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A CRITERION FOR UNIFORM DISTRIBUTION
OF SEQUENCES AND A CLASS OF RIEMANN
INTEGRABLE FUNCTIONS
(PRELIMINARY ANNOUNCEMENT)

TIBOR SALAT, Bratislava

In the paper J. Horbowicz: Criteria for uniform distribution, Indag.
Math. 43 (1981), 301—307 the following criterion for umform distribution of
sequences of real numbers is proved:

Let /' be a complex Riemann integrable function on [0, 1]. Let

(M HZ() =

where Z(f) = {x€[0, 1]:f(x) = 0} = f~'(0) (zero set of f) and u is the Lebes-
gue measure. Then the sequence {x,}_, of numbers from [0, 1) is uniformly
distributed if and only if for each interval [a, b) = [0, 1) we have

h-{r:o N'glf(xn) x[a.b)(xn) = J; f(t) dt

(X5 Stands for the characteristic function of [a, b)).

This criterion represents a generalization of the following well-known fact
from the theory of uniform distribution (cf. L. Kuipers—H. Nieder-
reiter: Uniform Distribution of Sequences, 1974 p. 7 Exercise 1. 14): Denote
by S([a, b); N) the sum Y x,. Then the sequence {x,}x~ is uniformly

n<sN.x,ela.b)

dlStI‘lbuth if and only if we have (for each [a, b) = [0, 1))

2_
lim S([a, b); N) _ b - a? ‘
N—x N 2

This result follows from the Horbowicz criterion as a special case. Indeed,
putting () = ¢, we get

1 X '
N 2 S Lo (x,) = W
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and

h b 2 2
ff(t)dt=,[ tdt=b 2a'

§. Porubsky posed the question whether the condition (1) can be re--
placed (in the criterion of Horbowicz) by the condition

1) m(Z(f)) =0,

where m denotes the Jordan measure. The answer to this question is in the
positive. It can be namely shown that for an arbitrary Riemann integrable
function f we have

2 , HZ () = n(Z()

(M denotes the closure of M in [0, 1]). From (2) the positive answer to the
mentioned question follows at once.

Further the question arises how large is the class H(0, 1) of all functions
f€R(0, 1) (R(0, 1) denotes the set of all Riemann integrable functions on [0, 1])
satisfying the condition (1). We answer this question from the topological point
of view. In what follows R(0, 1) denotes the linear normed space (with the
sup-norm) of all real Riemann integrable functions on [0, 1]. This is evidently
a Banach space since the convergence in this space coincides with the uniform
convergence which preserves the Riemann integrability. (We restrict ourselves
only to real functions but the following result can be easily extended also for
complex functions).

Theorem. The set R(0, 1)\ H(0, 1) is a nowhere dense set in R(0, 1).

Hence H(0, 1) is a residual set in the space R(0, 1) and therefore the
functions that can be used in the criterion of Horbowicz are typical in R(0, 1)
(in the sense of the contemporary theory of real functions — see A. M.
Bruckner Differentiation of Functions, Springer—Verlag, Berlin—Heidel-
berg—New York, 1978,. (p. 50).
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SUHRN

O ISTOM KRITERIU ROVNOMERNEHO ROZDELENIA POSTUPNQSTi
A TRIEDE RIEMANNOVSKY INTEGROVATELNYCH FUNKCIi

Tibor Salat, Bratislava

Nech R(0, 1) oznacuje priestor vietkych funkcii integrovateInych v Riemannovom zmysle na
<0, 1) s metrikou

d(f.g) = 5 f(x) — g(x)|

Mozno dokazat, Ze mnozina vietkych funkcii fe R(0, 1), ktoré sa daji pouzif v kritériu z prace J.
Horbowicza, ma tvar R(0, 1)\ M, kde M je mnozina riedka v R(0, 1).

PE3IOME

OJHWH INPU3HAK [1J11 PABHOMEPHOTI'O PACCIIPEAEJIEHUA
TMOCJIEAOBATEJIBHOCTEN U OMPEJEJIEHHBIA KJTACC ®YHKLMUN
UHTErPUPYEMBIX B CMBICJIE PUMAHA *

Tu6op lanaT, Bpatucnasa

IMyctb R(0, 1) 0603Ha4aeT NPOCTPaHCTBO BCeX (PyHKUMH HHTErpUpyeMBIX B cMbiciie PuMaHa
Ha uHTepBade 0, 1) c MeTpukoit d(f, g) = sup |[f(x) — g(x)|. MoxHO moka3aTb, YTO MHOXECTBO
0<xx<

Bcex fe R(0, 1), xoTopble MOXHO MCNOJIb30BaTh B Mpu3HaKy paboTel Fop6oBuya, umeer dop-
My R(0, 1) M, rae M uurze He mioTHOe MHOXecTBO B R(0, 1).
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