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ON THE SPECIAL INVARIANT SUBSPACES OF A VECTOR SPACE
OVER Z//Z (ABSTRACT)

LADISLAV SKULA, Brno

1. Notation. In this report we design by

/ an odd prime

N=1)2(-1)

V = {(a(1), a(2), ..., a(N))): a(i)e Z/IZ} = (Z/IZ)™ the vector space over
the field Z//Z with dimension N,

L={1,2,..,N}L

For integers 1 < x,z </— 1 put

{ 1  ifxz=y(modl),0<y<N

e(x, Z) = o '

-1 ifxz=ymod), N+1<y<Ii-1,
f(x, z) = &(x, z)xz(mod l), f(x, z)e L.

For the vector u = (u(1), ..., u(N)) e V put

S(u)=v=(v(), ..., u(N)eV,

where v(x) = &(x, 2)u(f(x, z)) (xeL).

Then we can prove

2. Proposition. (a) For each 1 ezel — 1 the mapping S,: V — V is an auto-
morphism of the vector space V.

(b) For 1 <z,z2<l—1itholds S,=S, ifand only if z = 7'.

(¢c) For1 <z,z,w<l—1,w=zz' (mod)) it holds S, = S, S,.

(d) The set{S,: 1 < z < | — 1} with operation - (composition of mappings)
forms a cyclic group of order | — 1. Generators of this group are the automor-
phisms Si, where 1 < R < I — 1 are primitive roots mod/.

The aim of our report is to describe all invariant subspaces of the vector
space V with respect to the group {S,: 1 <z<1[/-1}.

Further we denote by

r a primitive root mod /

ind x index of x relative to the primitive root r of /
S=8S,
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F(A) = {a= (a(1), a(2), ..., a(N))e V: i a(x)x*~' = 0 for each a e A4},

where 4 = L.

Then {S.: 1 <z</—1}={S: 0<n</[-2} and the S. — invariant
subspaces of V for each 1 < z </ — 1 are just the S invariant subspaces of V.
Further we can prove

3. Proposition. (a) It holds for A € B < L the relation &¥(A) 2 L (B).

b)) @) =V,ZL)=0.

(c) For each subset A < L the set & (A) forms an S — invariant subspace of
the vector space V and dim #(A) = [¥ 14,

The set of all quadratic nonresidues xmod /(1 < x </ — 1) we denote by
A and for xe 4 put

u(x) = (u(1), ..., u(N))eV
where for 1 < teN

u(t) = x™'e Z/IZ,considered as an element from Z//Z.
The subspace of V generated by u(x) we denote by U(x), hence

Ux)=1{k - u(x):keZ/lZ}.
Since
S(u(x) = x - u(x),

the subspace U(x) is an S-invariant subspace of V. It follows

4. Proposition. Let X = A". Then

U(X) = Z U(x) (x € X) (the direct sum)

is an S — invariant subspace of V.

For the subspaces U(X) and the subspaces &(A4) the following relations
hold:

5. Proposition. (a) For X, Y = & we have U(X) = U(Y) if and only if
Xc Y, hence UX)= U(Y) ifand only if X =Y.

b) Let X< and A=L—-{N+1—-1/2(indx+1): xeX}. Then
UX)=%(A).

Now we describe all S — invariant subspaces of V.

6. Theorem. Let U be a non-zero S-invariant subspace of V. Then there exists
a subset X of the set A such that U = U(X).

The subset X is formed by means of the minimal polynémial G(4) of the
subspace U with respect to the operator S.
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SUHRN

O SPECIALNICH INVARIANTNICH PODPROSTORECH
VEKTOROVEHO PROSTORU NAD Z//Z

Ladislav Skula, Brno
V této prednasce se uvazuje specialni automorfismus S vektorového prostoru V dimense 1/2 -
- (I — 1) nad télesem zbytkovych tfid Z//Z (! liché prvodislo). Jsou popsany vSechny S-invariantni

podprostory prostoru V, ktoré jsou v ptirozenych korespondencich s podmnozinami mnozZiny
{1, 2, ..., 1/2 (I — 1)} a s podmnoZinami kvadratickych nezbytkii xmod/(1 < x </ —1).

PE3IOME

O CNNELUAJIBHBIX UHBAPUAHTHBIX IMOAITPOCTPAHCTBAX
BEKTOPHOI'O TPOCTPAHCTBA HAJl Z/I1Z

Jlapucnae Ckyna, BpHo

B 3TOM noKiaze M3ydaeTcs cnenMasbHbIA NHHEHHBIH onepaTop S Hax MEPHOM BeK-

TOPHBIM npocTpaHcTBoM V Haz noseM Z//Z (I npoctoe yucio > 3). [onucaHsl Bece S-HHBapHAHTH-
bl€ MOANPOCTPAHCTBA BEKTOPHOTO MPOCTPaHCTBAa V, KOTOPBIE B €CTECTBEHHBIX KOPECTIOHACHIHAX

1
C TIOJMHOXECTBAaMH MHOXECTBA {1, 2, ..., —(/I— 1)} ¥ c noOMHOXeCTBAaMH KBaJpPaTHYHbIX HEBbI-
2

yetoB xmod/(l < x < /—1).
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