) — c(4) = a.

With respect to the weak o-distributivity we obtain

w = c(A).
Q.E.D.
We define the mapping ¢: 4 u#B - Wu{wo} in the following way:
éB) =\/{c(C): C< B, Ceu}.
Evidently, ¢ is non-negative.
Lemma 2. ¢ has the following properties:
(1) if Ae, then ¢(A) = c(A);
(ii)) if A = B, A, BeU v A, then é(A) < é(B);
(iii) ¢é is o-subadditive on 4.
(iv) ¢ is o-additive on 4.
Proof. (i) and (ii) are evident.
(iii) Let B,, B,e#, Ce%, C = B,u B,. Then there are C,, C,e% such that
C,c B, C,c B,and C = C,u C,. Thus

c(C) = é(B) + Eé(By .

and therefore ¢ is subadditive on #. Let now B,e #, Ce# and C < () B,. Then

n=1

k
there exists k€ N such that C = () B,. We obtain

n=1

«(C) < c(C) Bn) <Y BYS Y B,

and thus ¢ is o-subadditive.
(iV) Let BI’ Bzeg, B| (.\Bz = 0, C|, Cze% and CI < Bl’ Cz Lt Bz. Then Cl N
N C2 = 0,

c(C) + ¢(Cy) =é(BvB)

and with respect to (iii) we obtain that ¢ is additive. Let B,e #(n = 1,2, ...) and
B, B; =0 (i #j). Then for each ne N

i é(B,) = c(U B,.) < c(o Bn>
i=1 i=1 n=1

and therefore ¢ is o-additive.
Q.E.D.
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Lemma 3. If Be #, Ce¥, B> C and W is weakly o-distributive, then
é(B) = ¢é(B — C) + ¢(C).
Proof. Let C, =« B— C, C,e%, then Cu C, = B and C,n C = . Therefore
c(C) + ¢(C)) £ é(B)

and hence

c(C) + é(B— C) < é(B).
With respect to (V) we have C = B; < A4; and

c(C) = c(4y) — a;.

Also

¢(By) = c(4y) £ ¢(C) +ay.
Then

CB)YSB—-C)+é(B)=é(B—C)+c(C) + a.

Since W is weakly o-distributive we obtain

é(B) =¢é(B— C)+ c(0).
Q.E.D.
Definition 3. A set L belongs to 2 if there is a sequence (g;;) with the
P-property and for each fe N" there is B;e #, C;e % such that

Cic L < By, é(B;— Cp) < ay.

Further, let W be weakly o-distributive. Evidently, é(B;) e W for the set B;in
Definition 3, since

0 =< é(B) < é(Bi— Cp) + c(Cy) S ar+ c(Crle W.
Let LeZ and put
w= A{é(B):B> L, Be #}.

Then we W.
The proofs of the following theorems are easy.
Theorem 2. % = 2 if W is weakly o-distributive.
Theorem 3. 2 is a ring.
Lemma 4. If Le 2, then w = \/{c(C):C< L, Ce¥}.
Proof. Evidently, w is an upper bound of the set

{c(C):Cc L, Ce¥}.
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Let z be another upper bound. Then z = ¢(C;). We consider
w—z=w—c(C) =B — C) £ ar.

From the weak o-distributivity we obtain w < z.
Q.E.D.
Definition 4. We define on 2 a mapping m in the following way

m(A4) = \/{c(C): C < 4, Ce¥}

for Ae2.

Furthermore, the following lemmas can be easily proved.

Lemma 5. m is finite.

Lemma 6. Le 2 if and only if there is (g, ;) with the P-property and for each
fe NV there are B,e#B, Cie¥ such that ¢é(B) < o0, Cic Lc By and
¢(By) —ar=m(L) < c(Cy) + a;.

Theorem 4. The mapping m is non-negative, monotone and o‘-subaddltlve.

Proof. It can be easily proved that m is non-negative and monotone. We

prove the o-subadditivity. Let 4,62, 4 = | ) 4,e 2. If

n=1

o0

Y m(4,) = o

n=1

then the corresponding inequality holds. Let

Y. m(A4,) =zeW.

n=1
By Lemmas 4, 5 and 6 there exists (a,,;) with the P-property, Be # with
é(By<o and A c B and for each fe NV there are B,;e# such that
é(B,g) < ©0, 4, < B,; < B and

m(An) g E(Bn,f) — Qg -
Put a = z v é(B). Evidently, m(A4) < a and

a0

ma)= (U B.r)s V 3 .

n=1

Then

m(A) < {0/ [a/\(li m(A;) + Z af,>] <

n=1 i=1 i=1

e}

< \7 z":m(A,-)+aA i a,< Y m(4,) + a;.
n=1i=1

n=1 n=1
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Since

20

m(A) < Y, m(A,) + q
n=1
holds for each fe N, thus by the weak o-distributivity we obtain that m is

o-subadditive.
Q.E.D.
Theorem 5. m is additive.

Proof. Let A, Be Z and A n B = 0. Then there is g; ; with the P-property such
that for each fe NV there are C, De % such that C < A, D < B and

c(C) + ar 2 m(A4), ¢(D) + b; 2 m(B).

Evidently, Cn D = 0. Then

c(Cu D) + a; = m(A) + m(B).
Hence

m(A v B) + a; = m(A4) + m(B)
for each fe N". Therefore by the weak o-distributivity and by Theorem 4 m is
additive.

Q.E.D.

Theorem 6. m is o-additive.

Proof. Let A,e ?, A= | ) A,€? and A,n A; = 0 for i # j. Then for each n
n=1

3. ma) =m() 4,) smia)
holds. Therefore,
Y m(4) = \/ I m(4) < m(A).

Hence by Theorem 4 m is o-additive.
Q.E.D.

Theorem 7. é(B) = m(B) for each Be(BuU)n P.

The proof of this theorem is easy.

We have constructed the measure m on the ring 2 and this measure is an
extension of the content c. By [8] there is a measure u defined on the o-ring
generated by 2, which is an extension of m. Thus the following theorem holds.

Theorem 8. Let X be an arbitrary set, W be a boundedly complete weakly
o-distributive vector lattice, %, # be systems of subsets of X with the properties
(A)—(G) and c be a content defined on # with the properties (I)>—(V). Then
there exists a measure u defined on a o-ring generated by # such that y is an
extension of c.
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SUHRN
KONSTRUKCIA VEKTOROVEJ MIERY Z VEKTOROVEHO OBJEMU
Ervin Hrachovina, Bratislava

V praci konStruujeme mieru z objemu. Miera i objem nadobudajii hodnoty v podmienene
tplnom slabo o-distributivnom zvize. Objem, s ktorym sa pracuje je naviac regularny.

PE3IOME
MOCTPOEHUE BEKTOPHOM MEPHI U3 BEKTOPHOI'O OFbEMA
OpsuH XpaxoBuHa, Bpatuciasa

B craThe MBI 3aHHMaeMCs TIPOIOIKEHHEM PETYIApHOro obbvema B Mepy. ITH H300paxeHus
NPHHAMAIOT 3HA4YEHHA B YCIIOBHO MOJIHOM BEKTOPHON CTPYKTYPE.
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