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INFINITE SETS OF PRIMES AND OF POWERS
OF AN INTEGER a ARE NOT CONTEXT-FREE

ELENA KALASOVA, Bratislava
1. Introduction

A simple algebraic condition is derived which shows that neither the set of
g-ary representations of powers of an integer a > 1 nor the set of g-ary repre-
sentations of primes nor any of their infinite subsets is a context-free language.

Our second result differs from that of [1] in that arbitrary base ¢ > 1 is
considered instead of g = 2.

We consider languages over the alphabet 4 which consists of ¢ digits -
(¢ > 1), the digit zero included. Strings over the alphabet A will be understood
as g-ary representations of integers. The g-ary strings over 4 will be denoted as
v, W, X, Uy, Uy, ..., and the integers represented by these strings as v, w, x, u,, u,,
...; [(x) denotes the length (number of digits) of the string x. The empty word
€ will have the length 0. The string obtained by concatenating n times, n > 0, the
string x will be denoted as x". The notation a|b will mean that a divides b.

In the following proofs we make use of the Fermat’s Theorem which states:

If pisa prime and p [ ¢, then ¢’ ~' = 1 (mod p); and of the Pumping Lemma:

For every context-free language L there exists an n such that w in L and
I(w) = n implies that w = w,w,w,w,ws with w, # g or w, # gand w,wiwwhw, is
inL,fork=0,1,2,....

2. Derivation of Algebraic Result

Theorem 1. Let a > 1, ¢ be natural numbers. Suppose that there exists
a prime p such that p| g and p | a. Then neither the set M of g-ary representations
of powers of the integer @ nor any of the infinite subset of M is a context-free
language.
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Proof. Assume the contrary, i.e. there exists an infinite context-free langu-
age K < M. From Pumping Lemma it follows that there exists z in K such that
z = uvwxy. We can assume x # & (The case x = ¢ and v # ¢ is handled as
follows: U=u, V=W =¢, X =v, Y = wxy). Thus uv'wx’y is in K for i = 1,
2y

Denote this infinite increasing sequence of the powers of the integer a by (b,
b, b,, ...),i.e. b,=a'fori=0, 1, ... and the sequence of lenghts of these strings
by (my, m,, m,, ...), i.e. m; = l(a") = l(uv'wx'y). The Pumping Lemma also implies
that the lengths m, of the strings a" increase linearly. This holds because

L<|m—m_\|=m—m;_, <I(v) + [(x) (1)
Obviously,
qmi-l < al.' < qmi

qmi+1—l < al:+| < qmi+| for i > 0.
We take the logarithm to the base ¢ of these inequalities and we obtain

m;— 1 </ log,a<m, 2
m = 1</, loga<m,, 3)

(1), (2) and (3) imply that
’ 0</,,—1 <log,q((x)+ l(v)) = const.,

thus the sequence {(/;,, — [)}“, is bounded. As far as the sequence {/}/Z, is
increasing and {(/;, , — )}~ , is bounded, there must be a constant m such that
m is the difference m = (I, , — /) for infinitely many i. Consider all these pairs
a', a'*™ (for infinitely many /). Obviously there exist their representations

a = uv'wx'y

atm=uwwxly, j>Ii
Then the difference a'*™ — @' = a/(a™ — 1) is an integer which contains k zeros
in its representation and k > I/(y) + il(x). Then, necessarily

¢*|d'(a™ — 1) which implies

pilda —1).
Moreover, the integer k increases to infinity whenever / increases to infinity. As
far as we suppose that there exists the prime p such that p|q and p | a, then p* | &
for any k, /.

Therefore, necessarily p*|a™ — 1 for infinitely many k and constant m and
we obtain a contradiction.
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Thus neither the set M of g-ary representations of powers of an integer a nor
any of its infinite subsets is a context-free language, as was to be shown.

Example. For ¢ = 10, a = 2, p = 5 we obtain 10%|2/(2” — 1), 5¥|2" — 1 for
infinitely many k and constant m; which is a contradiction.

Remark. A stronger assertion could be expected. It probably suffices that
a, q are not powers of the same integer. However, the assumption cannot be
omitted completely because e.g. the powers of 4 in the base 8 form the language

L = {20(00)*} L {1(00)*} U {4(00)*}
which is regular.
In this part we derive a result about the set of g-ary representations of
primes and its infinite subsets. It will be convenient to have the following result:
Lemma. Let p be a prime, p > ¢, let u,, u,, u; be g-ary strings (u, is not
starting with zero), such that

¢"? £ 1 (mod p).
Then

uuy " 'uy = uu, (mod p).
Proof. Observe that

) Ius) + (p — Diuy)

w7 g u =

(P — D)l(uy) (u) — In/us)
U+ ...+ gq ) +q " (g" ") =
0= Diw) _

ws” 'uy + ql(u
=u+ 4"+ ¢

=¥ ql("")-uz . ty) A qlw'"l =u;+ ql(“")‘"l =uu;
g " —1
By Fermat’s Theorem we obtain that ql("z)(”_ "= (mod p) and therefore
¥~ e _
™ = 0 (mod p).
g " —1
Thus wu ™ 'u; = uu, (mod p), as was to be shown. .

Corollary 1. Let p be a prime, p > g, let u,, u,, us, u,, us be g-ary strings such
that

¢’ % 1 (mod p) and

¢" # 1 (mod p).
Then
;" 'u,” 'us = wuus (mod p).

Corollary 2. If p = uuju, is a prime larger than g and ¢ # 1 (mod p), then
u s, 'uy = uptu, =0 (mod p).
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Corollary 3. If p = udulus is a prime larger than g and ¢ # 1 (mod p)
and ¢ # 1 (mod p), then

wsw,” g, g = wu s = 0 (mod p).

Now we combine these corollaries and the Pumping Lemma to show that
no infinite set of primes is a context-free language.

Theorem 3. If P is an infinite subset of the set of g-ary representations of
primes, then P is not a context-free language.

Proof. Let B < (4 — {0})4* be an infinite context-free language. By the
Pumping Lemma there exists we B such that w = w,www,ws, with wow, # &
and wwhwwiwsis in B for k = 1, 2, .... We assume that w, # eand w, # ¢, in
other cases we use Corollary 2 instead of Corollary 3.

Let k& be an integer such that

) < o, whwowiw, and
g < wwhwowiw,.
Then
¢" £ 1 (mod w,whw.wiwy) and
g % 1 (mod w,wiw,wiw,).

If p is a prime, from Corollary 3 it follows that

k+p—

5= wwh k+p—1

'wowh ws =0 (mod p).

Therefore s is divisible by p (i.e. s is not a prime) and since s and p are in B, we
see that B cannot be an infinite subset of the set of primes, as was to be shown.

Acknowledgment. The author would like to thank Dr. I. Korec for many helpful
discussions and comments.
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NEKONECNE MNOZINY PRVOCISEL A MOCNIN
PRIRODZENEHO CiSLA a NIE SU BEZKONTEXTOVE

Elena Kalasova, Bratislava

V praci sa dokazuje, Ze mnoziny g-adickych zapisov vietkych mocnin &isla a (za istych
obmedzeni na g, a) a vietkych prvocisel neobsahuji nekoneény bezkontextovy jazyk.

PE3IOME

BECKOHEYHBIE MHOXECTBA IMPOCTbIX YUCEJ U CTEMNEHEN
HATYPAJIBHBIX UUCEJ a HE ABJISIIOTCS KOHTEKCTHO-CBOBOJHBIMU

Enena Kanamosa, Bpatucnasa
B paGoTe n1oka3aHo, 4TO MHOXECTBA g-aIMYHBIX TIPETIOXEHHH BCEX CTENEHel HATYPAIbHOTO

YHMC/a a (NPH HEKOTOPBIX OTPAHHYEHMAX) H BCEX MPOCTBIX YHCEN HE COAEPXAIOT GECKOHEUHbIl
KOHTEKCTHO-CBOOOIHBIN SA3bIK.
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