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ON LORENTZ—ORLICZ SPACES
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Introduction

Let X be a linear space. A functional g: X — <0, + 00 is said to be convex
modular on X if '

1. o(x) =0 if and only if x = 0;

2. o(—x) = o(x) for xe X; .

3. o(ax + By) < ao(x) + Po(y) for each x, yeX and =0, =0,
a+ B=1(c. [5], p. 5)

The set X, = {xe X: , Hog(tx) < + o0} is a linear subspace of X. We can

define on X, the norm
x| = inf{t > 0: g(f) =< l}

The space (X,, || |) is called the modular space determined by the modular o (cf.
[5], p.6).
An Orlicz function is a continuous non-decreasing and convex function

S <0, 4203 =<0, + 00} with f(0) = 0, f(+ @) = + 0 and lim f(1) = + o.

If f(t) = 0 for some ¢ > 0, then f is called a degenerate Orlicz function (cf.
[4], p. 137).

An Orlicz function f'satisfies the A,-condition for small ¢ if there exist K > 0,
t, > 0 such that f(2¢) < Kf{(t) for each te <0, t,> (cf. [4]).

Let f be a non-degenerate Orlicz function whose right derivative P satisfies

P0)=0 and lim P(t) = + co. Put Q(u) =sup{t: P(t) < u} (u=0) and

f*@) = I Q(u)du (r = 0). Then f* is also a non-degenerate Orlicz function and
0

it is called the function complementary to f.
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For any u = 0, v = 0 the following Young’s inequality holds:

u-v = flu) + f*(v)
(cf. [4], p. 147).

In what follows s stands for the linear space of all real sequences. Further
we put

e,=0,0,...,0,1,0, ... nz=1)
1
n_

Let m be a permutation of the set N of all positive integers and let
x = {&,},- 1 €s. Then we shall denote by x, the sequence {&,,}x_ .
Let a = {a,};'_, be a sequence of real numbers with 1 =a, =2 a, > ... >

v

o
a,2a,,, 2 ...a,—»0, Y a,= + oo. Let f be a non-degenerate Orlicz fun-

n=1

ction. For x = {£}*_,es we put

o) = sup 3 /1Dy = 5up 3. fEwua

where the supremum is taken over all permutations 7 of the set N. Then gis a
convex modular on s (cf. [2]) and

d(a, f) = {xes: Elog(tx) < + oo}

is a modular space called a Lorentz—Orlicz space (cf. [2]).
In what follows /_, stands for the linear space of all bounded real sequences,
¢, denotes the linear space of all real sequences converging to 0.

1. Applications of the category method in the theory of Lorentz—Orlicz spaces

In what follows we shall use the following result from [2]:
Theorem A.

(i) The space d(a, f) is a Banach space;
(i) We have d(a, f) < c;
(i) If xed(a, f), then x,€d(a, f) for each permutation = of the set N and
o(x) = o(x,);
(iv) We have
{xed(a, f): o(x) £ 1} = {xed(a, f): |x]| < 1}
(v) If the function f satisfies the A,-condition for small ¢, then each

x = {§}r- €d(a, f) has the form x = ) e, and d(a, f) = {xes: V o(tx) <
n=1 >0
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< 4+ oo}. If y = {n,} . ed(a, f*) (f* being the complementary function to f),
then we get from the Young’s inequality:

(1) Sup ZI |§nnn(n)|an < + oo

T n=

for each x = {£,}°_,ed(a, /).

Theorem 1.1. Let a non-degenerate Orlicz function f'satisfy the 4,-condition
for small 1. Let y = {n,}_, be a bounded sequence of real numbers such that
there exists a ¢ = {y,}_, €d(a, f) with

2 sup ZI |Yfapla; = + 0.
n j=

Then the set
M= {x = {é;};z 1€d(a, f): sup Z 'gn"ﬂ(n)lan <+ w}
T n=1

is an F, — set of the first Baire category in d(a, f).

Remark 1.1. It follows from (1) and (2) that y = {n}*. , ¢ d(a,f*)and 77, # 0
for an infinite number of n’s. )

Proof. Put

R0

G.=U {x = {5}~ €d(a, f): sap §| 1&M0la; > k}'

n=1

We shall show that C, # 0 (k= 1, 2, ...).

Since ) a;= + oo, there exists an n, such that for each n = n, we have
j=1"

3) iaj>k.
i=1

Since 77, # O for infinitely many n’ s we can choose j, < j, < ... <, such that
m,#0(@ =12, ..., n). Let us put

fj’_ = nj—l (i= l, 2, ceny n)

E, =0 for m*j,(i=1,2,..)

and x = {£} . Then on account of (3) the sequence x belongs to C,. Hence
G #0.

We shal show that C,(k =1, 2, ...) is an open set in d(a, f).

Let x° = {£}2 , € C;. Then there is an n such that

sup Z‘ 1ENpla; > k.
x =
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Choose € > 0 and 6 > 0 in such a way that
4) sup ZI |Enpla; — >k,
n /‘=

dsup ZI [Mepla < €
n j=

and 0 < 6, =f(9) < 1.
Let x = {};2 € d(a, f) satisfy the condition ||x — x°|| < 8, < 1. According
0
x —

to Theorem A (iv) we have o < 1. From this we get

1

sup 3 A5 — EDagy < 6 = 0).

Toj=1

Hence for each j we have f(|& — &) < f(d) and so |§ - &| <d(=1,2,...).
So for every permutation 7 of the set N the following inequalities hold:

Z] |&inapla; 2 Zl |& 1l @ — .ZI 1§ — &l Nyl ;> ZI 1& sl a; — €.
j= j= Jj= Jj=
According to (4) this gives
sup ZI 1&mapla > K,
n j=

i.e. {xed(a, f): |x — x°|| < 6} < C,. Hence C, (k =1, 2, ...) is an open set.
According to our assumption the sequence ¢ = {y,}_, belongs to the set

C = ﬂ Ck'
=1
Let £ > 0. According to Theorem A (v) there exists a pe N such that
e £ o £
(S) Z é,e] <=5 Z yjej <=
j=p+1 2 =741 2

Put B, =& for j < p and B, = y, for j > p. Then it can be easily checked that
w = {B}~ € C and using (5) we see that

Y. (55— Be

j=p+1
Thus C is a dense G set in d(a, f). Hence C is a residual set in d(a, f) (see

Theorem A (i)). Since M = d(a, f)\ C, the assertion follows.
. Let f be a non-degenerate Orlicz function, let f* be the complementary

function to f. Denote by ¢ and @* the modulars determined by f and f*,
respectively. Similarly denote by || || and || ||* the norms in d(a, f) and d(a, /*),
respectively.
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Theorem 1.2. Let both of f'and f* satisfy the A,-condition for small ¢. Then

a) |||x|l| = sup{z |Emla: 0*(y) £ 1} is a norm on d(a, f);
j=1

b) For each x #_{éj}f; 1€d(a, f) and y = {n};  ed(a, f*) the following inequ-
alities are satisfied:

Zl 1& @, = NI - I ll™,

Z] 1&mala, = x| - Nyl

where ||| |||* is a norm on d(a, f*) defined by the same manner as ||| |||.
Proof. a) If

x={g}_ eda,f), y={n}- eda,f*
and o*(y) £ 1, then

,ZI I&mla < o(x) + 1
=

Hence ||| x||| < + oo for each xe d(a, f) and obviously ||| ||| is a norm on d(a, f).
b) Let ‘

x ={&}-1€da ), y = {n};- ed(a, f*)

3 (o A O
¢ <nyu*+g) =

and ¢ > 0. Then

and
Lol <y
n=yl*+ e
by the definition of the norm ||| |||. It implies

> &mla, < - Iyi*
n=1

.The proof of the second inequality is analogous. The proof is finished.

2. Some bitopological properties of Lorentz—Orlicz spaces

A set X with two topologies 7; and T, i.e. the triplet (X, 7;, T;) is called a
bitopological space (cf. [3]). A bitopological space (X, T;, T;) is pairwise Haus-
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dorfT ([3], [6]) if for each distinct points x, ye X there exist disjoint sets Ue T},
VeT,i#j, i, j=1,2, such that xe U, ye V.

In (X, T;, T)) the topology T, is said to be — regular with respect to T, (cf.
[3], [6], [7]) if for every UeT, and xe U there exists a set VeT, such that
xeV c V? < U, where P® denotes the T, — closure of V;

— perfect with respect to T (cf. [1], [6]) if every T, — open set U = X is an F,
— set in (X, T).

A bitopological space is said to be:

— pairwise regular (pairwise perfect) if T is regular (perfect) with respect to T,
fori#j, i,j=1,2(cf. [3], [6], [7]);

— pairwise normal (cf. [1], [3]) if for every T, — closed set A4 and T; — closed set
B such that AN B =0 there exist UeT, VeT with Ac U, BcV,
UnV=0fori,j=1,2,i#]j;

— pairwise perfect normal if it is paiwise perfect and pairwise normal.

The following result is known (cf. [1], Lema 2.4):
Theorem B. In (X, T, T;) the following conditions are equivalent:

(i) (X, T, T,) is pairwise perfect normal;
(i) For each T, — open set W there exists a sequence { W,}_, of T, — open sets

such that W= () W,

n=1

and
WO W, (n=1,2, ...;0,j=1,2,i#)).

Let f, g be non-degenerate Orlicz functions, let a = {a,}*_,, b = {b}r_ | be
two sequences from c,\ /' such that

1=a,ga2>...ga,,ga =

= (5 o — O]

l=b2b2..b,2b,, 2..

It is easy to verify that /' = d(a, f) N d(b, g). So d(a, f) N d(b, g) is a non-trivial
linear space.
Let

&0 = sup 3 fléua,

0:() = sup 3 g(16usbs

where x = {£}* ed(a, /)N db, g).

By || |I; and || ||, we denote the norms determined by modulars 0, and g,,
respectively. We shall use the symbol K,(x, r) to denote the T,— openball (i = 1,
2) with center x and radius r > 0 in d(a, f) N d(b, g). Moreover, let 7; and T, be
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the topologies on d(a, f)n d(a, g) induced by norms || ||, and || I, respectively.

Thus (d(a, f)~d(b, g), T;, T;) can be cinsidered as a bitopological space.
Theorem 2.1 Let f'and g be non-degenerate Orlicz functions, let f and g

satisfy the 4, — condition for small . Then the following assertions hold:

a) The bitopological space (d(a, f) N d(b, g), T;, T,) is pairwise HausdorfF,

b) Foreach xed(a, f) nd(b, g) and r > 0 the set KV (x, r) is T, — closed for
ih,j=1,2;

¢) The space (d(a, /) nd(b, g), T,, T,) is pairwise regular;

d) The space (d(a, f) nd(b, g), T;, T,) is pairwise perfect normal.

Proof.

a) Letx ={{}  and y = {B}" | be two distinct points from d(a, )~ d(b,
g)- Because x, yec, (see Theorem A (ii)) we have

1
O<r=- sup |- Bl <+ .
4i=12...

U={zed(a, )ndb, g): ||z—x|, <1},
V={zed(a, /)nd(b,g): |z—y|,<r}.

Then U is a T, — neighbourhood of x and Vis a T, — neighbourhood of y. Let

us suppose that z = {@}> ;e Un V. Then for every £ > 0 the following inequali-
ties are satisfied:

sup Zf( |an— €n| £>aﬂ(n) é 1’

T n=1 ”Z—XH|+

— Ian—ﬂnl )
sup g(* b = 1
x ,,Z', lz=yl,+ ¢

If we choose 0 < € < g then we have

4 1
g, — &l S lz— x|, +e<Z =~ sup |- |,
3 3i=12..
4 1
la,— Bl < lz—yl,+e<= == sup |&—B].
3 3]:!.2....
These inequalities imply

2
|5n—ﬂn| <= ) sup Iéj_ﬁjl
3 j=12..
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foreveryn =1, 2, ..., which is impossible. Thus we have shown that U n V = 0.
b) Forany a> 0, k = 1 let

k
B(a) = {x = {&}< ed(@f) nd(b, g): sup ¥ flalé)ay, < 1} :
Toi=1

We show that By(a) is a T, — closed set. Let y = {5} ,e B?(a). Then
=1

y=T1T,— lim y, where y, = {n"}_ e B(a) (i=1, 2, ...).

For any ¢ > 0 there exists an i, such that

Qz(yf_-z) <1,
&

& (In" = n)
sup Z gj(#L bn(/)

o=

ie.

IIA

1

for i > i,
From this it follows that

I —nl Seg” ') (Ziyj=1,2 ..).

So n;= lim 7 for each j > 1.

The condition y,, € B,(a) implies
k
3. el g, < 1
j=
for each permutation 7 and m > 1. Hence using the continuity of / we get

k
2 flaln))ay, < 1

j=1
for every x and in the consequence

k .
sup Zlf(a| Max, < 1.

T o j=

Thus y € Bi(a), which means that B,(a) is T, — closed.
According to Theorem A (iv) for any r > 0 we have

| RO, = {xedande. 9: o (%) s 1}.
So ‘ . )
R0, r) = ﬂ Bk(—).

k=1 r
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Thus we have shown that K{"(0, r) is T, — closed. Moreover the equality
K"(x, r) = x + K{"(0, r) implies that K{"(x, r) is T, — closed for every x e d(a,
fndb, g)and r > 0.

c¢) Let Ue Tijand xe U. Then K{"(x, r) < U for some r > 0. It follows from
the part b) that K?(x, r) = U. So T, is regular with respect to 7. In the same
way we can show that T, is regular with respect to 7;. In the same way we can
show that Tis regular with respect to 7;. Hence (d(a, f) nd(b, g), T,, T;) is
pairwise regular.

d) Let U be any T, — open set in d(a, f) N d(b, g).Since (d(a, ) N d(b, £),
Il II,) is separable, we can write

U= U Kl(x,', ru ’
ij=1
where K\"(x,, r;) = K\(x;, r,;,,) fori, j> 1.
Put

W, = L)IKl(xi’ Fimein—i)«
Evidently, W, e T, and U = | ) W,,. Mereover,
m=1

m m
Q2 o2 ol
WD = UK(I)(xis Fim+1-9) € UK(I)(X.', Fims1-i) ©
i=

i=1

m
< UKl(xi’ Fim+2-0 €S Wayi.

i=1
Using analogous methods we can show that every T, — open set U’ is of

the form U’ = U V... where V, are T, — open sets such that V) < I/

m m+ 1
m=1

Thus from Theorem B it follows that the space (d(a, f) N d(b, g, 1, T)is
pairwise perfect normal.

From Corollary 1.1 in [1] we have

Theorem C. Let X be a topological space and let (Y, T;, T;) be a bitopologi-
cal space such that T; is second countable and 7T, is perfect with respect to T,. If
¢: X - Yis a T, — continuous mapping, then the set D(¢, T;) of all points at
which ¢ is 7, — discontinuous is a set of the first Baire category in X.

Theorem 2.2. Let fand g be non-degenerate Orlicz functions that satisfy the
A, — condition for small .

a) Every T— open set in (d(a, /) N d(b, g), T;, T;) is of the form U U B, where
Ue T and Bis of T, — first Baire category (i, j = 1, 2) (hence every sct A€ T  has
the 7, — Baire property).

b) The set M of all yed(a, f) nd(b, g) for which there exists a sequence
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{Vuhr- of points from d(a, f)nd(b, g) such that lim |y, — y|;=0 and

{Ily, — y |}~ does not converge to 0, is of the first category in (d(a, /) " d(b, g),
G j=1,2i%#)).

¢) For each subset 4 = d(a, f) N d(b, g) the set A7\ A7 is a set of the first
Baire category in (d(a, f) nd(b, g), T)(i, j = 1, 2).

Proof.

a) Let ¢: (d(a, ) nd(b, g), T) — (d(a, /)nd(b, g), T;, T,) be the mapping
given by ¢(y) =y for yed(a, f) nd(b, g). According to Theorem 2.1 the bi-
topological space (d(a, f) N d(b, g), T;, T,) is pairwise perfect. Moreover, both of
T; and T, are second countables. So it follows from Theorem C that D(g, T) is
a set of the first category in (d(a, /) N d(b, g), T). But D(p, T) = | J{p~'(V)\
\Int,o~'(V): VeT} = J{V\Int,V: VeT},
where Int, denotes the T, — interior. Hence for each Ve T, the set W\ Int,V is
of the T; — first category and V = Int,V U (V\ Int, V) which completes the a).
Parts b) and c) follow from a), since M = D(¢, T) and A”?\ A/ = M. This ends
the proof.
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SUHRN
O LORENTZOVYCH — ORLICZOVYCH PRIESTOROCH
Janina Ewert, Slupsk — Tibor Salat, Bratislava
Praca pozostava z dvoch casti. V prvej sit dokazané isté vysledky o Strukture Lorentzovych
—Orliczovych priestorov z hladiska Bairecovych kategorii mnozin. Druha ¢ast prace je venovana
studiu niektorych bitopologickych vlastnosti Lorentzovych——Orliczovych priestorov.
PE3FOME
O IMPOCTPAHCTBAX JIOPEHLIA X OPJIMYA
Suuna Isept, Cnynck — TuGop llanaT, Bpatucnasa
PaboT cocTouT M3 AByxX uacTell. B mepBoi YacTH AOKa3aHbl HEKOTOPbIC PE3YJbTATHI OT-
HOCHTEJIbHO CTPYKTYpbI npocTtpaHcTs JIopeHua u Opiuya ¢ TOYKH 3peHHus 6IPOBCKUX KATEropHi

MHOXECTB. BTOpaﬂ 44cCThb paGOTH NOCBALIICHA HCCIIEAOBAHHKO HEKOTOPBIX CBOiiCTB OuTOMONOrK-
YECKHX NMPOCTPAHCTB J'lopeHua H Opnuqa.
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