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ON QUASI-UNIFORM CONVERGENCE AND SYMMETRICALLY
CONTINUOUS FUNCTIONS

JOZEF DOBOS, Kosice

The function f: R — R is said to be locally symmetric at the point xe R if
there exists a § = &(x) such that for each h, 0 < h < §, the equality f(x — h) =
= f(x + h) holds. The function f: R — R is said to be locally symmetric (on R)
if it is locally symmetric at each point xe R (see [1]).

The function f: R — R is said to be symmetrically continuous at the point
x€eR if '1'1_13:1) (f(x + h) — f(x — h)) = 0. The function f: R— R is said to be

symmetrically continuous (on R) if it is symmetrically continuous at each point
x € R (see [1]). Clearly each locally symmetric function is symmetrically continu-
ous.

It is known (see [1]) that the class of all symmetrically continuous functions
is closed with respect to uniform convergence. In connection with this fact the
question arises whether the abovementioned class is closed with respect to
quasi-uniform convergence. The purpose of the present note is to give a negative
answer to this question.

For convenience we recall the definition of quasi-uniform convergence.

Definition. Let X be a set and Y a metric space (with the metric d).
A sequence {f,}°_ , of functions f,: X — Y (n = 1, 2, ...) is said to be quasi-unifor-
mly convergent to f/: X — Y if

(i) {f,}>- converges pointwise to f: X — Y, and
@ii)) e>0me{0,1,2,...} peN xeX:

. min {d(fm + l(x)’ f(x))’ s9ey d(fm +p(x)9 f(X))} <é&
(see [2], p. 143).

Lemma 1. Let X be a set and Y a metric space (with the metric d). Let {f,}2- |
be a sequence of functions f,: X —» Y (n=1, 2, ...), converging pointwise to
f: X - Y. If there exist sets 4, B < X such that

(1) AUB=X,
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?2) for any xe A ke N: fo(x) = f(x),
3) for any xe B ke N: f, _(x) = f(x),

then {f,}*_, converges quasi-uniformly to f: X - Y.
Proof. Let me{0, 1, 2, ...}. Put p = m + 2. Then we have

for each xed: f, , ,(x) = fom + ox) = f(%),
for each x€B: f,,, , (X) = fon + 1(¥) = f(x).

Hence for each xe X we obtain

min {d(fm+ l(x)9 f(X)), Cok d(fm+p(x)’ f(x))} =0<e

Lemma 2. Let f, g: R — R be functions. Let us suppose that there exists
a finite set F = R such that f(x) = g(x) for each xe R — F. Then f is locally
symmetric if and only if g is locally symmetric.

Proof. Let f be locally symmetric. Let xe R. Then there exists d, > 0 such
that

for each heR, |h| < ;: f(x + h) = f(x — h).

Put = min {6,, dist (x, F— {x})} > 0. Let heR, 0 < |h <. Then x + A,
x — he R — F, hence we have

gx+h)=fx+h) =flx—h) =g(x—h).
Thus g is locally symmetric.

Lemma 3. Let /- R — R be locally symmetric at 0. Let for each ne N the set
{xe R —{—1/n, 1/n): f(x) # 0} be finite. Then f is locally symmetric.

Proof. Let xe R, x # 0. Let ne N such that 1/n < |x|/2. Put A = {yeR —
—<{—=1/n, 1/n>: f(y) # 0} — {x}, 6§ = min {1/n, dist (x, A)} > 0. Let he R, 0 <
< |h| < 6. Since |(x + h) — x| = |h] < dist (x, A), we obtain x + h¢ A. Since
|h| < 1/n, we get

ln <|x1/2 = |x| — |xl/2 < |x| — |A| = |x + Al,

hence x + h¢ (—1/n, 1/n). Since |h| > 0, we have x + h¢{x}. Then x + he
e{yeR: f(y) = 0}, i.e. f(x + h) = 0. Thus fis locally symmetric at x.

Theorem. There exists a sequence {f,}°_ , of functionsf, R>R(n=1,2,...)
converging quasi-uniformly to f: R — R such that each f, is locally symmetric
but 1 is not symmetrically continuous.

Proof. Put K = {—1/(2k): ke N} and L = {1/(2k + 1): ke N}. For each
ne N put

K,=Ku{l/2k+1): k<n}u{1/2k): k = n},
L,=Lu{—-1/2k): k <n}u{—1/2k + 1): k = n}.
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Define a sequence {f,}"_, of functions f,: R—> R (n =1, 2, ...) as follows

n=

me(x)={1 for xeK,, f2m—l(x)={l for xeL,,

0 forxeR-K,, 0 forxeR-1L,
(m=1, 2, ...). Define a function /> R — R as follows

1 forxeKuUL,
0 otherwise.

S(x) = {

It is not difficult to verify that the sequence {f,};"_ , converges pointwise to f. Put
A=(—00,0) and B =0, x).

Then by Lemma 1 the sequence {f,};_, converges quasi-uniformfy to f. By
Lemma 3 the functions f; and f; are locally symmetric. Hence by Lemma 2 each
function f, (n = 1, 2, ...) is locally symmetric. Since

lim (0 +1/@2n + 1) =0 - 1/@n+ D) = 1,

the function f is not symmetrically continuous.
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SUHRN

O KVAZIROVNOMERNEJ KONVERGENCII A SYMETRICKY
SPOJITYCH FUNKCIACH

Jozef Dobos, Kosice

V tejto praci dokazujeme, ze mnoZina vietkych symetricky spojitych funkcii nie je uzavreta
vzhladom na kvazirovnomernii konvergenciu.

PE3IOME

OB KBASUPABHOMEPHOW CXOAMMOCTHU U CUMMETPUUYECKHU
HENPEPBIBHBIX ®YHKLIUAX

Mosed Mob6ow, Koumue

B HacTosuwell pa6oTe MBI OKa3BIBAEM, YTO MHOKECTBO BCEX CHMMETPHUYECKH HETPEPbIBHBIX
(byHKUKI He ABNAETCA 3aAMKHYTHIM OTHOCHTENLHO KBAa3MPABHOMEDPHOMH CXOIMMOCTH.
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