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ON POINTS OF ABSOLUTE CONTINUITY
OF DISCONTINUOUS FUNCTIONS

PAVEL KOSTYRKO, Bratislava

A point pe(a, b), —0 <a<b < o0, is said to be a point of absolute
continuity of a function f: (a, b) = R (R — the real line) if there is sucha 6 > 0
that the function fis absolutely continuous on the interval I=[p — §,p + 8] <
< (a, b). .

Let G(f) be the set of all points of absolute continuity of f. Then G(f) is
obviously open in (a, b) and N(f) = (a, b) — G(f) is closed in (a, b).

In [6] a new method has been introduced. This method enables to prove the
following statements.

Theorem HS. Let a continuous function f: (a, b)) —» R be symmetrically
differentiable on the interval (a, ). Then N(f) is nowhere dense in (a, b). (See
31)

Theorem S. Let a continuous function f: (@, b)) - R be approximately
differentiable on the interval (a, b). Then N(f) is a nowhere dense set in (a, b).
(See [6].)

The aim of the present paper is to show that the above statements hold also
for some classes of discontinuous functions. We shall use the following notions:
~ Df(x) (Df(x)) denotes upper (lower) symmetric derivative of f at xe(a, b), i.e.
Df(x) = lir:l sup (f(x + h) — flx — )/(2h) (D f(x) =: liminf(f(x + h) — flx — h)/

h—-0

/(2h)). When D’f(x) = D.f(x), whether finite or infinite, the common value is
denoted by f*(x) and is called the symmetric derivative of fat x. The approxim-
ate derivative of f at x is denoted by f;,(x).

According to [1] and [S] we introduce the next classes of functions:

M_, ={f: (a,b) — R: fis measurable and liminff(7) < f(x) < limsupf(¢)

holds for each xe(a, b)}, and - o
A = {f: (a,b) - R: for each xe&(a,b) there exists f,,(x); if hliron f(x—h)
-0+

exists, then it equals to f(x) and if hlirgl f(x + h) exists, then it equals to f(x)}.
-0+
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We shall use the following modifications of the Mean Value Theorem.

Theorem E. Let fe M_,. If a < @ < 8 < b, then there exist points x, and x,
in [a, f] such that Df(x,) < (f(B) — f(@)/(B — @) < Df(x,). (See [1].)

Theorem P. Let fe A. Then f;, has the Denjoy property, f w» 18 @ Darboux
function and f fulfils the Mean Value Theorem, i.e. f(f) — f(a) = LB — a),
where a < a < & < < b. (See [5].)

In the proof of Theorem 1 we shall use the following statement, which gives
a sufficient condition for functions D’f and Df to be in Baire class one.

Theorem F. Let f be approximately continuous and let f°(x) exist every-
where with the exception of points of a countable set. Then functions D’f, D f
and f* belong to the Baire class one. (See [2].)

Theorem 1. Let f: (a, b) - R be an approximately continuous function and
let D’f and Df be finite functions. Let f*(x) exist everywhere with the exception
at most of a.countable set. Then the set N(f) is nowhere dense in (a, b).

Proof. Denote by C(g) (D(g)) the set of all continuity (discontinuity) points
of a function g: (a, b) - R. Since D fand D’fare functions in the first Baire class
(Theorem F), sets D(D,f) and D(D?) are sets of the first Baire category in (a,
b). If xe C(Df) n C(D?), then there exists an interval I =[x — &, x + 8]
< (a, b) such that D fand D’f are bounded on 1. Hence there is a K > 0 such that
IDS(y)| < K and |D*f(y)| < K hold for each yel. Let a, feI. Then Theorem E
implies that there are points x,, x,€[a, f] such that Df(x,) < (f(f) — f(a))/
/(B — @) < D’f(x,), hence |f(B) — f(@)| < K|B — al|. Consequently f is a Lip-
schitz function on I, C(D,f) n C(DY) = G(f) and N(f) < D(D,f)u D(D).
Since N(f) is a closed set of the first Baire category in (a, b), it is nowhere dense
in (a, b).

It is known that the symmetric derivative of an arbitrary function belongs
to the Baire class one (see [4]). This fact and Theorem E, using method of the
proof of Theorem 1, imply the following statement.

Theorem 2. Let the function fe M_, be symmetrically differentiable on the
interval (a, b). Then the set N(f) is nowhere dense in (a, b).

Analogously we can treat approximately differentiable functions. It is
known that any approximate derivative belongs to the first Baire class (see [5]).
This fact and Theorem P, using method of the proof of Theorem 1, imply the
following assertion.

Theorem 3. Let the function fe A be approximately differentiable on the
interval (a, b). Then the set N(f) is nowhere dense in (a, b).
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SUHRN
O BODOCH ABSOLUTNEJ SPOJITOSTI NESPOJITYCH FI:JNCKIi
Pavel Kostyrko, Bratislava
PredloZena praca uzko nadvizuje na citované ¢lanky [3] a [6]. Dokazuje sa, ze niektoré

vysledky tykajuce sa mnoZin bodov absolutnej spojitosti spojitych funkcii je mozné rozsirit aj na isté
triedy nespojitych funkcii.

PE3FOME

O TOYKAX ABCOJIFOTHO¥ HEMPEPBIBHOCTHU PA3PBbIBHbIX ®YHKLIMN
IMasen Kocteipko, BpaTucnasa
Pabora y3ko mpumsbikaercs k paboram [3] u [6]. [Toka3aHO, YTO HEKOTOpbIE pe3yJIbTAThl

KacarolHeCs MHOXECTB TOYEK abGCOMIOTHON HEMpPEpPLIBHOCTH HEMpPEPLIBHbIX (yHKuMA paccnpo-
CTpaHHMBbI Ha HEKOTOPBIE KJIACChl Pa3PbIBHBIX (PyHKLMH.
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