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ON THE BOUNDARY VALUE PROBLEM
WITH MATRIX PARAMETER

VIERA CERNANOVA, Bratislava

Consider the real boundary value problem
Y'(x)+ AY(x)=0 (0<x<1), )]
Y0)=Y(1)=0, (2)

where Y = col (y,, y,) € C*(0, 1)) x C*(K0, 1)) and parameter A is a real 2 x 2
matrix A =(4,) i,j=1, 2.

In this paper the necessary and sufficient condition for the existence of a
nontrivial solution of the problem (1), (2) is given.

Theorem. The boundary value problem (1), (2) has a nontrivial solution in
C*(K0, 1)) x C*K0, 1)) iff

detA = k*n’(trA — k*n?), 3)

where k # 0 is an integer, i.e. iff at least one eigenvalue of A is A = k?z”. This
solution is of the form

Y, (x, A) = Ck< )sinknx, (4)

Az
kzﬂ-z - l“

C, € R being a constant. If both eigenvalues of A are A, = k’7%, 4, = I’A?, then
the solution of (1), (2) is

Y (x, A) = C (l,zkzlrz - l,,)sin knx + C, (12”2'1‘3 A )sin Inx, (5)
== 4

Cy, C,e R being arbitrary constants.
Remark. (4) is equivalent to

Y (x, A) = G, (" ”””l“ 122) sin k7x
. 21
and (5) is equivalent to
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2,2
Y, (x,A) = Ck( ot

Aoy

kzﬂz - Azz

21

)sin knx + C,( 22) sin /7x (59

as can be obtained from (3). The form (4") of the solution is more general when
A1» = 0 and inversely, (4) is more general when A,, = 0. The same holds for (5")
and (9). '

Proof of the theorem. Equation (1) is equivalent to the system

y;,= _A'llyl—)'lZVZ (l,)
_ Yi=—Auy — Any;
the solutions of which can be chosen in the form

1(x) = ¢ €™, y(x) = c, e™.

)

Here, r is a root of the characteristic equation
r*+ (trA)r +detA=0. (6)
Considering (1) and (S) we obtaine
Ay +r)+c4,=0
Ay + (A + 1) =0.

Solution (¢, ¢,) of this system is nontrivial iff r is a root of (6). Hence
(cr, ) = (=4, 4y + 1) = (Ap + 12, —Ay).
The roots of (6) are

1/2
Py = ill:(—tr/\+\/(tr/\)2—4det/\)j| ’
2 )

1/2
ra= = %[(—tTA = \/(trA)2 — 4detA)] .

It is obvious that the numbers — i, — r? are the eigenvalues of the matrix A.
Let us now consider the two following cases:
(A) off-diagonal elements of A are both nonzero, i.e. 4, # 0 as well as 4,, # 0;
(B) at least one of off-diagonal elements of A is equal to zero, i.e. A,, =0 or
A =0.
(A)
As to the multiplicity of roots of (6), we shall distinct four cases:
(A)

n=Ern=r=r,.
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Clearly, r, = 0 for i = 1, 2, 3, 4 and there is no nontrivial solution of (1), (2).
(Ay)

There exist four distinct roots of (6).
In this case, the general solution of equation (1) is

Y (x) = D, (l:i"r&exp (r,x) + DZ(A;-}:Zﬁ) exp(—r,x) +

—A A
+ D3(A,, +‘23>exp (ryx) + D4<,l” +'2r§)exp(-— r;x),

D;, i=1, 2, 3, 4 being constants. Taking-(2) into account we obtain D, +

+D,=0,D,+ D, = 0, D, (expr, —exp(—r,)) = 0, D;(expr; — exp(—r;)) = 0.
It follows from these relations that Y(x) is a nontrivial solution of (1), (2) iff
ro=ikrorry=ilm k,I= + 1, +2, .... A real form of this nontrivial solution
is

Y. (x) = C, <,1 B Al?z”z) sinkzx + C, (A. ,——l}gnz) sin Imx .
1n - 1 Vi

(As)
Equation (6) has two double roots.

We have r, =r;. As in (4,) we obtain r, =ikn, k= + 1, +2, ..., and a
general form of real nontrivial solution of (1), (2) is

Y, (x) =C, (l __ll':zn_2> sinkzmx .
11

(Ay)
There exists one double root of (6).

In this case, no other possibility than r, =0 and r, = ilr or r, = ikmw and
ry=0,k,/= 41, +2,..., can occur. A real nontrivial solution of (1), (2) is the
same as in (A;).

(B)
Let A,, = 0. (The case A,, = 0 is analogous.)
The system (1”) will have the form

yi=—An

Y3 = —Auy — Any;.
It is known that there exists a nontrivial solution of the problem

(1)

yi=—Aun
1 0)=y(1)=0
iﬂ‘l]l = k2”2’ k = i 1, iz, seny i.e. rf = ‘—Ar“ = _kzﬂz.

(B)
Let A, #knt k=+1,+2, ....
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Clearly, y,(x) = 0 on <0, 1) and the problem (1), (2) will have nontrivial
solution just when — 3= A, =22, I=+1, +2, ....

This solution will have the form

Y,(x) = C,(?) sin/mx .

(By)

Let Af” = kZﬂ.Z, k = il, i2, “ee

We have y,(x) = sinkzx and y,(x) is the solution of the problem

Y3(x) = —2Apyy(x) — Ay sinkmx
12(0) = y,(1) =0.

Using the method of variation of the constants we obtain

P5(x) = Asinknx = Z—A'”—sinknx, Ay # Ay
A’ll - 2’22 k n:z - A’ZZ
Hence
2 —
V() = G (" ® =) i
Ao
Specially, for 4,, = 4, = — P = — 13 = k?n? the solution will be

Y (x) = C, <(1)) sinkmx.

We have proved that (1), (2) has a nontrivial solution iff at least one eigenvalue
of Ais equal to k’z%, k = + 1, + 2, ..., and that this solution has the form (4),
4), (5) or (5"). From (7), putting r, = ikm (ry = i/r) we shall obtain (3).
Inversely, from (3) and (7) we shall have r, = ikx or r; = iln. The proof of the
theorem is complete.
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SUHRN
O OKRAJOVEJ ULOHE S MATICOVYM PARAMETROM
V. Cerfianova, Bratislava
V praci je vyslovena a dokazana nutna a postacujiica podmienka existencie netrividlneho

rieSenia Y (x)e C*(<0, 1)) x C*O0, 1)) dvojrozmernej okrajovej ulohy s maticovym parametrom

Y'(x) + AY(x)=0, xe<0,1)
Y(0)= Y(1)=0.

Uvadzame tieZ vSeobecny tvar prislu§ného rieSenia.

PE3IOME
O KPAEBOM 3AJAYE C MATPUYHbIM [TAPAMETPOM

B. YepusaHosa, bpatucnasa

B paboTe NpHBENEHO H JOKa3aHO HEOGXOIMMOE M AOCTATOYHOE YCIOBHE IS CYLIECTBOBAHHA
HETPHBHAJIBHOTO PELUECHUS Y(x)e C?(0, 1)) x C*(<0, 1)) nByxMepHO# KpaeBO! 3ajauu C Ma-
TPHYHBIM NAapamMETPOM

Y"(x) + AY(x) =0, xe0, 1)
Y(©0)=Y(1)=0.

IMpuBenena takxe obuas ¢opMa COOTBETCTBYIOLIETO PEILICHHAS.
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