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Introduction

A function f: {a,b) — R is said to be strongly differentiable at the point
xe{a, b) if there exists the finite limit

max f(Z) —f(y) =f*

et 2y

(x)

(cf. 1], [4]).

Let the function f be differentiable on (a, b). It is said to be uniformly
differentiable at the point x € {a, b) if for each £ > 0 there exists a 6 > 0 and a
neighbourhood U(x) of the point x such that for each ye U(x) and each h,
0 < |h| < &, we have |D(y, h)| < &, where

00,1 =LLED=IO) _p

(cf. [7]).

Let the function f be symmetrically differentiable on {a, b) (for x < a (x > b)
we put f(x) = f(a) (f(x) = f(b))). The function f'is said to be uniformly symme-
trically differentiable at the point x € (a, b) if for each £ > 0 there existsa § > 0
and a neighbourhood U(x) of x such that for each ye U(x) and each A, 0 <
< |h] < 6, we have | ¥(y, h)| < &, where

(f*(y) stands for the symmetric derivative of the function f at y) (cf. [10]).
A point x is said to be a point of strong differentiability, a point of uniform
differentiability and a point of uniform symmetric differentiability of the fun-
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ction f if f is strongly differentiable, uniformly differentiable and uniformly
symmetrically differentiable at x, respectively.

This paper consists of two parts. In the first part we shall give simple proofs
of certain results concerning strong differentiability and uniform symmetric
differentiability. The second part contains new proofs of two results concerning
the sets of points of strong differentiability and points of uniform differentiabil-
ity of functions.

1 On strong differentiation and uniform symmetric differentiation

At first we shall give simple proofs of the following two theorems. In this part
of the paper we suppose that the function f is defined on a certain interval.

Theorem 1.1. Suppose f is a symmetrically differentiable function and that
f*(x,) exists. Then f* is continuous at x,.

Proof. Suppose there is a sequence {x,},"_ |, x, = x, with f*(x,) + f*(x,). There

isanh,, 0 < h, < L such that
n

f(xn -+ hn) —f(xn ~h
2h,

D _ pe)| <L
n

n=12..).
Then both x, + h, —» x, and

f(xn + hn) _f(xn — hn)
2h,

Theorem 1.2. Suppose fis a continuous symmetrically differentiable function
and that f* is continuous at x,. Then f'is uniformly symmetrically differentiable
at x,.

Proof. Suppose f is not uniformly symmetrically differentiable at x,. Then
there is an ¢, > 0, a sequence {Xubn=1, X, = X,, and a sequence {hyw_ s h,— 0
such that either

+[1(x) = fH(x,)

a) f(xn + hn) —f(xn — hn) ;f‘(xo) + &
2h,

or

b) . f(xn + hu)z:l f(x,, — hn) gf:(xo) -,

According to the Quasi-Mean Value Theorem (cf. [9], Theorem 5.7, p. 166)
there are two sequences {c,}>_,, {d,,},,=l such that c,, d,e(x, — h,, x, + h,)
(n =1,2,...)and
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f(xn + hn) _—f(xn =
2h,

£1(e) < D < £(d)

n=1,2,..).

In the case a) above, d, — x, but f*(d,) + f*(x,).
In the case b) we have c, — x, but f*(c,) » f°(x,).
The proof is finished.

The following theorem shows that the strong differentiability is a conse-
quence of the uniform symmetric differentiability for symmetrically differenti-
able functions.

Theorem 1.3. If f'is a symmetrically differentiable function and it is uniformly -
symmetrically differentiable at x,, then f'is strongly differentiable at x,.

Proof. We actually prove that if fis uniformly symmetrically differentiable at
x,, but not strongly differentiable at x,, then f'is approximately discontinuous
in a neighbourhood of x,. This, of course, contradicts the fact that symmetric-
ally differentiable functions are measurable. )

Assume x, = 0 and f*(0) = 0. Suppose there are sequences a,— 0, b, -0

such that
f(b,) — f(a,)
b,—a,

-M>0

As f'is uniformly symmetrically differentiable at 0 thereisa 6,0 < 6 < 1 such
that if xe(—6, 6) and |h| < 6, h # 0, then -

fx+h) —flx—h)
5 (%)

v
= 1
= . )

Forx=c,,=a";b”andh=h,,=b”;a"weﬁndfrom 1)
’f(bn) —f(a,,) _fs(cn) < M
b,—a, 8

Hence, there is an N such that for n >N
M
Lf*(c)l > e

We suppose f*(c,) > §4M, the other case being analogous.

Suppose now that ye (0, é) is a point of approximate continuity of . Then,

thereisaninterval /= (y — §,,y + 6,),0 < §, < 1—31- y, and a set E < I of density

exceeding % in I such that if xe E, then
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Myl _ My

If(x) —fO) < —= 5 2
As f7(0) =
[ —f=n)| _M
2x 8
for each xe E (see (1)), and so
9 —f(-0) < - 2 3

Then, combining (2) and (3),
/) = (=0 S 1f ) =) + | (x) = f(—x)| <2y % < — (V + )
and so, '

f(y)—3TM(y+5l)<f(—x) @)

Now, by (1) (putting x = .,, h = ¢, + x)

[+ —f(=x) . | M

2(c, + x) —fe)) < 8
<fiey Y St D) —J(=D) iy M
2(c, + x) 8

—5-1‘1 60+ 2) + f(=x) <f(26, + X)
and by (4)
2t D +10) =2+ 8) <f2e, + ),

o)+ M [Sc +5x—2 (y + 51)] <@, + %)
For large n,
M 3
foy+ M [4x 2+ 6,)] <f (e, + %),
1)+ M2 < 1y + [j - ‘7‘ 6,] <fQe, + %)

That is, for large n, E¥= {2¢, + x:xe E} n I is disjoint from E. But as c, — 0,
and as Efis a translate of E, EXalso has a large density in I and this entails a
contradiction. The proof is finished.
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2 On points of uniform differentiability and strong differentiability

In [11] the following results are proved.

(A) If fis a differentiable function on {a, b), then a point of the interval
{a, b) is a point of uniform differentiability of the function f'if and only if it is
a point of strong differentiability of f.

(B) If fis a continuous and symmetrically differentiable function on {a, b},
then a point of {a, b) is a point of uniform symmetric differentiabili:* of fif and
only if it is a point of strong differentiability of f.

The structure of the set of all points of uniform differentiability of an
arbitrary differentiable function is described in [7]; the analogous investigations
for uniform symmetric differentiability are made in [10]. in these papers the
following theorems are proved. ’

Theorem 1. Let f: {a, b) — R be a differentiable function on {a, b). Then the
set of all points of uniform differentiability of the function fis residual in <{a, b}.

Theorem II. Let /' {a, b) — R be a continuous and symmetrically differenti-
able function on <{a,b). Then the set of all points of uniform symmetric
differentiability of the function f'is residual in {a, b).

From Theorem II and (B) we get the following result which is equivalent to
(B) and is a little weaker than Theorem 1 from [1].

Theorem 2.1. Let f: { a, b) — R be a continuous and symmetrically differenti-
able function on {a, b). Then the set of all points of strong differentiability of
the function fis residual in <{a, b).

The proofs of Theorem I and Theorem II are in [7] and [10] based on some
properties of a certain function a(f, x). We shall give new proofs of Theorem I
and Theorem 2.1 based on some knowledges about sets of points of absolute
continuity of real function (cf. [2], [3], [6]).

Proof of Theorem 1. Denote by Afthe set of all points of strong differentiabil-
ity of the function fin < a, b). From Theorem 3 of [4] we get

CAY=G,nL (5)

where G, denotes the set of all points of absolute continuity of the function f(cf.
[2], [3], [12]) and L is the set of all xe<{a, b) at which there exists a finite
lim £’ ()
e
A = A, being the set of all points of differentiability of the function f.
It is proved in [2], [12] that the set G, has the form { a, b)\H, where H is a
nowhere dense set in {a, b). Hence, G, is a residual set in {a, b).
Since f” belongs to the first Baire class, the set C(f”) of all continuity points
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of f” is residual in (a, b). Evidently we have L > C(f’), thus L is residual in
{a, b), too. But then the assertion follows at once from (5).

Proof of Theorem 2.1. Using the notation from the proof of Theorem I we
get (5).

On account of Theorem HS from [6] the set G, is residual in {a, b). It suffices
therefore to show that L is a residual set. . '

Since f is continuous on {a, b) and symmetrically differentiable, it follows
from Theorem 11 of the paper [8] that the complement of the set A(= A;) of
points of differentiability of fis a o-porous set. Hence it is a set of the first
category (cf. [5], [13]). Thus we have

A =<a, b)\4 6

A being a set of the first category in {(a, b).

Denote by C,(f”) the set of all points x € A at which f” is continuous (relative
to the set A). Since f” is a function of the first Baire class on A, the set C,(f”)
is residual in A. Hence

C(f) = AB ™

B being a subset of A of the first category in 4 (and therefore at of the first
category in {a, b), too).
We get from (6), (7) the equality

C(f) =<a,b)\(4U B)

Hence C,(f’) is a residual set in {a, b). The definition of the set L yields
L > C,(f"). Hence the set L is residual in {a, b). This ends the proof.
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SUHRN

POZNAMKY O SYMETRICKEJ A SILNEJ DIFERENCOVATELNOSTE
REALNYCH FUNKCIi

Paul D. Humke, Northfield—Tibor Salat, Bratislava

V praci st podané jednoduché dokazy niektorych vysledkov o silnej diferencovatelnosti a
rovnomernej symetrickej diferencovatelnosti realnych funkcii. Dalej praca obsahuje nové dokazy
istych znamych vysledkov o bodoch silnej diferencovatelnosti a bodoch rovnomernej symetricke;j
diferencovatelnosti. Tieto dokazy sa zakladaju na istych vlastnostiach mnozin bodov absolutnej
spojitosti funkcii.

PE3IOME

3AMEYAHUS O CUMMETPUUYECKOW U CUJIBHON JUPOEPEHLINPYEMOCTHU
JENCTBUTEJIbHBIX ®YHKLUN

IMayn [. Xromke, Hopropuna—Tu6bop llanat, Bpatucnasa

B paboTe noka3aHsl MPOCThIE JOKA3aTEJIbCTBA HEKOTOPHIX PE3YIbTATOB OTHOCHTEILHO CHJIb-
HOH nuddepeHIHPYEMOCTH M PpaBHOMEDHOH CHMMeETpHUYecKoil au¢depeHUMpyeMOCTH Aei-
CTBUTENBHBIX QyHKIMiA. [anee paGoTa COREPKUT HOBbIE JOKA3aTENbCTBA HEKOTOPLIX H3BECTHBIX
pe3yJIbTaTOB, KAaCAIOLIMXCA TMYHKTOB CHIbHOH AuddepeHunlyeMOCTH ¥ MyHKTOB PaBHOMEPHOH
CHMMeTpHYecKoH OH(phepeHUMpPYEMOCTH. DTH A0Ka3aTeIbCTBA OCHOBAHbI Ha HEKOTOPBIX CBOiA-
CTBaX MHOXECTB NYHKTOB aGCOJIFOTHON HENpepBHIBHOCTH GYHKIHIA.
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