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CRITERIA FOR DISCONJUGACY OF A DIFFERENTIAL
EQUATION WITH DELAY

ALEXANDER HASCAK, Bratislava

In [2], the autor has introduced the notion of a disconjugate differential
equation with delay

x"(t) + N(t)x(t) + M(t)x(t — A(2)) =0 n

and has proved that (1) is disconjugate on an interval / if and only if each
boundary value problem associated with this equation has exactly one solution.
In this paper we shall prove some criteria for disconjugacy of a differential
equation with delay.

In the sequel we shall need the following theorem, which will enable us to
compare the solution of (1) satisfying the initial conditions

x(A)=x,, x'(A)=x,
x(t—AW) = ¢t — A1), if t— A< A
with the solution of the differential equation
y'(0) + N@y(1) + M(0)y(t — (1)) = 0, (3

satisfying the initial conditions

()

y )=y, y(A) =y,
Yyt —1@®))=w(it— 1(r)), if t—1(t)<A.

We shall suppose that the coefficients N(z), M(¢f) and the delays A(¢) = 0,
7(f) = 0 are continuous functions on an interval <a, b), b < + oo and that the
functions ¢(1), y(r) are defined and continuous on the initial sets

E,={t— A@):t— A(t) < A and te (A, b)} L {4}

“)
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and
E,={t—1(t):t—1(t) < 4, te {4, b)} U {4}

respectively. This theorem is proved in [3] for the case of the differential
equations of the form

o;(1)
xi(1) =J x(t—0dr(t, 1), a<t<+oo, i=12
0

under some additional assumptions. The proof of our theorem is analogous to
that of the above mentioned result. :

Theorem 1. Suppose that x(¢) and y(¢) are solutions of (1) and (3) respective-
ly, satisfying the initial conditions (2) and (4), respectively.

Let
M) =0 for tedlA,b), (5)
Aty = 1(t1) =20 fortelA, b) (6)
and ) ) _
()< w() for t<t (1, teE,nE)), @)
x(A) = ¢(A) = y(A4) = y(4) 20, x'(4) = y'(4). (®)

Finally, let
y'(@®) >0 for tedAd,hb).
Then
YO 2D gor 1e(4, b), i
x(n)y  y(o)

and
x'(H) = y'(t), for tedlA,b).

Now we are able to prove the following criterion.
Theorem 2. Suppose that the differential equation

Y@+ py() =0 (10)

is disconjugate on an interval ¢a, + o, ) and the solution satisfying the initial
conditions

Yola, @) =0, y(a,a)=1
satisfies the inequality
Vo(t,a) >0 fortela, + o).
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Then the differential equation
x"(t) + N(O)x(t) + M(D)x(t — A(¥)) = 0,

where
M@ =0, N@)+ M@ =p@), (11)
is disconjugate on <{a, + o0).
Proof. Let the assumptions of the theorem be satisfied. Then the equation (2),
with 7(¢) = 0 is disconjugate on the interval {(a, + 00) and

yo(t,a) >0, for t>a

holds.
Further,
Y.(t, A) = y,(4, a) I:y,,(t, a)j 4 ], for t>A(@a<A4< +o0).
4 v,(s, a)
Thus
naﬂo=y4ma{m@a) A @) — ]>0 for ¢ A.
4 Y,(s, @) yo(t, @)

The assertion of the theorem follows now from Theorem 1.
Example 1. The differential equation

Y =0

is disconjugate on an interval {a, + o0), a€ R and the coefficients of the equation
x"(t) — %x(t) + % x(t—3n)=0 (12)

fulfil (11). Thus the assumptions of Theorem 2 are fulfilled, therefore equation
(12) is disconjugate on <{a, + o).
Example 2. The differential equation

x"(t) + ~;—x(t) ~ %x(t —3m) =0, (13)

for a = 0 has the solution

V2

x,(1, 0) = \/EsinTt, for 1> 0

and thus (13) is disconjugate at most on the interval <0, ﬁn). (On this interval
it is equivalent to the differential equation without delay. Thus it is really
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disconjugate on <0, \/En).) But in this case the inequality from (11) is not
fulfilled. Thus the assumption M(¢) = 0 in Theorem 2 cannot be omitted.
In the next theorem we shall consider the differential equation of the form

x"(8) + k()x' () + I()x(t) + m()x(t — A(2)) =0, (15)

where k(1), I(t), m(t) and A(¢) = 0 are continuous functions on an interval {a, b),
b < +oo. The initial value problem for (15) as well as the definition of the
disconjugacy are the same as for (1).

Theorem 3. Suppose that

[(1)<0, m() <0 for te<la,b).
Then the differential equation (15) is disconjugate on {a, b).

Proof. Let us multiply the equation (15) by the function exp (j k(s) ds) > 0.

Then we get

[exp (Jlk(s) ds)x'(t)]l + N(O)x() + M(t)x(t — A(r)) = 0, (16)

where

N(t) = l(t)exp (f

a

’k(s)ds> <0 17)

M(t) = m(r) exp(Jlk(s) ds) <0.

It is easy to see that it is sufficient to show that the equation (16) with the
coefficients satisfying (17) is disconjugate on the interval {a, b).

We have to prove that no solution x,(¢, A), 4 €<{a, b) of (16) has any zero on
(A, b). For this purpose, let us multiply the equation (16) by x,(¢, 4) and then
integrate it by parts from A4 to t. We get

x,(t, A)x,(t, A) exp (f

a

l k(s) ds) =
= — J”[N(s)x,f(s, A) + M(s)x,(s, A)x,(s — A(s), A))ds +

+ fexp (Jsk(r)dr) (x.(s, A))ds. (18)

A a

Suppose now, on the contrary, that x,(z, A) has a zero in (4, b). Then there is
a point Te (A, b) such that
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x (T, A)=0, x,(t, A)>0 for te(A4,T)
and with respect to the initial conditions fulfilled by x,(t, 4) we have
x,(t, A) >0, x,(t— A1), A)=0 for te(4,T).

By this fact and by the assumptions of the theorem we get that the left-hand side
of (18) is equal to zero at the point 1 = T, while the right-hand side of (18) at
t = T is a positive number. This is a contradiction.

With the aid of Theorem 3 we shall prove

Theorem 4. Suppose that the equation

x"(t) + N(t)x(£) =0 (19)
is disconjugate on an interval {a, b) and
M) <0 fortela, b). . (20)

Then the equation (1) is disconjugate on {a, b).
Proof. We shall prove this theorem by contradiction. Let the equation (1) be
not disconjugate on {a, b). Then there is a point ¢t = A4 such that for the first

conjugate point ¢, to the point A4 (i.e. for the first zero of x,(z, A)) with respect
to the equation (1) we have

c,<b. (21)

On the other hand, since the equation (19) is disconjugate on {4, B) (¢, <
< B < b), there is a solution v(¢) of (19) such that

v(t) #0 for tedAd, B).
Let u(¢) be the function defined by

v(t)forte (4, B)
u(t) = ’

(22)
\max 0, v(®)) for t< A.
Then the differential edquation (1) is transformed by the substitution
x = u(t)y
into the differential equation
v + 25Dy 1+ ) LA Ay =0 23)
u(?) u(t)

for te (A, B).
By the definition of u(f) and by (20), we have
M(1) 5“—’(;‘& <0 for te{A, B).
u(t
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Thus the assumptions of Theorem 3 are fulfilled and hence the equation (23) is
disconjugate on (A, B). But this is a contradiction with the definition of the
point B.

Theorem 5. Suppose that N(¢), M(¢) are nonnegative functions defined on the
interval {(a, + o0) and

wa [(s — a)N(@G) + (s — A(s) —a)* M(s)]ds < 1, (24)
where (s — A(s) — a)* = max (0, s — A(s) — a).

Then the equation (1) is disconjugate on the interval {a, + o0).
Proof. By integrating the equation (1) from A to ¢ we get

x,(t, A)=1-— jI[N(s)xo(s, A) + M(s)x,(s — A(s), A)]ds

for t > A and hence follows the inequality

x,(t, A< (t—A) for a< A<t

N

C4 (25)

if there is a conjugate point c, to the point 4. If such a point does not exist, then
(25) holds for ¢ > A.

Further, by (25) and the initial condition fulfilled by x,(¢, 4), we have
x,(t — A1), A) < (t — A(D) — 4)*. (26)

Now we shall prove the theorem by contradiction. Suppose that the assump-
tions of the theorem are fulfilled and the equation (1) is not disconjugate on the
interval <{a, + o0). Then there is a point 4 €<a, + o) such that its conjugate
point ¢, lies in the interval (4, + o). By Rolle’s Theorem, there is a point

Te(A, c,)
such that

x,(T, A) = 0. 27)
On the other hand,
-
x,(T, 4) =1 - j [N, (5, A) + M(s)x,(s — Als), A)]ds,
A
which by (25) and (26) gives

x (T, A) =1 — J [N(s)(s — A) + M(s)(s — A(s) — A)*]ds.
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From this fact, since a < 4 < T < ¢, it follows that

x(T,A)=>1— JT(N(S)(S —a)+ M(s)(s — A(s) — a)T]ds >

= J+w[N(s)(s —a) + M(s) (s — A(s) — a)*]ds.

The last inequality together with the inequality (24) yields
x,(T, A) >0

which is a contradiction with (27).
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SUHRN

KRITERIA DISKONJUGOVANOSTI
PRE DIFERENCIALNU ROVNICU S ONESKORENIM

Alexander Has¢ak, Bratislava

V praci su dokazané kritéria diskonjugovanosti pre diferencialnu rovnicu tvaru
x"(t) + N(0)x(t) + M(H)x(t — A(D) = 0. 1)

Pojem diskonjugovanej diferencialnej rovnice tvaru (1) bol zavedeny v praci [2], kde je aj dokazany
vztah medzi diskonjugovanostou diferencialnej rovnice (1) a existenciou rieSenia okrajovych uloh
pre tato rovnicu.
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PE3IOME

JOCTATOYHBIE YCJIOBUSA IJiA TOrO, YTOBbI JU®PEPEHIIMAJIBHOE
VYPABHEHUE C 3AMA3bIBAHUEM BbUJIO BE3 COINPSKEHHBIX TOYEK

Anexcannep Xawak, Bpatucnasa

B paboTe naHbl JOCTATOYHBIE YCIOBHS AJIsi TOTO, YTOOB qubdepeHnHanbHOe ypaBHEHHE BUAA
x"() + N(O)x(t) + M(t)x(t — A(1)) = 0 (1

6bi10 Ge3 conpskénHbix Touek. [lonsTue mudbdepenumansHoro ypasHenus Buzaa (1) 6e3 co-
NpsXEHHBIX To4ek 6buTO BBEAEHO B paboTe [2], B KOTOPOi Takxe JOKa3aHa CBA3b MEXAY CBOW-
CTBOM, 4TO au(epennHanbHoe ypaBHeHue (1) aBiseTcs 6e3 cCOnpsaXEHHBIX TOYEK, U CYLIECTBOBA-
HHMEM peILeHHs KpaeBbIX 3aay [AJIs 3TOro ypaBHEHHUS.
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