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1. Let f be a periodic function with period 27 and Lebesgue integrable on
- [— &, n]. Let

(1.1) f(x)~%+ Z (aycos kx + b, sinkx).

k=1

We assume that
fx) = %{f(x +0) +£(x — 0)}

and write
g =fx+0+f(x—1)—2f(x).
Let h a real-valued function on an interval [a, b], A = {4,} a non-decreasing

| ; S
sequence of positive numbers such that )’ — = oo. The function 4 is said to be

of A-bounded variation (fe ABV) [3] on [a, b] if there exists a positive constant
M such that

kil |h(by) — k(@) |/ A < M

for every sequence of non-overlapping intervals [, b,], k = 1,2, ..., n contained
in [a, b]. If he ABVa, b], the A-variation of A is defined as

Va(h, [a, b]) = sup {‘; |h(b) — h(a) |/ A kknjl [a, bl < [a, b]}-

When A = {n}, we write he SBV.
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In what follows we assume that

kl'li g is non-increasing and, for fixed n, H(¢)

is a continuous non-increasing function on (0, 7] such that

H(t) = i for t = AL , k=12, ...,n+1,]a <1.

tl+a n+l

We use C,, C,, ... etc. to denote positive constants.

First we prove the following general theorem.

Theorem. Let k,(x) be even, 27 periodic and Lebesgue integrable on [— 7, 7]
satisfying the following conditions:

(1.2) : ' ZJ k,()dt=1,
TJo

(1.3) k, () =Cn, 0<t<m,

(k+ Dr

n+1 C
(1.4) j |k, (1) dt < 2 k=1,2,...,nla <1,

kn kl+a

n+1 |
and
1.5 ”k du| < Ls O0<t<nr
(1.5) : J(u) du Sy < 7.

Let fe ABV and let V(1) denote the A-variation of g (¢) on [0, ¢], then

IK,(f, x) — f(¥)| < ?—g‘;—{&m V(m) + o +""Z; Va)(H(,:1) — ﬁ(av))}«

(n+1)l+a
where
14 e . €
C=C+2]+a_2+21+a 3,
4 1 »][ . 7'[2+a
=a,,<a,,_,<...<a0=7randK,,(f,x)=lj f(x+ )k, (¢)de.
n+1 TJ-n

2. The following lemma is réquired for the proof of our theorem.
Lemma [2]. Let f be a bounded, measarable and 2z-periodic function such
that

- ligr‘;(fit)=f(xi0)
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exist and f(x) = %{ f(x 4+ 0) + f(x — 0)}. Let k,(x) satisfy the conditions of our

theorem.
Then

n

1
[K,(f, x) = f(0)| < C4 kgomos‘% (8s L) s

where

.._ [ kn (k+l)n':| _o0.1
gx(t)—f(x+t)+f(x—t)——2f(x),lk_”—["—+1, 1 k=0,1,2,....n

and
osc. (g, [a, b)) = sup {|g. (1) — g.(t")]; t, t" €[a, b]}.

3. Proof of the teorem. Let

k
1
M=) —osc. (g 1,).

=0 /lj+|

T
n+1

We write M () = M[(,,+ ,),]_I for

n

<t < m, then clearly

ktDr_, G+

: k=0,1,...n—1.
n+1 n+1

M(t) = M, for
Applying Abel’s partial summation formula

< /
Z OsC. (g.n Ik.n) =

G.1) K=ok + 1)+
- i M, . " Ay A s 2
= = l+a+ Z M".( +I+a— +l+a :
n+1) K=0 (k+1) (k+2)

Now the last sum is

) l+a,_
—( A ) 5y M) dH()

k=0 lk#l.n

——( z >.+., " M@
BT , MOAH)

n+1
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ay

T l+a p—)
=—(,, ) > M(1)dH(t)

+1 v=0 Ja,

<( - )IH" ' MayH H
= n+‘1 VZ: (a)( (av+l) (av))'

Since M, < V(n) and M (¢) < V(1) it follows that

1
——osc. (g, I ) <
kZ‘O k+1)+e @ ficn)

Ay o1 V(7 ( n >‘+a.._. )
S(n+ ])1+a+ n+1 Vgo V(av)(H(ay+|) H(av))

and therefore in view of the above lemma
|K,(f, x) —f(x)| <

C +a ‘
W{V(”)lnﬂ + 7 Z V(a)(H(a,,,) — H(av))}
This proves our theorem.
4. For A = {n®}, 0 < B < 1,f the above result was obtained by the author [2].

Let o2(f, x) denote the nth (C, @) mean of the series (1.1), —1 < a < 0, then
o, ) = = f S+ Dke( dr,
nJd—n
| . ( 1>
sin|k+ -t
d 2

1
ki(t)=— Y A-!D,(t) and D,(t) =
(1) A,‘:’kgo «Di(1) and D, (1) 2sine2

where

It can be easily shown (see [1], [2]) that kZ(¢) satisfies the conditions (1.2)
—(1.5), thus we decude the following result for (¢, @) means:
Corollary. Let fe ABV, then for —1 < a <0,

lon(f; x) —f(x)| <

S {V(ﬂ)lnu +mte Z V(a,)(H(a,.,) — H(av))}-

(n + 1)l +a
When a = 0, the above corollary reduces to a result of Waterman(4].
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SUHRN
RAD APROXIMACIE FUNKCIi S OHRANICENOU ZOBECNENOU VARIACIOU
S. M. Mazhar, Kuvajt

V praci je podany odhad radu aproximacie 2-periodicke;j lebesgueovsky integrovatelnej funkcie
/. ktora ma ohraniéenti tzv. A-variaciu, s pouzitim postupnosti

K.(f. x) = x"f flx+ tk,()de,

kde k,(#) ma 3pecialne vlastnosti.

PE3FOME

MOPSAJOK ANIMPOKCUMALIMM ®YHKIIUU C OBOBIIEHHON
OTrPAHUYEHHON BAPUALIMEN

C. M. Masxap, Kysaiir
B paboTe monyyena oueHka MopsAka anMpPOKCHMALMH 27-NEPHOJHYECKOH QYHKLMHM f, HHTe-

rpupyeMoii no Jlebery, KoTopas HMeeT OrpaHHYeHHYI0 A-apuaumio. Mcnonb3osana moc-
JIENOBaTENILHOCTh '

K(f,x)=n" J‘ f(x + Ok, (1) dt

rae k,(t) uMeeT onpenenéHHbIE CBONUCTBA.
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