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REMARK ON THE FORMULA FOR m-th DERIVATIVE OF THE
COMPOSITION OF TWO BANACH-VALUED FUNCTIONS

MAREK W. MICHALSKI, Poland

1

Let I be an open subset of R, E, and E, — Banach spaces, U an open subset
of E,, and m — a positive integer. Suppose there are two tunctiohs F: I — E, and
g: U > f(I) —» E, which have derivative up to order m on their domains respec-
tively. The composition g  f of the functions fand g has derivatives up to order
m (cp. [1], Th. 19, p. 256) and, moreover.

Theorem. For every me N, the following formula holds:

m

)] . (&) "™(x) = 121 I IZ_ Cf(/)(g(l) of(x) - Bfu)(x) .

(xel; rgy=(r, ry, ..., r) multiindex; |ry,|'=r +r+..4+r; 1<I<m),
where

@ B, () = ("), /), ..., f);

!
ol — 1
3) C, = n(lr(l)l )
: O =Nl =1

and (g”f(x)) - B, (x) means the value of /linear function g f(x) = g”(f)|;_
on the vector B, (x)€ Ej is valid.

To prove the Theorem we need a lemma. Due to the property of the deriva-
tive of bilinear continuous function and the principle of mathematical induction
one can easy obtain
Lemma (sp. [1], Th. 18, p. 252). Let T: I — L(E,; E,) and z: [ — E, be m times
differentiable. Then function

4) Iex - T(x) - z(x)
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'is m times differentiable and the formula

(5) (T(x) - z(x))™ = i (’;’) TO(x) - 2"~ (x)

j=0

(xeI) holds.

2

Proof of the Theorem. For m = 1 formula (1) holds (sp. [1], Th. 11, p. 214),
and assume its truthfulness for m = 1, 2, ..., s, where s is a fixed positive integer.
Due to formula (1) for m = 1, Lemma and inductive assumption (with the
replacement of g and E, by g’ and L(E,; E,) respectively) one can write (cp. also
[1], pp. 245, 246)

(gof)(-!‘+ ”(X) = (g’ of(x)) _f(s+ l)(x) + | (6)
» (j) {t Y G gtV f(x)- B,(,,(x)} SR (x) =
=1 I=1 Irgl=j
rl.....r,>|

=@ o f(x) - [ V(x) +

s S

T .,,2@, (f) Cry @+ o f()) - (B, (), /* ' ()

J=11=1
Iy ezl

(xe ). Alternating two first sums and then replacing / + 1 by /, we have

n €NV = (8" o f(x) - ¢+ (x) +
s+ 1 s 5
* lgz j=1-1 Fol=s+ 1’ (]) C'U— ')(g(l) °f(x)) - B’(l)(x)
My Z2hin=s+1-j
(xel). Hence
® €N O(x) =g of (¥) = (g’ o () - £+ O(x) +

s+ 1 . P

+ (5 )Cr I)o x)) - 'Br x

,22 "(l)|=z.'+l + l —-r (l-l)(g( f( )) (,)( )
r|....,r,)|

(xeI). Finally, in virtue of (3), we get formula (1) form =5+ 1.
Application of the principle of mathematical induction ends the proof.
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Remark 1. If E, = R, then formula (1) has the form

©) (&)™ (x) = Z AP g o f (%) ‘

(xel), where

i ! =1\
(10) Arx)= Y H(""" )/‘"(x»
I'u)l="'lf=' Iropl — r;
'l‘....f/?

Remark 2 (cp. [1], Th. 21ter, p. 262). In the case E, = E, = R, application of
the Taylor formula yields

(n (g (x) =
= y 2 [.lf“%x)]jg“"w"’ °f (%)
N+t tmr,=m r(m)! j=1 _]'

(XEL; ¥y =(r1, Pyy ooy T Bl = 1R 1

e see Fppey

Pl =1+ 1+ oo + 10 meN).
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SUHRN

POZNAMKA O VZORCI PRE m—ti DERIVACIU KOMPOZICIE
DVOCH FUNKCIi S HODNOTAMI V BANACHOVYCH PRIESTOROCH

M. W. Michalski, Polsko

V praci sa dokazuje zovieobecnenie Leibnizovej formuly pre funkcie s hodnotami v Banacho-
vych priestoroch.
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PE3IOME

3AMEYAHME O ®OPMVIJIE J18 m-toit TIPOU3BOJHOM KOMIIO3ULINU
ABYLX ®YHKLHNA CO 3HAUEHMUSAMU B [TPOCTPAHCTBAX BAHAXA

M. B. Muxancku, [Tonsiia

B pabote nmoka3biBaerca o606uienne popmynst Jleibuuua nns GyHKUMHE cO 3HAYEHUSIMH B
npocTpaHcTBax banaxa.
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