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ON THE CONSTRUCTION OF AN INVARIANT VOLUME

MARTIN KALINA, Bratislava

In his paper [1] J. Kalas constructed a measure, which is invariant with
respect to a given group of autohomeomorphisms. In this paper we present
similar result using methods of the nonstandard analysis.

According to M. Davis we denote by *E the nonstandard enlargement of
a set E and by °x the standard part of a finite hyperreal number x (x — °x is an
infinitesimal).

Let (X, T) be a topological space, (U,);"_, a sequence of open coverings of
the space X, H be a group of autohomeomorphisms of X and let & be a class
of closed sets, containing (), which is closed under finite uniouns and under the
group H. Denote

Vi=U, V,={EnF|EeV,_,, FeU)} n=23, ...

Let the following conditions hold:
1) For any Fe # and any Ve (V,);"_, there exist G;e Vand h,e H(i= 1, 2,
..., n) such that _) h(G) o F.
i=1
2) For every set Fe # and for every open nonempty set G such that F =G
there exists ne N such that for each E€ ¥, and each he H there holds

if (E)yn F # 0, then h(E) = G.
3) Let us suppose that there exists a set 4 € # such that for every set Fe #
there exist e H (i = 1, 2, ..., n) such that | ) h(4) > F.
Let Fe# and Ve (¥),_,. We define =
F:V =min {nl EeV,heH (i=1,2, ..., n) such that C)h,.(E,.) o F}
i=1

F: A = min {nl heH (i=1, 2, ..., n) such that C)h,.(A) = F}-
i=1
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Let us define functions 4; # — R by the formula

EV tExg
ME)=<A4:V, .

0, ifE=0

Lemma 1. 4, are nonnegative, nondecreasing, subadditive functions, which
are invariant with respect to the group H.

Proof. We shall prove that the functions A, are invariant with respect to
H. The rest is clear.

Let Ee#,geHand E: V, = n. ThereeXIStGeVandheH(j—] 2,....,n)
such that

U h(G) > E.
Evidently
gE)cg L_)I hj(Gj)> = szl g°hy(G).

This implies
E:

~V
1\

g(E):V, (1
Formula (1) implies

E:Vi=g 'og(E):V,<g(E):V,SE:V,

i

Q.E.D.
Lemma 2. For every set Ec % there holds A, {(E)< E:A.

Proof. Let E # (. Then A(E) = j: b .Let A:V,=nand E: 4 = m. Then
there exist G,e V, gEH(=1,2,..,nand hheH (k=1,2, ..., m) such that

Ugj( ) o4, Uhk(A)DE
This implies
SRV ) O Uns@=r
Hence ) a e
E:V,Sm-n=(E:A)-(4:V).

Q.E.D.
(4)7~  is a sequence of functions A; # — R, ie N. Hence for n e *N\N we get
a function *A,; *# — *R.

Lemma 3. Let ne *N\N. Then for any disjoint sets E, F
*A(*E) + *A,(*F) = *A(*(E U F)).
Proof. Let En F = 0. The set X\F is open and E < X\F. The condition
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2 implies that there exists me N such that for each Ge V,, and he H there holds
if h(G)N E # 9, then h(G)n F =0, (2)
if (G)N F # 0, then h(G)Nn E = 0. (3)
By the construction of ¥, we get that (2) and (3) hold for each n > m hence also
E:V,+F:V,=(EuF):V,
for n > m. The definition of A, implies that
A(E) + A(F) = A(EUF)
for each i > m. Therefore

*A(*E) + *A,(*F) = *A,(*(E v F))

for every ne *N\N. Q.E.D.
For a fixed hyperinteger ne * N\N define 1: # — R by the formula A(E) =
= %*1,(*E).

Theorem. The function A is a finite volume, which is invariant with respect
to the group H.

Proof. This theorem is a corollary of Lemmas 1—3 and the transfer prin-
ciple.
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SUHRN
KONSTRUKCIA INVARIANTNEHO OBJEMU
Martin Kalina, Bratislava

Ciefom ¢lanku bolo podat novy dékaz existencie objemu, invariantného vzhladom na dan\'ll
grupu homeomorfizmov topologického priestoru. Tento dokaz vyuziva metody ne$tandardnej
analyzy.
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PE3IOME
KOHCTPYKLIUSA MHBAPUAHTHOI'O OBBEMA
Maptun Kanuna, Bpémcnaaa
B cTaTH HOBOE [0KAa3aTeIbCTBO CYLIECTBOBAHMUSN 0ObEMa, MHBAPHAHTHOTO BBHAY TPYNMbI

rOMCOMOp(bH:!MOB JAHHOI0 TOIIOJIOTHYECKOI'O NMPOCTPAHCTBA. lloxaaa‘renbcmo HCMOJIb3YET ME-
TOObI HECTAHAAPTHOI'O aHaJibi3a.
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