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ON ONE METHOD OF A POSTERIORI ESTIMATION
RUDOLF KODNAR, Bratislava

1. Introductory formulations

Let Qbe a bounded domain in R” with the bound 02 which satisfies several
conditions of smoothness. Let on £ be given a boundary value problem (see [3])
such that u,e V is its weak solution if

¥ve K: ((U, uO)) = (U’ j)Lz + K(U, h) - ((U, W)). (1)

((,)) is a bounded bilinear form, V = W(£2), (,),, is a scalar product in L,(£2),
we W (9),

rok—m ol
wo,h)=Y Y J b, dS,
p=1 =1 Jag, op*

fe L)), h, e L,(082) (all is ‘real), n is a direction of an outer normal to (2
02= )00, Let

! £oeV: (v, ) = PIv|, aeR), 2)

*u, veV: (4, v)) = ((v, w) 3

hold. Then there exists u,€ V such that (1) is fulfilled and u, minimizes in ¥ the
functional

F(U) = ((05 U)) - 2(U, f)Lz - 2"(”’ h) £l 2((”9 W)),
while

F(ug) = — (4o, up))-
Assume that we can find the lower estimation d for the value F(u,), then
d < F(u).
185



Then from (2) we get
< veV: dlug— v} < (4o — v, uy— v)),
from which, as u, fulfils (1),

xveV: &llug — vl < (uo, u9) — 20, N1, — 2w, b) + 2((v, w)) +

+ (v, v)) = F(v) — F(uy).
Thus

<veV: uy—v|, < ‘l—z (F(v) — d)'".

2. The construction of lower estimation

In literature [e.g. 1] several constructions of the lower estimation d are
described. But the majority of them is applicable for the single special problems

only.
Theorem 1. Let
<ueV, «veWX2): (u—v, u—1))>0. @)
Let, further, v, € W;*(£2) be such that
s ueV: (u,v) = (u, N, + x(u, h). (%)
Then
F(ug) 2 —((v, — w, v, — w)). (6)

Proof. From (4) we get

(@, W) = 2, Nz, — 25w, b) + 2((u, W) > —((v, v)) + 2((u, v)) —

— 2(u, f), — 25(u, h) + 2((u, w)).
Thes (w, ) #(u, h) + 2((u, w))

fueV, € ve WHQ): Fu) > —((v, v)) + 2((u, v)) — 2, f),, —
— 2x(u, h) + 2((u, w)).
Denote v, = v + w. Then from (7) we get

Q)

xueV, €0, eW (Q): Fu) > —((v, — w, v, — w)) — 2(u, /), — 2x(u, h) +
+ 2((u, v)).

From which by use of (5) we have

fueV: Fu) =z —((v, — w, v, — w)).
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If we have information on regularity of solution of the starting boundary
value problem, the construction of the lower estimation may be simplified.
Consider a linear boundary value problem

Au=f in Q, } ®)
Bu=0 ondf
Denote
K = {ulue C%*~-Y(0) n C¥(Q), Auec L(2)}.
Then

D, = {ulue K, u fulfils all the boundary conditions}.

Suppose that 4, f, 2 and the boundary conditions in (8) are such that the
solution u, of the problem (8) belongs to D,. Let ((,)), be a symmetrical bilinear
form such that '

< uek: ((u, u), =0, . &)
< uek, «veD, ((u, v), = (Au, v),,. (10)

Remark. It can be shown that such a form exists for the most of the
boundary value problem with Laplace and also with biharmonic operator.
Lemma 1. u, minimizes in D, the functional

Fy(u) = ((u, ), — 2(f, u) ;-
Proof. From (9), (10) for ue D, we have

0 < ((u — up, u — ug))y = ((u, w)), — 2(f; w)p, + (4o, up):- (11)
But

Fi(up) = (4o, ug))1 — 2(Aug, ug) 1, = —((up ).
From (11) then
< ue D, Fi(u) = F\(up).
Theorem 2. Let ve K be such that Av = f. Then

F(ug) = — ((v, v)), (12)
holds.

Proof. < ueD,, < veK: (v —u, v — u)), = 0. Then
((u, W), — 2, N, = — (v, V)1 — 2, i, + 24, V)1
From it follows that
<ueD,, «vek: Fi(u) 2 —((v, v)), — 2(Av — f, u),,
which ends the proof.
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Example. Consider the boundary value problem
—Au=f in (13a)

o)

where 002 = 002, U 0£2,, B = const. > 0.
In this case k =1, r = 2, #,=0,1,=0,1,=0,h,=0, hy, =0, w =0,

= {ulue W;\(Q), ulag, = 0 in the sense of traces},
Ouy Qv
=1 0x; 0x;

=0, (13b)
o,

u

(v, up)) = Z —dQ+ ﬁj ug ds.

Assumption (4) is clearly satisfied.

If 2is such that the solution u, of the problem (13) is from D_, we choose
the bilinear form

(4, v)), = j Y wp, dQ+ I J uv, dsS, u,vek.
Qi=1 B Ja

2,
Then
ueD_u Fy(u) = —((v, v)),, (14)
where
veK: —Av=f

3. Improvement of the lower estimation

Usually it is not difficult to construct the estimation (12) and sometimes also
(6). For the boundary value problem (13) we get the estimation (12) if we find
ve K such that (13a) holds. The estimation (6) we get if e.g. we find ve K such
that (13a) holds and

(v, + P)lag, = 0.
Denote

U={ve W Dl«ueV: (4 v) = (u, N, + xu, h)}.

Lemma 2. The set U is convex and closed.
Proof. Let v,€ U, v,e U and 0 < y< 1. Then

<ueV: ((u’ WI)) = (u, 79‘)1_2 + x(u, 7h);
fueV: ((u, (1= Mv)) = W, 1 = NN, + u, (1 — Ph).
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From that
((, vy + (1 = Vvy) = (4, N, + (u, h).

Let further {v,} = U be fundamental sequence in U. Thus

v, = ve WH(R).
But
< n, €ueV: ((u, v,)) = U, f), + #(u, h), (15)

by this from the continuity of bilinear form in (15) we have

fueV: ((u, v)) = (u, f)Lz + #(u, h).

Denote
J@) = (v —w, v —w)),

where w is a fixed element from W;*(£2).

Lemma 3. The functional J(v) is convex on W ().

Proof. J(v) is differentiable in Gateaux sense. Then the proof follows from
the relation between differentiability and convexity [2].

Lemma 4. The functional J(v) obtains on U the minimum in the ele-
ment y, + w.

Proof. As u, fulfils (1), there is

< ueV: ((u, ug+ w)) = (u, f), + #(u, h) =>uy+wel.

From (6) we have
< veU: J(v) = (4, Up))-

At the same time u, is the only minimum point of J(v) on U if ((u, u)) =
=0=u=0. :

Corollary. Relations
< veU: J(u) < J(v), (16)
<veU: J(u,v—u)=0

are equivalent.

For the solution of problems (16) it is possible to use methods of variational
inequalities.
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SUHRN
O JEDNEJ METODE APOSTERIORNEHO ODHADU
Rudolf Kodnar, Bratislava
Skima sa okrajova uloha, ktorej slabé rieSenie u, je definované vztahom (1). Pri predpo-
kladoch (2), (3) je konstruovany dolny odhad minima F(u). Je ukazané, Ze na rieSenie problému

dolného odhadu mozno pouzif tieZ metodiky variaénych nerovnic. Tym sa dostavaju dalSie proti-
smerné (Gstretové) metody k energetickej metode riesenia (1).

PE3IOME
OB OIHOM METOJE AINOCTEPMOPHO¥ OLIEHKU
Pynonsd Konnap, Bpatucnasa
Hccnenyetcs kpaeBas 3aaa4a, 060611eHHOE pellieHHe KOTOPO# OnpeieNieHO COOTHOIIEHHEM
(1). Ipn npeanonoxenusx (2), (3) KOHCTpYHpyeTCa HUXKHAA OLEHKa 1 MUHUMYMa F(u,). [Tokasa-
HO, 4TO ISt PELLICHUS 3a/1a4H O HHXHEH OLIEHKE MOXHO TOX€E IPUMEHHTh METOJMKH BapHALIHOHHBIX

HepaBeHCTB. TakuM 06pa3oM NOJy4arOTCs BCTPEYHBIE METOABI K JHEPreTHYECKOMY METOLY pellie-
Hus (1).
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