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ON THE KOLMOGOROV CONSISTENCY THEOREM
FOR RIESZ SPACE VALUED MEASURES

JURAJ RIECAN, Bratislava

Let 7 be an index set such that for every finite non-empty a < I, a = {i,, ...,
i,} there is a Borel probability measure u,: B, — R. If the measures (y,),. , form
a consistent system of measures, then the classical Kolmogorov theorem states
that on the space R there is a measure y such that u(r; '(E)) = p(E) for every
finite @ < I, E€ B. In the paper we prove a generalization of the theorem in the
case that u,: B, —» X, where X is a Riesz space (i.e. a linear lattice) of some type.

1. Compact approximation

1.1 Definition. A linear space X will be called a Riesz space if
a) X is a lattice

b) for any x, ye X such that x < y, any ze X and any ceR, c >0 it is
X+z<y+z,c-x<c-y.

1.2 Definition. Let M be a set, 4 = 2" be an algebra and X be a Riesz space.
A function u: 4 - X will be called an X-valued content, if

(i) p@®=0

(i) For any set Ee€ A4 it is u(E) = 0.

(iii) For any sets E;e 4 (i = 1, 2, ...) such that E, N E, =0 (n # m) and for
any positive integer k it holds

k k
p(U E,) =Y w(E) (additivity)
i=1 i=1
1.3 Definition. Let M be a set, 4 = 2 be an algebra and X be a Riesz space.
An X-valued content u: 4 — X will be called an X-valued measure, if

(iv) for arbitrary sets F,e4 (i =1, 2, ...) such that E,nE,, = 0 (n # m) it
holds
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20 n

p(g E,-) =\ I[J(E,») (o-additivity)

n=1i=

4 will be called a continuous X-valued content, if
(v) for arbitrary sets E€4 (i=1,2,...)suchthatE;, , c E;(i=1,2,..)

and () E, =9, itis

/\HM(E)=0  (continuity)
i=1

1.4 Remark. A Riesz space X will be called o-complete, if any non-empty,
countable, bounded set has the supremum and the infimum. X is weakly o-distri-
butive, if it is true:

(a;); bounded, a; N0 (j > 0,i=1,2, ...)=
= /\ \/“i,w(:):O
@eNN i=1

It is easy to prove the following lemma:

Lemma A. Let X be a o-complete, weakly o-distributive Riesz space. Let
{@,j}n i, j- 1 be a bounded sequence such that g,; N0 (j—> 0, i=1,2,...,n=1,
2, ...). Then to any a€ X, a > 0 there exists a bounded sequence {a;};_, a; \ 0
(j— o0,i=1, 2, ...) such that for any ¢: N > N it is

© o «©
an Z \/am'cp(i+n) = _\/aia’(n

n=1i=1 i=1

(Proof: See [4] Proposition 3.)

1.5 Lemma. Let M be a set, 4 = 2" be an algebra, X be a o-complete Riesz
space and u: A — X be an X-valued content. Then y is an X-valued measure if
and only if it is a continuous X-valued content.

Proof. (=)

Let {E}* , be a sequence such that E; ., c E, Ei€4 (i=1, 2, ...) and

(\E=9.Put F=E —E, (i=1, 2, ..). Evidently F,nF, =0 (n+# m),
i=1

hence

Further E, = | ) F, and
n=1

0=p<E. - Qﬂ):p(E,)—y(Qﬂ)=
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uEy = A (ud = 3, ury) =

= /_\I (W(E) — (W(E\EY)) = /_\I ME,)
(=)
Let {E};2 , be a sequence such that E,e A (i = 1,2, ...), E,nE, = 0 (n # m)
and E = () E,e A. Denote
i=1

~uE)-\/ ¥

n=1i=1

0= AU(E) = /"\,,(E— k:). E> = 7\ (u(E) - #(U E,.>> -

n=1 i=1

Hence

H(E) = ”<U. E.-) . \/I (ZI u(Ei))-
Q.E.D.
1.6 Definition. Let M be a set o = 2 be an algebra, X be a Riesz space and
u#: A — X be an X-valued content. A system ¥ — .o approximates a set Be .o/,
if there exists a bounded sequence {a;}j- 1 such thata; N0 (j > 00,i=1,2,...))
and such that to any ¢: N —» N there exists Ce¥, C c B and

uB-C) = \/laiv(:)

The system € approximates a system # c .o, if it approximates each set
Be %.

1.7 Definition. Let M be a set, o/ = 2™ be an algebra, X be a Riesz space
and p: o/ — X be an X-valued content. A system ¢ < .o/ is compact, if for every

sequence {C}2,, C;e€ (i=1, 2, ...) such that (" C;#0 (n=1, 2, ...) it is
i=1

N C # 0. A system # < o is compactly approximable, if there exists a com-
i=1
pact system € — o which approximates %.

1.8 Theorem (Alexandrov). Let M be a set, o < 2™ be an algebra, X be

a o-complete, weakly o-distributive Riesz space and p: & — X be an X-valued
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content. Let ./ be compactly approximable. Then x is continuous and hence p is
an X-valued measure.

Proof. Let Ee o/, E,, < E;(i=1,2,...)and (") E, = 0. Since & is a com-
i=1

pactly approximable algebra, there exists a compact system ¥ < & such that to
any set F, (n=1, 2, ...) there exists C,<c ¥ such that C,c E, and

uE,—-C)= \/ Apig(i)
n=1

Since () E, =9, then () C,=0 and it follows by the compactness of

n=1 n=1

& that there exists me Z* such that () C;= 0. Evidently () C, =0 for any

i=1 i=1

n > m. Hence for any n > m it is

mEk: mEk_kacU(Ek—Ck)-
k=1 k=1 k=1 k=1

It follows that

n X

u(E,) = #(kU‘ (Ex — Ck)) = kz rig(i + n)
= =1li=1
By Lemma A to the element a = u(X) there exists a sequence {a;};";,_, which is
bounded and such that a; N0 (j— o0, i =1, 2, ...). Hence

X

U(E,) = p(X) A kz \/ i + n) =< \/aiq)(i)
= i=1

1i=1

for any ¢: N — N. Therefore

n/_\, u(E,) = ¢{>~ .\—/1 Aoy = 0

By Lemma 1.5 y is an X-valued measure. Q.E.D.

1.9 Lemma. Let M be a set, o < 2™ be a o-algebra, X be a o-complete,
weakly o-distributive Riesz space and yu: & — X be an X-valued content. Let
& < o approximate # — o/. Then & approximates #° and & % approximates
#°. (#°is the system generated by % and closed under countable unions and B°
is the generated system closed under countable intersections.)

Proof. 1° (unions). If Be #°, then there exist B,e # (k = 1, 2, ...) such that

B = () B,. To any positive integer k there exists {a,;};,_, which is bounded,
k=1
;>0 (- o0,i=1,2,..)and such that the following is true: There exist

S, €& such that S, < B, and
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u(B, — Sy = \_/l Qo + i)

By Lemma A (see 1.4) there exists a bounded sequence {a;}{,_, such that
; \/ Aigk + i) = \/ Qig(i)-

Further, S= () S, = () B,=Band to any 9p: N> N
k=1

k=1

o0

IU(B S)<.U<U(Bk—sk))<u(M) A Z \/akla:(l+k)§ U lq)(t)

k=1i= =

2° (intersections). If Be #°, then there exist B,e # (k = 1, 2, ...) such that

= (") B.. To any positive integer k there exists {,;};";_,, which is bounded,
k=1

4y~ 0 (j—> o0, iy k=1,2, ...) and there is S,e¥, S, B, that for every
o N> N £
uB,— S, = Makidi+k)

Hence by Lemma A there exists a bounded sequence {g;}{",_, such that a; » 0
(G—oo0,i=1,2,...)and

u(M) A Z \/akm)(k+l) \/a,w)

Then S= (") S, < ﬂBk=Band

k=1 k=1

uB—-S98) =< ﬂ(kul (B, — Sk)) uM) A Zl \/lakup(l+k) \/am(n
for any ¢: N> N. Q.E.D.
1.10 Remark. If we assume in Lemma 1.9 that .o/ is an algebra, then we can
prove that & (the least system over % closed under finite intersections)
approximates £ and %" (the least system over ¥ closed under finite unions)
approximates £".
1.11 Lemma. Let M be a set, o/ < 2™ be an algebra, X be a Riesz space and
u: o/ — X be an X-valued content. Let 7 be an index set. Let &, < ./ approxi-

mate 8, < o for any ael. Then () &, approximates U B,

ael

Proof. To any B,e (_) %, there exists a,el such that B e A,, Since &,

ael .

approximates %, U &, approximates %,.

ael
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1.12 Lemma. Let M be a set, o < 2™ be an algebra, X be a o-complete,
weakly o-distributive Riesz space, y: A — X be an X-valued content. Let I be an

index set. Let &, c o/ approximate &, < o/ for any ael. Then (U 9’.:)

ael

approximates the algebra .o/ (U ga> generated by | ) 2,

ael ael

Proof. We shall use the next lemma (see [1], Corollary (0.2)): Let {7 ; ae [}
be a system of subalgebras of an algebra .o/. Then

2(Uat)= U (W) -

ael lIoeJo \ael
where J, = {I, < I, I, is finite}.
By Lemma 1.11 the system |_) &, approximates (_) %,. By Lemma 1.9 the

a\ ael

system <U ya> approximates (U ga> , hence also

uel ael

()= ()
ael lIoeJo \ach

Q.E.D.

1.13 Corollary. Let M be a set, o < 2 be an algebra, X be a o-complete,

o-distributive Riesz space and u: o/ — X be an X-valued content. Let {#,; ae I}

be a system of algebraically o-independent algebras (#, = «/) and %, be a com-

pactly approximable algebra for any ael. Then the algebra d(U .9?,,) is

ael

compactly approximable.
Proof. Let €, be a compact system approximating %, for any a.
I. Then by Lemma 1.12 (U fga> approximates the algebra o/ (U ga>.

ael ael

By [1] Lemma (1.3), Lemma 1.4 and Theorem 1.6, (U %a) is a compact
ael

system. Q.E.D.
1.14 Theorem. Let {27 ; ae I} be a system of algebraically o-independent
algebras, X be a o-complete, weakly o-distributive Riesz space and

w oA (U oA ,,) -X
uel
be an X-valued content. Let 7, be compactly approximable for any ae I. Then

o/ (U .c/u) is compactly approximable and g is an X-valued measure.

ac |
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Proof. By Corollary 1.13 the algebra &/ (U M,,) is compactly approxi-
ael

mable and by the Alexandrov theorem 1.8 y is an X-valued measure.
Q.E.D.

*

2. Kolmogorov theorem

Let 7 be a directed set (i.e. such a partially ordered set that for every a, fe/
there exists ye I with @ < 7, f < 7). By a projective system we mean a family
{X, ael} of sets with a family of mappings 7, ;. X, — X, (a < ) such that =, ,
is the identity map for every ael and n; ,o 7, ;= 7, , whenever a, f§, yel,
a < B< y. The projective limit of a projective system {X, ael} is the set
X, ={x€ X X, m (xp) = x, for any @, el such that @ < ﬁ}- '

ael
In this section {X,; a€ I} will be a projective system of compact topological
spaces, #(X,) will mean the family of Baire subsets of X, and 7, X, — X, will
be the projection.
2.1 Definition. Let {X, ael} be a projective system of spaces. Let
U, #B(X,) — X be an X-valued content for any ae . {u,, ael} is called a consis-
tent system of contents, if for any @, < @,e/ and for any set Ee #(X)) it is

Hel T E)) = pio(E)

2.2 Definition. Let X be a projective limit of {X; aeI}. Let M = {u,; ael}
be a consistent system of measures with values in a Riesz space X
(4, #(X,) — X). Define and X-valued content u: X, — X induced by the system
M in the following way: E = n;'(F), Fe A, a\ we define u(E) = p,(7; '(F)).

2.3 Lemma. #(X,) is a compactly approximable system (See [3], Theo-
rem 2.)

2.4 Lemma. Let S = {X,; ael} be a projective system, X a be Riesz space,
(4,).c; be a consistent system of X-valued measures and u be the induced
X-valued content. Then 7, '(#(X,)) is a compactly approximable system for any
ael and n;'(#(X))) is an algebra.

Proof. By Lemma 2.3 and Definition 2.2 #(X,) is a compactly approxi-
mable system. Evidently 7z, '(#(X,)) is a compactly approximable system for any
ael. Q.E.D.

2.5 Theorem (A generalized Kolmogorov theorem for measures with values
in Riesz spaces). Let X be a o-complete, weakly o-distributive Riesz space.
(I, <) be a directed set, S={X,; acl} be a projective system. Let X, be
a projective limit of this system, M = {,; #(X,) — X; acl} be a consistent
system of X-valued contents, u: &/(X,) — X be the induced X-valued content.
Then y is an X-valued measure.
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Proof. By 2.3 and 2.4 {n; '(#(X,)); ac I} is a system of compactly approxi-
mable algebras. x;'(#(X,)) are algebraically o-independent algebras. By 1.14
(X ) is compactly approximable and so u is an X-valued measure.

' QED.
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PE3IOME

O TEOPEME KOJIMOI'OPOBA O COT'JTACOBAHHWH AJis1 MEPbBI
C 3HAYEHUSAMHU B NMPOCTPAHCTBE PUCA

IOpaii Puevan, Bpatucnasa

B pa6oTte aoka3eiBaeTcs Teopema KosMOropoBa /uisi TpOEKTHBHBIX CHCTEM MeEp C 3HAYEHHA-
MH B 0-NO.THOM, €1a60 o-AUCTpHOYTHBHOM npocTpancTse Puca.

SUHRN

O KOLMOGOROVOVEJ VETE O KONZISTENCII PRE MIERY
S HODNOTAMI V RIESZOVOM PRIESTORE

Juraj Riecan, Bratislava

V prici sa dokazuje Kolmogorovova veta pre projektivne systémy mier s hodnotami v o-tpl-
nom, slabo o-distributivnom Rieszovom priestore.
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