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A NOTE ON THE SHIFT OF THE CIRCLE
BELOSLAV RIECAN, Bratislava

In the paper we present a new proof of the strong ergodicity of the shift of
the circle (with an irrational amplitude). (See e.g. [2], theorem 2, ch. 3, § 1.)

We shall represent the circle as an interval G = (0, 1) and the shift 7, as
amapping I: G - G, T(x) = x + a(mod 1), ie. T(x) = x + a,if x <1 —a, or
T,(x) =x+a—1,if x 2 1 — a, respectively. A measure u defined on the o-al-
gebra B of all Borel subsets of G is called to be T -invariant, if u(7,”'(E)) = u(E)
for every E€ B.

Theorem. If a is an irrational number, then T; G — G is strongly ergodic,
i.e. there is exactly one T -invariant probability measure on B.

Proof. Evidently, the Lebesgue measure A is T -invariant. Let u be another
T -invariant measure.

Our proof is based on two facts:

1. If a is irrational and x € G, then the trajectory (77'(x)), is a dense subset
of G.

Since p is also Tj-invariant (i.e. T;-invariant, where b = na (mod 1)), we
conclude: There exists a dense subset M < G such that uis 7;-invariant for every
be M. (Namely, M = {na (mod 1); ne N}).

2. p is a Haar measure on G, i.e. u(E) = u(E + b) for every Ec B. Of
course, it is sufficient to prove the equality for the sets E = {c, d), where
0 = c<d< 1. Since M is dense, there are a,e M such that a, \« b. Then

(e — b, d — b)) =u(ﬁ<e—a,, d—b>)=
= lim p(Cc — g, d— b+ a,— a)) = lim p(Ce, d— b +a,)) =
_ ,,((“jl Ced—b+ a,,)) = u(e, d)).
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Moreover, u({x}) = 0 for every xe G. Namely, T,""({x}) are pairwise disjoint,
since a is irrational. Therefore

12 u(U E‘"({X})) =2 u(T"(x}) = ¥ p({x}).

Hence we have proved that every T -invariant measure y is a Haar measure.
Since G is a compact topological group, there is exactly one Haar probability
measure on B (see e.g. [1], theorem C, § 60), i.e. u = A. So there is exactly one
I-invariant probability measure on B, i.e. T, is strongly ergodic.
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SUHRN
POZNAMKA O POSUNUTiI NA KRUZNICI
Beloslav Riecan, Bratislava

V préci je uvedeny novy dokaz silnej ergodi¢nosti posunutia (s iracionlnou amplitudou) na
kruznici.

PE3IOME
3AMEYAHHME O CABUI'E HA OKPYXHOCTH
Benocnas Pueuan, Bpatucnasa

B cTaThe NpHBOAMTCA HOBOE OKA3aTENILCTBO CTPOrOi IPrOAUYHOCTH CABHIa (C HPPAIHOHA-
bHOH aMIUIHTYOH) Ha OKPY)XHOCTH.
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