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Abstract

We study communication complexity from the point of view of the Language theory. We
establish the relation between Chomsky hierarchy and the hierarchy of the language families
determined by communication complexity.

Introduction

We shall study a new complexity measure in Language theory which,
informally, can be defined in the following way. Suppose a language
L = ({0, 1}))* is to be recognized by two distant computers. Each computer
receives half of the input bits, and the computation proceeds using some
protocol for communication between these two computers. The minimal num-
ber of bits that must be exchanged in order to successfully recognize L < {0, 1}*,
minimized over all partitions of the input bits into two equal parts, and conside-
red as a function of n, is called the communication complexity of L. The
communication complexity defined in such a way provides a direct lower bound
for minimal bisection width [1] of any chip recognizing L which was the main
reason to intreduce it.

The hierarchy of language families determined by communication comple-
xity was first studied in [5], where it was shown that most languages cannot be
recognized in n — 1 communication complexity, and that, for 0 < f(n) < log,n,
f(n) + 1 communication complexity is more powerful than f(n) communication
complexity. But the proofs of these results were insufficient what is pointed out
in [2]. In [3] it is shown that a substantionally larger number of languages can
be recognized within communication complexity f(n) than within communica-
tion complexity cf(n), for a ¢ < 1. Closely related hierarchy results according to
special types of communication complexity were obtained in [3, 4, 5].
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We shall deal with the general model ot communication complexity from
the standpoint of Language theory. The results concerning the relation between
Chomsky hierarchy and communication complexity hierarchy will be obtained.

This paper is divided in two sections. In Section 1 the basic definitions are
given. We shall establish the relation between the Chomsky hierarchy and the
communication complexity hierarchy in Section 2.

1. Definitions

Now, let us formally define the model of communication complexity in the
same way as in [5].

A protocol on 2n inputs is a pair D, = ({1, @), where

1. ITis a partition of {1, 2, ..., 2n} into two equal sets S, and S;,. This
corresponds to the partition of the input into the two halves for the two
computers.

2. @ is a function from {0, 1}" x {0, 1, $}* to {0, 1}* U {accept, reject}.
Intuitively, the first argument of @is the local part of the input, while the second
argument involves all previous messages, with § serving as the delimiter between
messages. The result of @ is the next message. For a given string ¢ in {0, 1, $}*,
the function @ has the property that for no two y, y’" in {0, 1}" is the case that
d(y, c) is a proper prefix of @(y’, ¢). This prefix-freeness property assures that
the exchanged messages are self-delimiting, and that no extra “end of transmis-
sion” symbol is required.

The computation of D, on an input word x in {0, 1}*" is the string
c=¢%¢9%...%¢8¢,,,,wherek >0, ¢, ..., c,€{0, 1}*, ¢, , €{accept, reject},
such that for each integer j, 0 < j < k, we have

(1) if j is even, then ¢;,, = ®(x;,. ¢,$¢,$...8¢), where x; is the input
x restricted to the set S; and

(2) if j is odd, then ¢;,, = P(x;;, ¢;$¢,8...8¢), where x;; is the input
x restricted to the set S,,.

Let L = {0, 1}* be a language and A = {D,) be a sequence of deterministic
protocols. We say A recognizes L if, for each n and each x in {0, 1}, the
computation of D, on input x is finite, and ends with accept iff xe L. Let f be
a function from integers to integers. We say that L is recognizable within
communication f, Le COM M(f), if there is a sequence of protocols A = {(D,)
such that for all n and each x in {0, 1}*" the computation of D, on x is of the
length at most f(n).

Now, we shall formulate an assertion which will show the power of the
partition in protocols and which will be a nice example of the computation of
a protocol. Before we give this result we call attention to the fact that every
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language is recognizable within communication »n, where 2n is the length of the
input word.

Lemma 1. Let IT be the partition of {1, 2, ..., 2n} into sets S; = {1, 2, ..., n}
and S, ={n + 1,n + 2, ..., 2n} for all n. Then there exists a language L fulfilling
the following conditions:

(1) LeCOMM(),

(2) For all n and all @, the protocols D, = (I, @) cannot recognize
L n {0, 1}** within communication n — 1.

Proof. Let us consider the language L = {ww|w € {0, 1}*}. We shall show first
that Le COM M(1). For each n we construct the protocol D, = (IT, &’), where
IT is the partition of {1, 2, ..., 2n} into sets

' Pi={1,2, ..,n2,n+1,n+2, .. n+[n2}
and
Po={n21+ 1, [n21 + 2, ....n,n+[n/2] + 1, n + [nj2] + 2, ..., 2n},

and @’ is described as follows. Let y = a,...a,,, a,€{0, 1} be an input word. Then,
for all x in {0, 1}", z in {0, 1},

@'(x) = reject iff there exists j in {1, 2, ..., [n/2]} such that a; # a, , ;,

D'(x) = @, , 1y (D ifforalljin{1,2, ..., [n/2]} follows a; = a, , ;and n is odd
(even),

@'(x, z) = reject iff there exists j in {[n/2] + 1, ..., n} such that q; # a, , ,,

@'(x, z) = accept iff for all j in {[n/2] + 1, ..., n} follows a; = a
Clearly, for all n, D, accepts L n {0, 1}*.

Now, we shall show that L n {0, 1}*" can be accepted by no D, = (1T, @)
using at most » — 1 communication bits, where IT is the partition of {1, 2,
...,2n}intosets S, ={1,2, ...,n}and S;;={n+ 1, n+ 2, ..., 2n}. We prove it
by contradiction. Let A, = (I1, @) be a protocol accepting L within communica-
tionn — 1.

Now, we shall introduce a fact which we shall use to prove that if 4, accepts
all words in L n {0, 1}*", then it has to accept a word not in L.

Let z be an input word in {0, 1}*" and let z, (z;;) be the part of z restricted
to the computer I (II) according to IT, which is an arbitrary partition of {1, 2,
..., 2n}. Then we shall write z = IT; '(z,, z;,). (Clearly, for IT here considered,
I~ '(z,, z;;)) = z;z;,.) Let there exist an accepting computationd = ¢,$¢,$... 8¢,
of a D, = (IT,, @) for two different input words x, y in {0, 1}*". Then D, must
accept the input words v = IT;'(x,, yy;) and u = IT; '(y,, xy,), where x;, x;; 1, Y11)
are restrictions of x (y) according to IT,. It follows from the fact that @,(x;) =
= @,(y) = c, is the first step of D, computation on all input words x, y, v, u, and
D,(xy1, ¢;) = Dy(yy), ;) = ¢, is the second step of D, computation on x, y, v, u and
so on the arguments of @, are such that all steps of D, computation on x, y, v, u
are the same.

n+ j*
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Let us consider all accepting computations of 4, on the 2" words belonging
to L~ {0, 1}*". Since the number of all 4, accepting computations is bounded
by 2"~ ', there exist two different words w,, w, in {0, 1}" such that the input words
w,w, and w,w, have the same accepting computation. Realizing the fact introdu-
ced above we obtain that IT~'(w,, w,) = w,w, and IT"'(w,, w),) are accepted by
A,. But the words w,w, and w,w,, for w, # w,, do not belong to L, which is
a contradiction.

We note that Lemma 1 can be simply generalized for any particular parti-
tion IT.

To conclude this section we give some notation used in what follows. Let
i be a natural number. Then BIN,(i) is the binary code of i on j bits (for example,
BIN(5) = 000101). We shall denote, for a word w, the number of symbols 4 in
w by # b(w). Let m be a real number. Then [m] ({m}) is the ceiling (floor) of m.

2. Chomsky hierarchy and communication complexity

We begin to study the relation between the Chomsky hierarchy and the
communication complexity hierarchy with the simplest families of languages.
We consider the family of regular languages — % on one side, and the language
families COM M(c), where c is a constant, on the other side.

Theorem 1. For all L in Z there exists a constant ¢ such that Le COM M(c).

Proof. Let L be in # which means that there exists a deterministic finite
automaton A recognizing L. Let A have s states p,, ..., p,, We show that
L belongs to COM M(c), where ¢ = [log,s] + 1.

For each natural n, we consider the protocol D, = (I1,, @,), where II,
divides the set {1, 2, ..., 2n} into the sets S, = {1, ..., n}and S;; = {n + 1, ..., 2n},
and for all x in {0, 1}" and all jin {1, ..., s}.

@,(x) = BIN (i) iff A computing on x ends in the state p,,

@,(x, BIN.(j)) = accept (reject) iff A beginning to compute on x in the state
p; ends the computation in an accepting (unaccepting) state.

It is easy to see that D, accepts the input word iff 4 accepts this word, which
proves our assertion.

Considering the assertion of Theorem 1 the natural question is, whether
there exists a constant m such that # <€ COOM (m). In the following we show
that such a constant does not exist.

Theorem 2. For all natural c there exists L in # such that L¢& COM M(c).

Proof. We shall consider the language L = {xe€ {0, 1}*, # 0(x) =2°*'}. We
prove by contradiction that for n = 2°*' ¢ communication bits do not suffice for
recognizing L, = L n {0, 1}*".

Let there exist a protocol D, = (II, @) recognizing L, within communica-
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tion c. Let us divide all words in {0, 1}" into n + 1 = 2°*' + 1 classes K,, K|,

K where K;= {xe{0, 1}"|# 0(x) = i}. Clearly, for each y, (y;) in K
(O < m) and each u,, () in K, _, the input word IT~'(y,, u;)) (IT"'(yy1, ;)
belongs to L.

Since the number of all accepting computations of D, is at most 2¢, there
exist two input words IT~'(y,, w,) and IT~'(y,, u,,) in L having the same accepting
computation, where y, € K,, y,,€K,,, u,. €K, _;, u,,€K, _,and k # m. So we have
a contradiction because D, accepts the words IT~'(y,, u,,) and IT"'(y,,, u,) which
do not belong to L.

Considering Theorems 1 and 2 we obtain # < U COMM(c). Let us
consider the question whether the equality holds in this relatlon In what follows

we shall show that # < U COM M(c), especially we shall prove the more

c=1
powerful result that there exists such a language L, in COM M(1) that it cannot
be generated by any context grammar.

Theorem 3. There exists a language L, in COOM(1) such that L, is not in
s that is the family of all context sensitive languages.

Proof. Let x,, x,, X3, ... be the infinite sequence of all words in {0, 1}*, which
is lexicographically arranged. Let T}, T,, T;, ... be the infinite sequence of all
context grammars arranged according to their binary coding. It is well known
that the language L = {x]x; cannot be derived in 7;} does not belong to £ ;. We
shall consider the language L, = {a,1a,1a;1...q,1lk > 1, a,€{0, 1} for all
i=1, ..., k, and q,a,a,...a,€ L}. Let there be a context grammar 7" generating
L,. Then it is no problem to construct context grammar 7 accepting L, which
implies L, is not in # ;. Now, we shall show that L, is in COM M(1).

We construct, for each natural n, the protocol D, = (IT,, ®,) recognizing
L~ {0, 1}*", where IT, is the partition of {l, 2, ..., 2n} into the sets S, = {2k|1 <
<k<n}and S, = {2k + 1|0 < k < n — 1}, and @, is defined in the follewing
way. For all x in {0, 1}"

D(x)=1 iff x=1"
D,(x) = reject iff x#1"
D, (x, 1) = accept iff xeL,
D,(x, 1) =reject iff x¢L,.

Obviously, D, accepts the language L n {0, 1}*" for all n.

Considering the results obtained we could make the following reflection.
Either most languages of the Chomsky hierarchy families can be recognized in
constant communication complexity (i.e. the languages of Chomsky hierarchy
families are involved in the simplest communication complexity families), or
there exists a simple language according to Chomsky hierarchy which is not
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simple according to communication complexity hierarchy (i.e. the hierarchies
considered are uncomparable). We shall show that the second part of the
consideration introduced holds.

Theorem 4. There exists deterministic context-free language L’ which does
not belong to COM M ([log,n] — 1).

Proof. Let us consider the language L' = {xe{0, 1}*|# 1(x) = # 0(x)}. It
can be easily seen that it is no problem to construct a one-way deterministic
counter automaton recognizing L. So L’ 1s deterministic context-free language.

Clearly, we can write L' = U L,, where L, = {xe{0, 1}*||x| =2n and

n=1

# 0(x) = n}. In the proof of Theorem 2 we showed that the language
{xe{0, 1}*/# 0(x) =2°* '} n {0, 1}*

requires, for n = 2°*' communication complexity greater than ¢. So we have
that L, = L’ n {0, 1}* cannot be recognized in communication complexity
[log,n] — 1 for all n, therefore L' ¢ COM M([log,n] — 1).

We conclude this paper with the note that no substantial coherence is
between the Chomsky hierarchy and the communication complexity hierarchy.
Howewer, this does not exclude the possiblity of some relation between the
Chomsky hierarchy and the layout area of the chips recognizing the languages.
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PE3IOME

COOTHOIMEHUE MEXOY UEPAPXHUEN YOMCKOI'O U UEPAPXUEN
KOMMYHUKATHUBHOMN CJIOXXHOCTH

HOpait I'pomxoBuy, BpaTucnasa

B pabGoTe ucnenoBaHa HOBas Mepa CJIOXHOCTH ONpejesieHHa cliefoBaTesbHO. [1ycTh A3bIK
L < ({0, 1}’)* pacnio3HaeTcs AByMs OTAa/IEHHBIMH BHIYUCIIMTEIbHBIMH MaluMHaMK. Kaxaas Mauiu-
HA MOJIy4aeT NMOJIOBUHY BBOAHBIX OUTOB M BHIYHCIIEHHE OCYLLECTBJISETCSA IPH 1IOMOILM MPOTOKOJIOB
nepesayd JaHHBIX MEXy 3TUMH MallMHaMH. MHHMMabHOE KOJIN4eCTBO OGMTOB, KOTOPBIMU Ma-
ILIMHBI IOJDKHBI OOMeHSITCS, YTo6bI pacnosHaTs L N {0, 1}, pa3/ieneHHbIi BO BCEX YaCTAX BBOIHBIX
6MTOB Ha 1BE OIMHAKOBBIE JI0JTH, Ha3bIBAETCA KOMMYHHKaTUBHOM CJIOXHOCTBIO A3bika L. B pabote
CPOBHEHA HEpapXHsi KOMMYHHKAaTHBHOMW CJIOXHOCTH C Hepapxueil YoMcKoro.

SUHRN

VZTAH CHOMSKEHO HIERARCHIE A HIERARCHIE
KOMUNIKACNEJ ZLOZITOSTI

Juraj Hromkovi¢, Bratislava

V praci sa $tuduje nova miera zloZitosti pre rozpoznavanie jazykov definovana nasledovnym
spésobom. Predpokladajme, Ze jazyk L < ({0, 1}*)* ma byf rozpoznavany dvoma réznymi poéitac-
mi. Kazdy podita¢ dostane polovicku vstupnych bitov a vypodet prebieha pouzivajuc protokoly pre
komunikaciu medzi tymito dvoma podita¢mi. Minimalny pocet bitov, ktoré musia byt vymenené za
iéelom rozpoznania L n {0, 1}*", minimalizovany cez vietky rozdelenia vstupu na dve rovnako velké
Casti, a uvazovany ako funkcia n, sa nazyva komunikaéna zlozitost jazyka L. V praci je ukazany
vztah medzi hierarchiou komunikacnej zloZitosti a Chomského hierarchiou.
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