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CONVERGENCE OF SUBSERIES OF THE HARMONIC SERIES AND
ASYMPTOTIC DENSITIES OF SETS OF INTEGERS
(PRELIMINARY ANNOUNCEMENT)

TIBOR SALAT, Bratislava

There exists a relation between the convergence of subseries
(1 2 k!

[=.¢]
of the harmonic series ) n~' and asymptotic densities of the sets
e

1

K=1{k,<k,<..<k,< ..} (see Theorem A). We shall show that this relation

cannot be essentially improved. :
IfMcN={l,2,..,n, ..}, then we put

Mx= Y 1
aeM.a< x
and
dM) = lim M)
X-x x

if the limit on the right-hand side exists. The number d(M) is called the asymp-
totic density of the set M (cf. [1], p. xix).

Theorem A. If ) k' < + oo, then d(K) = 0.

n=1
For the proof of Theorem A see e.g. [4], Theorem 1. Let us remark that the
theorem A can be easily deduced also from the folowing result:

[s o]
Let ) a, be a series with real terms, let

n=1

kY
[\
R
v
v
£
v

X
a,,, 2, a,—0,) a,=+ 0.

n=1

Denote by N(x) the number of n” s with a, = x > 0. Then we have
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93] hm xN(x) =

x—=0+
(cf. [3], [5]). If we put @, =k, ' (n=1, 2, ...), then we have
Nx)=#{na,2x}=#{nk,<x"}=Kx7"

and hence

0= lim xN(x) = lim K(x__l) = lim K(y)

x-0+ x=+0+ x y—®© y

= d(K)

In the paper [2] the following theorem is introduced (see Theorem 3
from [2]): ’

Theorem B. If M = Nand ) m™'< + oo, then ¢, = 0, where

meM
Cy= hm M(x) loix

(the author of [2] uses the notation v,,(x) instead of M(x)).
The following two examples show that the theorem B does not hold.

Example 1. Put M = | ) M,, where
=2

=+ 1,0 +2, ... +n""Y n=2,3,..)

Then a simple estimation yields

meM, - n n

Hence ) m™'< + .
meM

Putting y, = n” + n"~? we get
M(y,) 2 n”" "% logy, 2 n’logn
hence

2
M) logy, > -2l logn _ logn_’ % o

Yn 2n" 2
(as n — o). Therefore we have

logx

hm sup M(x)—— = + o©

Example 2. Theorem B is not valid even in the case of subseries of the series
I p~! (the reciprocals of all prime numbers).
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Let P={p, <p,<..<p,<..} be the set of all prime numbers.

0 = | Q,, where (writting p(k) instead of p,)
n=2

Q,={p("” + 1), p(n” +2), ..., p (1" + 1,)},
t,=[n"pm")] (n=1,2,..).

A simple estimation yields ) ¢7'< ) n7?< + 0.
qeQ n=1

Put

A4,=00) 18 (no1,2, ),

n

where
Va=p" +1) (n=2,3,..).

We shall use the well-known Tchebysheff’s inequalities,

anlogn<p,<bnlogn (n=1,2,..),

where a, b are positive constants.

We have
(3) o) =t, > % an”logn (forn> ny)
Further
y,> an™ - n*logn,
hence
@) logy, > n’logn + O(logn) (n 2= 2)

By a simple estimation we obtain

n +t, < n(1 + blogn)

Hence
Va S b + 1) log (n" + 1,) <
< bn”(1 + blogn)log {n"(1 + blogn)} =
=b" +2 . log?n + O(n" **logn)
Thus we get
(%) Yo < b1 *2log?n + O™ *? - logn)
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From (3)—(5) we get (for n > n,)

PR n"logn(n*logn + O(logn)) _a log’n + o(1)

" T 26" login + O(n” - logn)  2b% log?n + O(logn)

Fromt this it is evident that

. log x a
lim supQ(x)—/— = — >0
xox RO x 2b?

Remark 1. Let us remember that in [4] the following result is proved
(Theorem 2 in [4]):

Let d2dy2..,) d,=+o and ) g(x)d, <+ o0, where
n=1 k=1

g(x)(k = 1, 2, ...) are dyadic digits of the number xe(0, 1) (i.e. x= Y g(x)27*

k=1
is the non-terminating dyadic expansion of x)-
Then

i) = fom mfPe M

n—x n

n

where p(n, x) = Y g(x) (n=1,2, ...).
1

If we apply this result to subseries of the series Z p,! we see that the

n
n=1

convergence of such subseries implies that ““‘the lower density” of this subseries

in ) p;'is zero.
n=1
The foregoing examples suggest the formulation and the proof of the
following theorem which shows that the result obtained in Theorem A cannot
be essentially improved. The proof of the following theorem will be published
in a forthcoming paper together with the proofs of some further results.
Theorem 1. Let g: (0, + o) — (0, + o0), let

(6) lim g(x) = + oo

(arbitrarily slowly). Then there exists an infinite set M < N such that

Y m~' < + oo and simultaneously

meM

lim supM(x)g(—xl =+ o©
x

X=X
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The assertion of Theorem 1 remains true also in the case if (6) will be
replaced by the weaker condition:

lim sup g(x) = + o©
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SUHRN

KONVERGENCIA CIASTOCNYCH RADOV HARMONICKEHO RADU
A ASYMPTOTICKE HUSTOTY MNOZIN PRIRODZENYCH CISEL

Tibor Salat, Bratislava

Nech M = {m, < m, < m; < ...} je mnoZina prirodzenych ¢isel, priom

1 Y m'<+ o

n=1
Potom, ako je zname, plati d(M) = 0, kde d(M) oznaduje asymptoticku hustotu mnoziny M. V praci
[2] je uvedené tvrdenie (pozri vetu 3 z [2]), podla ktorého z (1) vyplyva

lim M(x) 128X — o
X=X X
kde M(x)= Y LV iejto poznamke je na prikladoch ukazané, Ze uvedené tvrdenie je neprav-

nimp S x
divé.
V suvislosti s predchadzajicim sa v tomto ¢lanku uvadza nasledujuca veta (bez dokazu):
Nech lim g(x) = + oo. Potom existuje taka mnozina M = {m, < m, < m, ...}, pre ktoru plati
(1) a sicasne .
lim M(x)g(-2 =+ ®©

X—=x X
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PE3IOME

CXOIUMOCTDb YACTEN PSAJOB TAPMOHUYECKOIO PSIJA
U ACUMIITOTUYECKHUE IMJIOTHOCTHU MHOXECTB HATYPAJIBHbIX YHUCEJ

Tu6op Wanar, Bpatucnasa
Mycts M = {m < m, < ...} MHOXECTBO HaTypaJbHBIX YHCE] H NMYCTh
) Y m'<+o0

IMoTom, kak u3BecTHO, d(M) = 0, rae d(M) 0603Ha4aeT aCHMNTOTHYECKYIO MIIOTHOCTh MHOXECTBA
M. B pa6ore [2] (cM. Teopemnl 3 U3 [2] yrBepxaaerca uto u3 (1) cneayer

lim M(x) 28X _ ¢,
X=X X
rae M(x) = ) 1. B aToil 3aMeTKe 10Ka3aHO Ha MPHMEPAX YTO 3TO YTBEPXICHHE HE BepHO. B

nmpsSx

CBSA3Y C NpeAHIYLIMM BBOAMTCA 3[eCh cileayroias Teopema (6e3 mokasaTenbCcTsa):
IMycts lim g(x) = + oo. Toraa cyuiecTByeT Takoe MHOXECTBO M IS KOTOPOIrO BBINOJb-
X—=x

Haercs (1) ¥ onHOBpEeMEHHO

im M )g(x) _

X=X
¥ X

+ oCc.
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