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1 Introduction

The terminology used in this paper is standard and follows that of [1].

Let G = G(V, E) be a finite connected graph with a nonnegative number w(v)
(called the weight of a vertex v) associated with each of its |V| = n vertices, and
a positive number /(e) (called the length of an edge ) associated with each of
its |E| edges (i.e., /(e) = ¢(v,, v,), where e = (v,, v,)).

Let X, = {x;, x,, ..., x,} be a set of p points on G, where by a point on G we
mean a poing along any edge of G which may or not be a vertex of G. We define
the distance d(v, X,) between a vertex v of G and a set X, on G by

ay d(v, X,) = min {d(v, x)},

where d(v, x,) is the length of a shortest path in G between vertex v and point
x; (x; can be considered as a new vertex inserted into the edge e. Let

(12) | F;(X,) = max {w(®)- d(v; X,)}.

Let X be such that
(1.3) F;(X) = min {F(X,)}.

~

then X7 is called an absolute p-center of G and F;(X ) is called the absolute
p-radius of G. If X, and X in (1.3) are restricted to be sets of p verticles of G,
then X is called a vertex p-center and F;(X ) is called the vertex p-radius of G.
Further we define:

(1.4) Hg(X,) = Y w(v)-d(, X,).

vevV
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We call H;(X,) the distance-sum of the set X,. If X on G is such that
(1.5) Hg(X7) = min {Hg(X))},
P

then X is called a p-median of G [7], [8]. Hakimi [8] has shown that there exists
a set of p vertices V< V, such that H;(V}}) = Hg(X). If all the vertices of G
have the same weigt ¢ then we shall assume that ¢ = 1 and we refer to this case
as the wertex-unweight case. Otherwise, we say that G is a vertex-weighted
graph. We shall assume that p < n, since if p = n, then V} = V, F;(V,*) = 0 and
H;(V}) = 0, while p > n has no mathematical meaning. Further assume that
the graph G contains neither loops nor multiple edges. Finally, we assume that
for each edge e = (v,, v,) the length of e is equal to the distance between v, and
v, (i.e., l(e) = d(v,, v,)), because otherwise the edge e could be eliminated without
affecting the p-radius, the p-median, or the p-center of G.

The “inverse” of the vertex p-center problem is defined as follows: Given a
graph G = G(V, E) and a positive integer r, find the smallest positive integer p
such that the p-radius of G is not greater than r. This number p is called the
vertex domination number of radius r of G while a corresponding p-center is
called a vertex dominating set of radius r.

The problems of finding the domination number and a dominating set are
NP-hard [6]. However, the problem of finding the domination number and a
dominating set when G is a tree was solved in linear time by Cockayne,
Goodman, and Hedetniemi [3]. The problem of finding a p-center of G was
originated by Hakimi [7], [8] and is discussed in a number of papers [4], [5], [10],
[11], [12], [17]. In [9] Hakimi, Schmeichel and Pierce discussed improvements
and generalizations of various existing algorithms for finding p-centers of
graphs and gave the corresponding orders of complexity.

Obviously, if one knows how to find a p-center, then by performing a binary
search over the n possible values of the domination number, one can find a
dominating set of radius r. On the other hand, information on the domination
number and on dominating sets can by used to draw conclusions on p-centers
and the p-radii.

Kariv and Hakimi in [15] showed that the problem of finding a vertex
p-center (for 1 < p < n) of a vertex-weighted network, and the problem of
finding a dominating set of radius r, are NP-hard even in the case where the
network has a simple structure (e.g. a planar graph of maximum vertex de-
gree 3), and obtained the following algorithms, when the network is a vertex-
weighted tree: an 0(n) algorithm for finding a vertex dominating set of radius
r; an O(n-lgn) algorithm for finding a 1-center; an 0(n’-lgn) algorithm for
finding a vertex p-center for any 1 < p < n. , '

Also, the problem to find a near optimal vertex (or absolute) p-center is
NP-hard [19].
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Moreover it is known that the problem of finding a p-median of a network
is an NP-hard problem even when the network has a simple structure [16]. Since
the publication of [7], there have been many attempts to efficiently compute a
p-median of a network [13], [22], [23] (see also [18], [21]). In [16] Kariv and
Hakimi described an algorithm which finds a p-median of a tree (for p > 1) in
time 0(n*-p?). An 0(n) algorithm for finding a 1-median of a tree was also
described by Goldman [5].

2 Construction of a tree from a given graph

In many practical situations we do not need to know the exact location of the
.p-center and the p-median (obtained after long calculations); we need to know

only some bounds of the p-radius or the minimum distance sum ot the given
graph (obtained with less difficulties). Our aim in this paper will be to determine
some bounds of the p-radius and the minimum distance sum of the p-median.

Definition. Cactus is a connected graph, every cyclic blok of which is a cy-
cle [1].

Lemma 2.1. Let G = (V, E) be a connected graph with edge length /(¢) > 0
and vertex weight w(v) > 0. Let there exist a dominating set of p points of radius
ron G. Then there exists a dominating set X, = (x;, X,, ..., x,) of radius r on G
such that (2.1) if x, for some i is an internal point of some edge (v;, v;,), then

d(v;, (X, — {x;})) > d(v;, x;)
and also
d(v,, (X, — {x;})) > d(v,, x;).

Proof. We prove this lemma by contradiction. Assume that there is no
dominating set X, of radius r on G fulfilling (2.1) and let ¥, = (y,, y,, ..., y,) be
a dominating set of radius  on G such that this set ¥, has the least number k
of points not satisfying condition (2.1) from all the dominating sets of p points
of radius r on G.

Let k # 0 and let y € ¥, be an internal point of edge (v,, v,) which does not
satisfy (2.1). Without loss of generality we can assume that

d(vla ys) 2 d(vl’ (Xy - {ys})) = d(vl’ yr)’

where y, is some vertex of (¥, — {y,}). We define Y, = (], ..., y,) in such a way,
that y; = y, for all i # s and y. = v,. : '
We divide V= V,u V,, ¥, ¥, =0 so that

Vi={veV;d,y, = d(y,v) + dv,v) < dy,, v,) + d(v, v,)}
and )
Vo={veV;d(v,y,) = dQy,, v) + d(vy, v) < d(y,,v,) + d(v, v,)}.
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(2.2) For all i # s and every vertex ve V it holds
d(yi, v) = d(y;, v).
(2.3) For every vertex ve ¥, it holds '

d(y;, v) = d(vy, v) < d(vy, v) + d(v,, y,) = d(y;, V).
(2.4) For every vertex ve V; it holds

d(yl’ U) = d(}’;, Ul) + d(U‘, U) = d(yn vl) T d(vh U) <
< d(YN vl) + d(U, Ul) = d(v’ ys)

From (2.2), (2.3) and (2.4) it follows that for all ve V it holds that d(v, Y,) <
< d(v; ), i.e. Y, is a dominating set of radius r, too, and there are less points
in Y, not satisfying (2.1) than in Y,. This is a contradiction. Hence there exists
a dominating set X, of radius r, all points of which satisfy the condition (2.1).

Lemma 2.2. Let G = (V, E) be a connected graph with a given weight w of
vertices and a length / of edges. Let there exist a dominating set of p points of
radius r on G. Then there exists a dominating set X, = (x,, x,, ..., X,) of radius
r on G such that
(2.5) if x;, x; for some i, j are internal points of some edges e,, ¢; respectively,

then e, and ¢; are not adjacent.

Proof. From Lemma 2.1 it follows that there exists a dominating set X, =
= (x, Xy, ..., X,) of radius r on G with the property (2.1). We shall show that
then X, has the property (2.5), too. We shall prove this fact by contradiction.

Let X, have not the property (2.5). Then there exist internal points x €e,,
x,€e¢,in G such that e, and ¢, are adjacent, i.e. there exist vertices v, v,, v,€ V such
that e, = (vy, v,), e, = (v, v,). Without loss of generality we can assume that
d(x,, vy) < d(x,,v,), and then d(v, (X, — {x,})) < d(v,, x,) < d(v, x,). Thus X,
does not satisfy (2.1), which is a contradiciton proving the lemma.

Lemma 2.3. Let G = (V, E) be a connected graph with a vertex weight w and
edgelength /. Let X, = (x,, x,, ..., x,) be a set of p points on G such that for every
internal point x;€ X, of an edge (v;, v;,) it holds that

d(v;, (X, — {x;})) > d(v;, x;)
and also
d(vlf 2 {xl})) > d(viz’ xi)'

Then there exists a spanning tree T of G such that all the points of X, lie on T,
too, and that d;(v, X,) = dr(v, X,) for all ve V.

Proof. We shall construct the spanning tree 7" using induction in finite
number of steps.
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STEP 0: We define T, = (V(Tp), E(1;)), where

V(L) = {veV; 3x,eX,, x;=v or Ix;,€X, and v’ e V' so that x; is an.

internal point of the edge (v, v )}

E(T)) = {e€ E; 3 x,€ X, such that x; is an internal point of the edge e}

It follows from the proof of Lemma 2.2. that T; is a forest with
maximum vertex degree 1, because no two edges in T; are adjacent. It
follows from the assumption that for every ve V(7T;) it holds that
dr(v, X)) =

= dG(v’ p)

STEP k: Let T, _ , be such a forest that for allve V(T _ ) we have d;, (v, X)) =
= dg(v, X,). Let v” be such a vertex of V(G)— V(T,_)) that for all
veV(G)— V(T;_,) it holds that d;(v',X,) <d;(@,X,). Let
x;=v,0y ...,

v”,v’) be a path of the length d;(v’; X,) from the set X, tov” in G. Then
we define
V(L) = V(Li_)ou{v}

E(T) = E(T; - )) v {(v", v")}-

As we have added only an end vertex with its edge by this opeation,
the graph 7; remains a forest. From the choice of vertex v’ it follows
that v” e V(T; _,) and from the inductional assumption it follows that

dg(v", X,) = dy, _ (v, X,).
From E(T;) < E(G) it follows that

dr (v, X)) = dg(v', X,,).
Further we have

dr(v', X)) < dg(v',v") + dg (v, X)) = dg(v', v") +
+dg(v", X)) = dg(v', X,).
This implies that for all ve V(T;) it holds that

' dy (v, X,) = dg(v, X,,).
End of step k.

Now we put m = |V(G) — V(T;)|. After m steps we obtain the forest T, such
that V(T,) = V(G) and E(7,) < E(G) and for all ve V it holds that

d-rm(v, XP = dG(v, XP)'

Now in the end we add to the forest T, arbitrary edges from E(G) to obtain
a connected graph without cycles. In this way we obtain the spanning tree T of
G which we wanted to find.
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Theorem 2.1. Let G = (V, E) be a connected graph with a given weight w of
vertices and a length / of edges. Let there exist a dominating set of p points of.
radius r on G. Then there exists a spanning tree T of G with a dominating set
X, = (x), x5, ..., x,) on T of the same radius r. .

Proof. According to Lemma 2.1 there exists a dominating set X, = (x;, x,, ...,
...»X,) on G such that d;(v, X,) < r for every ve V and that for every internal
point x;€ X, of an edge (v;, v;) it holds that

d(”i,, X, — {xh) > d(vf,’ x;)
and also
d(v,, (X, — {x;})) > d(v;, x)).

Then according to Lemma 2.3 there exists a spanning tree 7 of G such that all
points of X, lie on 7, and that

dr(v, X)) =dg(v, X,) <r
holds for all ve V.
From this directly follows that X, is a dominating set of radius r on.T.

Lemma 2.4. Let G = (V, E) be a connected graph with the vertex weight w
and the edge length / and let G, = (¥}, E,) be a connected subgraph of G, such
that V' = V,, E, < E. Then the value of the (absolute or vertex) p-center or the
minimum distance sum of the p-median of G, is equal to or greater than the
value of the same parameter of G.

Proof. The proof of this lemma follows immediately from the fact that
dg,(x,v) 2 dg(x,v) for arbitrary vertex ve V' and arbitrary point x on G,.

Theorem 2.2. Let G = (V, E) be a connected graph with the vertex weight w
and with the edge length /. Let the (absolute or vertex) p-radius of G be r,. Then
there exists a spanning tree T of G with the same p-radius r,.

Proof. The proof of this theorem follows directly from Theorem 2.1. Let ¥,
be an absolute (or vertex) p-center on G with the p-radius r,. Then Y, is the
dominating set on G of the radius r,. From Theorem 2.1 it follows that there
exists a spanning tree T of G with a dominating set X, of radius r,.

From the proof of Theorem 2.1 it follows that if ¥, = ¥V, then X, = Y,. From
this fact and from Lemma 2.4. it directly follows that X, is the absolute (or
vertex) p-center of T with the radius r,.

Theorem 2.3. Let G = (V, E) be a connected graph with the vertex weight w
and the edge length /. Let X, = (x;, X, ..., X,), X, € V be a vertex p-median of G
with the distance sum H(X,). Then there exists a spanning tree T of G such that
X, is a p-median of T with the same distance sum, i.e.

HT(XP = HG(XP)‘
Proof. As the set of vertices X, — V satisfies the conditions of Lemma 2.3, it
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follows that there exists a spanning tree T of G such that d;(v, X ») =dr(v, X))
for all ve V. From this it immediately follows that
Hp(X,) = Zyw(v)-dr(v, X,) = Zyw(v)-dc(v, X,) = Hs(X)).

From this and from Lemma 2.4 we have that X, is a p-median of 7 with the same -

distance sum as the graph G. ’

Definition 2.1. Let G be a connected vertex-weighted graph. Then a spanning
tree T of the graph G will be called the absolute (vertex, respectively) p-central
spanning tree of a graph G when the absolute (or vertex) p-radii of G and T are
equal.

The existence of such a spanning tree for every graph follows from Theo-
rem 2.2, and we can find it using the next algorithm.

Algorithm 2.1. Determining the p-central spanning tree of a graph G
Step 1: Determine some p-center X, of G = (V, E).

Step 2: Every vertex of p-center which is an internal vertex of some edge and
does not satisfy the condition of Lemma 2.3 transform to one of the end
vertices of the edge and obtain a p-center X;.

Step 3: We define the forest 7, = (V(T;), E(T;)) so that
V(Ty) = {veV; 3xeX,, x=v or 3x’eX, and v’ eV so that x’ is an

iternal vertex of (v, v’)€ E} and
E(T) = {ee E; 3xe X, such that x is an internal vertex of e}.

Step 4: We have the forest 7, _, = (V(T;_,), E(T, _,)). We choose v,e V(G) —
— V(I; ) such that for all ve V(G) — V(T; _ ) it holds that d;(v,, X;) <
< dg(v, X). Let (x; = v, vy, ..., v,, v,) be a path of length d;;(v, X;) from
the set X, to the vertex v, in the graph G. Then we define

V(L) = V(T - ) v {v.}
and
E(TI:') = E(];: - 1) U {(ve’ Uo)}'

Step 5: If |V (T;)| < [V(G)|, then go to step 4 else go to step 6.

Step 6: Add arbitrary edges from E(G) to the last obtained tree 7, in order to
obtain a connected graph T without cycles. Then T is the p-central
spanning tree of the graph G. ‘

The correctness of this algorithm follows from the proof of Theorem 2.2. The
complexity of Algorithm 2.1 is determined by its most complicated step 1 and
so it is the same as that of the algorithm determining the p-center of a graph.

The complexity of Algorithm 2.1 in the simplest case, for p = 1, is 0(|E| nlgn),

and we will use the 1-central spanning tree of some graph for determining the

upper bound of the p-radius and the minimum distance sum of G.

In order to determine the lower bound of these invariants we will use another
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tree obtained from G using algorithm 2.2 for all cycles of G. In this way we
decrease the complexity of these problems.

Algorithm 2.2. Construction of a star from a vertex-weighted m-cycle.

Let G = (V, E) be a m-cycle with V = {v,, v,, ..., v,,}, E = {(v}, v3), (03, 13), ...,
vees (U, 1))}, With a vertex weight w; and an edge length /;. We define T =
=(V(T), E(T)) so that WV(T)=V(G)uU{v}, E(G)={(vv)), .., Vs Um)}s
v, ¢ V(G), with a vertex weight w;(v;) = wg(v,) fori= 1,2, ...,mand wy(vy)) =0
and the edge length /; such that

I+ (vg,v)) = 0 foralli=1,2, ..., m

I7(0g, v) + 17 (vg, ;1) < IV, ;4 1) foralli=1,..,m—1
I7(vg, v,,) + (v, 1) < [(0,,, V)
and
. Z dG(UD vj) - [[T(U09 U,-) + IT(UO’ vj)]
<i<j<m
1S minimum.

. This is a linear programming problem which can be solved by the simplex
method [20], [21].

Note 2.1. This construction needs some comments in the case of m = 3. Then
it is easy to prove that the optimal solution /; of the LP problem has the property

dg(v;, v;) = I (v, v;) + I7(vy, V) forall1 <i<j<3.

Note 2.2. We can apply this construction also to cycles on general graphs and
in some cases it can happen that we obtain a graph with some edges with zero
length. In such a case we can delete the zero edges in the following manner which
has no influence on the p-radius or the minimum distance sum:

Let (v, v,) = 0 for some v, v,€ E(T) and let w,(v,) = w(v,). Then we define

T = (V(T"), E(T"))

so that
V(T") = V(T) — {v)
E(T') = E(T) — {e€E; v, e = (v}, v)} U {(v, 1); (1), v) € E}
wr(v) = wr(v) for all ve V(T"), v # v,
and

wr(vy) = wr(v) + wr(vy);
I (u, v) = l;(u, v) for all u, ve V(T"), u, v # v,
I7(vy, v) = min {/;(v,, v), I(v,, V)} for all v.

Lemma 2.5. Let G be a cactus with ¢ cycles. Let G’ be a graph formed from
G using Algorithm 2.2 for every cycle of G. Then G’ is a tree.
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Proof. It can be easily seen that any time after using Algorithm 2.2 on some
cycle of G the resulting graph remains connected and the number of cycles is less
than before. So after using Algorithm 2.2 t-times, we obtain the graph G’ which
is a tree.

Lemma 2.6. Let G be a graph with an m-cycle C = (V(C), E(C)) and let G’
be a graph obtained from G using Algorithm 2.2. Then

dg(v;, v;) < dg(v;, V) for all v;, v;e V(G).

Proof. The proof follows immediately from the facts that /;.(v;, v;) = l5(v;, v;)
for arbitrary edge (v;, v;) € E(G) such that v,e V(G) and v;e V(G) — V(C), and
that

dg(v;, v) < dg(v;, V) for all v;, v;e V(C).

Corollary 2.1. Let G a cactus and T be a tree formed from G using Algo-
rithm 2.2 for every cycle of G. Then

dr(v;, v;) < dg(v;, v)) for all v;, v;e V(g).

is ¥j

Lemma 2.7. Let G = (V(G), E(G)) be a cactus with cyc]les with maximum
length 3 and let T be a tree formed from G using Algorithm 2.2 for every cycle
of G. Then

dr(v;, v;) = dg(v;, v) for all v;, v;€ V(G).

Proof. Let (v,, v,) € E(G) be an arbitrary edge.

A. If there exists a vertex vy€ V(G) such that {(v,, v;), (v, v3)} = E(G), then
{(vy, vy), (g, 3), (vy, v3)} O E(T) = 0, but there exists vye V(T) such that {(v,, v,),
(v2, o)} = E(T) and dr(vy, v)) = I1(vy, vo) + Ir(vy, vo) = (v, V).

B. If there does not exist a vertex v, € V(G) such that {(v,, v,), (v,, v3)} = E(G),
-then (v, vy) € E(T) and l(v,, v,) = l5(v,, v,).

From the cases A and B now it immediately follows that

dy(v;, v;) = dg(v;, v)) for all v;, v;e V(G).

Lemma 2.8. Let G = (V(G), E(G)) be a cactus and let T = (V(T), E(T)) be a
tree formed from G using Algorithm 2.2 for every cycle of G. Let ¥, = (y,, 35, ...,
..., ,) be an arbitrary set of points on G; then there exists a set X, = (x,, x,, ..., X,)
on T such that

dr(X,, v) < dg(Y,, v) for all ve V(G).

Proof. We define the points x;e X, for i = 1, 2, ..., p as follows:

1. First assume that y,e V(G) or y; is an internal point of some edge
e€(E(T) n E(G)). Then we define x; = y;.

2. Now assume that y, is an internal point of some edge ee E(G) — E(T).
This implies that e = (v, v,) is an edge of some cycle C of G. Let v,e V(T) —
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— V(G) be the central point of the star formed from the cycle C using Algorithm
2.2, then {(v,, ), (vy, v5)} < E(T).

2.1. If dp(v, vy) > dg(vy, y;), then we define the point x; on the edge (v, v,) in
the distance d;(v,, ;) from the point v,.

2.2. If dp(vy, vy) < dg(v,, y;) then we define the point x; on the edge (v,, vy)
in the distance d;(x;, v,) = min{d;(v,, y;), dr(v,, v;)} from the point v,.

As d(v,, vy) + dr(vy, V) < dg(v,, v,), it follows from the definition of x; that
dr(x;, v)) < dg(v;, v)) and dr(x;, v)) < dg(y;, V) *

Now let ve V(G) be an arbitrary vertex and let y,€ Y, be an arbitrary point.

A. Firstassume that y,ee,ee E(T). Lete = (v;, v;) and dg(v, v;)) + dg(v;, y) =
= d;(v, ;). From Corollary 2.1 we obtain d,(v,, v,) < d;(v,, v,) for all v,, v, € V(G),
hence dg(v, y;) = dg(v, v;) + dg(v;, y:) = dg(v, v;) + dg(v;, x;) = dr(v, v;) +
+ dr(v;, x;) = dr(v, x)).

B. Let us assume that y,ee, e¢ E(T) now, and let e = (v,, v,) and d;(v, ;) =
= dg(v, v,) + dg(v,, y;). From definition of x; and from Corollary 2.1 we have
dg(v, y) = dg(v, v)) + dg(v), y;) = dr(v, v)) + dr(v), X)) 2 dr(v, X;).

Now from A and B it follows that for all ve V(G) and forall i, 1 <i<pit
holds that dr(v, x;) < d;(v, y,). This implies that dr(v, X,) < d;(v, 3,), which we
wanted to prove.

Lemma 2.9. Let G = (V(G), E(G)) be a cactus with cycles with the maximum
length 3 and let T be a tree formed from G using Algorithm 2.2 for every cycle
of G. Let X, = (x,, x,, ..., x,) be an arbitrary set of points T’; then there exists
aset ¥, = (y, yy ..., y,) of points on G such that

dr(X,, v) > % dg(Y,, v) for all ve V(G).

Proof. We define the points y,e Y, for i = 1, 2, ..., p as follows:

1. First assume that x;e V(G) or that x; is an internal point of some edge
ee(E(T) n E(G)). Then we define y; = x;.

2. Assume now that x; is an internal point of some edge e€ E(T); e¢ E(G).
This implies that e = (v, v;), Where v, ¢ V(G), and that there exists v,, v;€ V(G)
such that (v,, v,) € E(T), (v,, v3) € E(T) and {(v,, v,), (v;, ), (v3, v,)} = E(G) — E(T).

Without loss of generality we may assume that /;(v,, v,) = [g(v), v;). If
dr(x;, v,) < dy(x;, v;), then we define y, = v,, else we put y, = v;. From the
geometrical preperties of the triangle it then follows that

dr(x;, a) = %da(y,, a) for all a = v,, v,, v,. (2.6)

Now let ve V(G) be an arbitrary vertex and let x;€ X, be an arbitrary point.
A. First assume that x;ee, e€ E(G). Let e =(v;,v;) and let dr(v, x;) =
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dr(v, v;) + dr(v;, x;). From Lemma 2.7 it follows that d(v,, v,) = dg(v,, v}) for
all v, v,€ ¥(G) and 50 dr(v, x;) = dr(v, v;) + dr(v;, x;) = dr(v, v;) + dr(v;,p;) =
= dg(v, v;) + dg(v;,, y;) = dg(v, y)).

B. Let us assume now that x;ee, e¢ E(G). Let e = (v,, 1)), v, ¢ V(G), v, € V(G)
and let the two other vertices of the triangle in G be v, and v;.

If ve{v,, v,, v}, then from (2.6) it follows that

dr(x,0) > 2o 31, ).
Let v¢{v,, v,, v3} and let d;(v, x;) = dr(v, a) + dr(a, x;), where ae{v,, v, v3}.
Then |
dT(v’ X,-) = dT(va a) + dT(a’ xi) 2 dG(v’ a) + E dG(aa yl) >

1 1 1
> —d:(v, a) + —dg(a, y;)) =—ds(v, y,).
> (v, a) ) c(a, y) > G\, )
Now from A and B, we obtain that for all ve V(G) and for,all i, | i< pit
holds that _
1
dr(v, x;) 2 E ds(v, y,).

This implies that

r

dy(v, X,) > %d(;(u, Y).

which we wanted to prove.

Note 2.3. From Lemma 2.4 it follows that for the upper bound of the p-radius
or the minimum distance sum of a graph G we can take the values of these
parameters of any spaning subgraph G, of G.

3 The bounds of the p-radius of a cactus

In this section we use the constructions and assertions proved in Section 2,
and determine some bounds of the p-radius for the class of cactus-graphs.

Theorem 3.1. Let G = (V, E) be a connected graph with a vertex weight w and
an tdge length /. Let 7; be an 1-central spanning tree of G, ¥, be an (absolute
or vertex) p-center of G, and W, be a p-center of 7;. Then

E(V) < F(W)).

Proof. As T; is a spanning tree of G, then the proof follows immediately from
Lemma 2.4.
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Theorem 3.2. Let G = (V(G), E(G)) be a weighted cactusand T = (V/(T),
E(T)) be a tree obtained from G by Algorithm 2.2. Let U, be a p-center of T
and V¥, be a p-center of G. Then

E(U,) < B(V).

Proof. From Lemma 2.8 it follows that there exists a set of points X, on T
such that d(v, X,) < d;(v, X,) for all ve V(G). Then we have

F(X,) = max w(v)-dr(v, X,) =
re V(N

= max{mla‘é) w(v)-dr(v, X)), r;max w(v)-dr(v, X,)} =
re vV ve V(T)

max{m%( w(v)-dr(v, X,), max O'dT(u, X))} =
e V(G)

re N(T) —

= max w(v)-dr(v, X,) < max w(v)-dg(v, V) = (V).
As U, is a p-center of T, then F(U,) < F(X,), and thus F(U,) < F;(V)).
Theorem 3.3. Let G = (V(G), E(G)) be a weighted cactus with cycles with the

maximum length 3 and T = (V(T), E(T)) be a tree formed from G by Algo-

rithm 2.2 applied to each cycle of G. Let U, be a p-center of T and V, be a

p-center of G. Then

E(V,) <2-F(U)).

Proof. From Lemma 2.9 it follows that there exists a set of points ¥, on G
such that dg(v, Y,) < 2-d(v, U,) for all ve V(G). Then we have

F(U,) = max w(v)-dr(v, U,) =
re V(T

max{max w(v)-dr(v, U,)), max w(v)-dr(v, U)} =
re V(G re V(T) — V(G)

max{max w(v)-d(v, U) r%ax 0-dr(v, U)} =

max w(v)-dr(v, U) max w(v)- —do(v Y)= FG(};).

re V(G

As V, is a p-center of G, then F;(V,) < F;(Y,), and then F;(V,) < 2F(U,).
From Theorems 3.2 and 3.3 we obtain the following corollary.
Corollary 3.1. Let G be a cactus with cycles with the maximum length 3 and
let T be a tree obtained from G by Algorithm 2.2 applied on each cycle of G. Let
U, be an (absolute or vertex) p-center of T, and ¥, be a p-center of G. Then

<L) o
Fr(U)
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4 The bounds of the minimum distance sum of a cactus

In this section we use the results of Section 3 for determining certain bounds
of the minimum distance sum of the p-median for the class of cactus graphs.

Theorem 4.1. Let G = (V, E) be a connected graph with a vertex weight w and
an edge length /. Let 7] be a 1-central spanning tree of G and let ¥, be a p-median
of G and W, be a p-median of 7. Then

Hg(V,) < Hp(W).

Proof. As T, is a spanning tree of G, then the proof follows immediately from
Lemma 2.4.

Theorem 4.2. Let G = (V(G), E(G)) be a weighted cactus, and T = (V(T),
E(T)) be a tree obtained from G by Algorithm 2.2. Let U, be a p-median of T
and V, be a p-median of G. Then

H(U,)) < Hg (V).
Proof. From Lemma 2.8 it follows that there exists a set of points X, on T
such that .

dr(v, X,) < dg(v, V) for all ve V.
Then we have

HT(Xp) = Z W,(U)'dT(U’ X/u) =

ve V(T)
= ) w)-dr(v, X,)+ z w(v)-dr(v, X,) =
ve V(G) ve V(T) — V(G)
= Y w()-dr(v, X,) + Y 0-di(v, X,) <
re V(G) ve V(T) — V(G)
< Y w(v)-de(v, ) = He(V,).
ve V(G)

As U, is a p-median of T, and it holds that

H(U,) < Hi(X,)
and
H.(U,) < Hg(V)).

Theorem 4.3. Let G = (V(G), E(G)) be a weighted cactus with cycles with
maximum length 3, and T = (V(T), E(T)) be a tree formed from G by Algorithm
2.2 aplied to each cycle of G. Let U, be a p-median of T and V, be a p-median
of G. Then :

Hg(V,) < 2-H(U,).

Proof. From Lemma 2.9 it follows that there exists a set of points ¥, on G
such that

dg(v, Y) <2-dr(v, Uy for all ve V(G).
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Then we have

Hy(U) = } w(©)-dr(v, U, =

ve V(T)
= w()-dr(v, U))+ ) w()-di(v, U) =
ve V(G) ve V(T) — V(G)
= Y w)-div, U)+ Y 0-dy(v, U)>
ve V(G) ve V(T) — V(G)
1 1
> ) w©)--ds(v, Y,)) == Hg(¥,).
veP(G) 2 2

As V, is a p-median of G, it holds that

He(V;) < Ho(Y,) and  Hg(V,) < 2H.(U,).

From Theorems 4.2 and 4.3 we obtain the following corollary.
Corollary 3.3.1. Let G be a cactus with cycles with the maximum length 3, and

T be a tree obtained from G by Algorithm 2.2 applied to each cycle of G. Let
U, be a p-median of T and ¥, be a p-median of G. Then

Y AAD
HT(Up)
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LATTAKIA — AIN AL TINE 62
SYRIA

SUHRN

O PROBLEMOCH p-CENTRA A p-MEDIANA V KAKTUSOVYCH GRAFOCH

Mohamed Hassan, Bratislava

Praca je venovana 3tudiu problému vyuZitia p-centra a p-medianu pre niektoré triedy grafov.
Nech G = (V, E) je vrcholovo-ohodnoteny kaktus s cyklom maximalnej dizky m a T, T; s

stromy, ktoré¢ sme dostali z G podla uréenej konstrukcie. Oznaéme vrcholovo-ohodnoteny p-po-
lomer (resp. suéet vrcholovo-ohodnotenych vzdialenosti) grafu G symbolom F;(V,) (resp. Hi(V,)).

Nech V,, U,, W oznacuju v pripade 1. p-centrd a v pripade 2. p-mediany grafov G, T, T,.
Potom plati:

I F(U) < B(G) < F(W,)  atie

1<f® oy ked m = 3.
F(U,)

2. Hy(U,) < He(¥,) < Hr(W,) a tiez

1< He) kedim = 3.
H(U,)
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PE3IOME
O IMPOBJIEMAX p-LUEHTPA U p-MEJIHMAHA KAKTYC I'PA®A
Moxamen [Naccan, bpatuciasa

B pa6oTe u3yuaroTcs npo6.1eMbl ONpe/ieieHHs p-UEHTPA U p-MENHAHA 1151 HEKOTOPbIX KJ1aCCOB
rpacgos.

[Mycte G = (V. E) BeplIMHHO-B3BELLEHHBIH KAPKAC C UbIKJIOM MaKCHMaJIbHON MUl mu T, T)
— JepeBbs MO Ty4eHbl U3 G MO onpeae;1€HHON KOHCTPYKUMK. O603HaAYMM BEPLIMHHO-B3BELUCHHBIH
p-paauyc (K.TH Xe CyMMY BEPLUMHHO-B3BELUEHHBIX PaccTOAHMUIA) rpada G cumbomom F;(V,) (umu ke
Hg(V,)).

Mycts V,, U,. W obo3HauatoT B ciyyae |. p-ueHTpa H B C.1y4ae 2. p-meauansl rpa¢os G, T, T,.
[TotoM umeeT MecTo

1. F(U,) < E,(V) < F (W) U TOXe
]s———f—sZ. ecid m = 3.

2. H(U,) < Hg(V)) < Hy(W,) 1 Toxe

P
I<M<2. eca m = 3. \

H,(U,)
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