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A NOTE ON GENERALIZED TOPOLOGIES

JOSEF SLAPAL, Brno

By a generalized topology we understand any topology obtained by replacing
the Kuratowski closure axioms by some weaker ones. These generalized topolo-
gies occur in various branches of mathematics and have been studied by many
authors — see [2]. In the present contribution some systems of generalized
topologies on a given set are investigated from the point of view of the theory
of lattices. Although the results of this note are obtained in quite a simple way
from those of [2], it is useful to publish them explicitly because of their general
set-theoretical signification.

By a topology without axioms (briefly a topology) u on a set P we mean a
mapping u: exp P — exp P. In the literature, topologies fulfilling some of the
following axioms are often studied:

up =90 O-axiom,

XecP=>XcuX I-axiom,

XcYcP=>uX<cuY M-axiom,

X, Y P=>u(XuY)cuXuuY A-axiom,

0#Xc P=>uXc () ufx} S-axiom,
xeX

XS P=>uuX cuX U-axiom.

If fe{0, I, M, A, S, U} and if a topology u fulfils the f~axiom, then u is called
an f-topology. If also ge{0, I, M, A, S, U} and u is both an f-topology and
g-topology, then it is called an fg-topology, etc. The system of all topologies on
P is denoted by 2. By 2, we denote the system of all f~topologies on P, by Py
the system of all fg-topologies on P, etc. All these systems will be considered as
ordered by the relation < defined as usual, i.e. u < v <> uX < vX for any subset
X < P. It is well known that 2 is a complete lattice (even a completely distri-
butive complete Boolean algebra). By \/ and /\ we denote the join and meet

103



in 2. Clearly, if § # % = 2, then (\/ )X = | ) uX and (/\ %)X = (") uX for

ueU ued

every subset X = P. Next, for ue 2 by (u] and [4) we denote the principal and
principal dual ideals of 2 generated by u, ie. (u] ={ve?|v<u} and
[u) = {vePlu £ v}.

Theorem 1. Let ue 2 be a topology. Then ue 2, iff 2, [u) is a complete
lattice. .

Proof. It can be easily seen that 2,, and thus also 2, N [u), are complete join
subsemilattices of 2. In [2] it is shown that u = /\ (2, " [u)). Thus, we have
ue 2 <>ue?,nu)< )\ (2,0 [u)e?,nu)<>2,n[u) has the least element
< 2,n[u) is a complete lattice. The proof is complete.

Theorem 2. Let ue #,,. Then
(1) ue 2 iff Py [u) is a complete lattice,

(2) ue 2y ift 2,,, N (4] is a complete lattice.

Proof. Again, it can bee easily seen that 2, and thus also Z5n[u), are
complete join subsemilattices of # and that 2,,,, and thus also 2, N (u], are
complete meet subsemilattices of 2. In [2] it is shown that u = /\ (s N [u)) and
that u = \/ (2 N (4]). Hence, the proof of Theorem 2 is analogous to that of
Theorem 1.

Theorem 3. Let f€{0, I, M, OI. OM, IM, OIM, OIMA} and let ue Z;.
Then

(1) ue?,,iff 2,0 [u) is a complete lattice, whenever f€{0, I, OI, OIM},

(2) ueZ5iff Z5n[u)is a complete lattice, whenever fe {M, OM, IM, OIM},

(3) ueZy iff Zy (U] is a complete lattice, whenever fe{M, OM, OIM,
OIMA}.

Proof. Excluding the case f = OIMA of (3), the proofs of the assertions of
Theorem 3 can be performed analogously to the proof of Theorem 1 by the help
of the results of [2]. For f = OIMA the assertion (3) immediately follows from
[1], 2.4.

Remark. Obviously 2,, s, #,,, and for fe{0O, I, M, OI, OM, IM, OIM,
OIM A} also 4, #;5, Py are complete lattices and the joins and meets of them
are described in [2]. In [2] it is also shown that £, is not even a semilattice in
general.
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SUHRN
POZNAMKA O ZOBECNENYCH TOPOLOGIACH

Josef Slapal, Brno

Zobecnenou topologiou rozumieme kazdi topologiu, ktoru ziskame zoslabenim Kuratowského
uzaverovych axiomov. V ¢lanku sa vySetruju systémy niektorych zobecnenych topologii na danej
mnozine z hladiska tedrie zvizov. Dosiahnuté vysledky maju obecny mnoZinovo-teoreticky vyz-
nam.

PE3IOME
3AMEYAHHUE Ob OBOBUIEHHBIX TOITOJIOTUAX
HMocep Ilnanan, Bpuo
06061HeHHO TONONOTHEl MBI IOHHMA€EM KaXAyko TOMOIOHIO, KOTOPYIO MBI TIOTY4HM OCHa-
6nenMeM akcHOMOB 3ambikanus KypaToBckoro. B 3ameuanuM M3yyaroTcsl CHCTEMBbI HEKOTODBIX

06001LEeHHbIX TONOJIOTHi Ha TAHHOM MHOXECTBE C TOUKH 3PCHUSA TCOPHH PELIETOK. IlOCTHI'HyTHC
PE3ysibTaThl HMEIOT obuzee MHOXECTBCHHO-TCOPETHYECKOEC 3HAYCHHE.
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