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1. Preliminaries

Let X be a real linear space. A functional g: X — <0, + 00 is said to be
a convex modular if

(a) o(x) =0 if and only if x = 0;
(®) o(—x) = o(x);
(© o(ax + fy) < ao(x) + Po(y) for x, ye X, @, f20, a+ = 1.

The set
X.= {xeX: 3 o(tx) < +oo}

t>0

is a linear subspace of X and it is called the modular space determined by o.

The formula
Ix|| = inf {t > 0: g(f) < 1}

defines a norm on X, (cf. [4], [5]).

In what follows we shall use the following auxiliary result.

Lemma 1.1. Let C be a subset of a modular space X - If for each x € C there
exists an £ > 0 such that

peXox—y)<gcC

then C is open in X "
Proof. Let xe C. According to the assumption there exists such an £> 0
that
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Wix)={yeX,;olx—y)<gcC
We can assume that ¢ < 1. It suffices to prove that
Kix, &) ={peX; |x—yl<gcC

Let y e K(x, €). Then according to the definition of the norm we get from
[x — yll < & < € the inequality

1 Xx—y
—Q(x—y)ée(—,)é1
4 €

Hence o(x — y) S &' < ¢, ye W(x) < C.
A function f: {0, +00) - <0, + o0) is said to be an Orlicz function if it is
continuous, non-decreasing, convex and lim f(r) = +oo. If f(t) = 0 for some
L —

t > 0, then f'is said to be a degenerate Orlicz function (cf. [3], p. 137).
An Orlicz function is said to satisfy the A,-condition for small ¢ if there
exists K > 0 and #, > 0 such that f(2t) < K f(¢) for each te <0, to) (cf. [2], [4]).
Let f'be a non-degenerate Otlicz function whose right-derivative P satisfies
P(0) = 0 and lim P(tr) = + oo. The right-inverse Q of P given by Q(u) = sup

{t: P(t) < u} (for u = 0) is a right-continuous non-decreasing function such that
0(0) =0 and Q(u) >0 for u >0. Put f*(¢) = J Q(u) du for t > 0. Then f* is
0

also a non-degenerate Orlicz function. It is called the function complementary
to f. We have (f*)* =f. For any u>0, v =0 the Young’s inequality uv <
< f(u) + f*(v) holds (cf. [3], p. 147).

A sequence {f,}°_, of Orlicz functions is said to satisfy the uniform Aj,-con-

dition if there exists K > 0 and n, such that we have 1.(2t) < K £,(¢) for each
te<0, %> and n = n, ([3], p. 167).

In what follows denote by s the linear space of all sequences of real
numbers. Denote by d the metric on s defined in the following way:

a0

1 & —nl
(1) d(x, y) = -
= Th e ]

(x={&}-1€s, y= {nic= 1 €5).

Further denote by /,, and c, the linear space of all bounded sequences of real

numbers and all sequences of real numbers converging to 0, respectively, each
with the norm

Il =, sup 16l (o= (&)
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2. The modular sequence space determined by a sequence
of Orlicz functions

Let {f,}-, be a sequence of non-degenerate Orlicz functions. For x =

= (£JF. €5 we put g(x) = if,.(lé‘,.l) and

if,} = {xes: 3 o(tx) < + oo}
t>0

Then g is a convex modular on s and /{f,} is a modular space which is a Banach

space ([3], p. 166; [4]). If the sequence {f,};"_, satisfies the uniform A,-condition,

then

(¥))] i) = {XESI v o(rx) < +00}
>0

and

(3) Hf} < e,

(cf. [8]).

In general, f,(1) # 1. If f,(a,) =1 for a,> 0, then we can put g,(t) =
= f.(a,t). So g,(1) = 1, {g,}°_, is a sequence of Orlicz functions. Moreover, /{f,}
and /{g,} are isometric spaces ([8]).

Proposition 2.1. Let {f,}°_, be a sequence of non-degenerate Orlicz func-

tions. If f,(I)=1 (n=1, 2, ...) and ) f,(1) < + oo for some ¢ > 0, then

n=1
=1,
Proof. Let x = {£,}°_€l{f,}, € > 0. Then from the inequality

X
I
Ixll + &

we get

So we have |&| < ||x|| (n =1, 2, ...). Hence x€l,.
Let x = {£}*_,€l,. Then there exists K >0 such that || <K (n=1,
2, ...). According to the assumption there exists a £, >0 such that

i f(t) < + co. But then for a suitable ¢, > 0 we have
n=1

W&l =K<ty (=12 ..)
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and hence

o) = 3 16ED < ¥ () < +o0.

therefore x e /{f,}.

In the following theorem the set s is considered as a metric space with the
metric d defined in (1).

Theorem 2.1. Let the sequence {f,}*_, of non-degenerate Orlicz functions
satisfy the uniform A,-condition. The set l{f,} is a dense F-set of the first Baire
category in s.

Proof. According to Theorem 2,1 from [1] the set ¢, = s is a set of the first

Baire category in 5. Using the inclusion (3) we see that I{f,} is a set of the first
category in s, too.
For m, ke N we put

Ay = {x = (Ghies: 3 708D < k}

Then A4, is a closed set in s and

Therefore /{f,} is an F,-set in 5. The density of /({f,} in s is obvious.
A sequence {h,}_ , of Orlicz functions is said to satisfy the condition (P) if

for each ¢ >0 we have Y A4,(r) = + oo, further h()=1(®m=1,2, ..)and
1

{h,}*_, satisfies the uniform A,-condition.
Theorem 2.2. Let the sequences ulr=1s {807~ 1 of non-degenerate Orlicz

functions satisfy the condition (P). If I{f,} N l{g,} # I{f,}, then the set o lig,)
is a dense F,-set of the first Baire category in /{f,}.

Proof. Denote by g and | || the modular and the norm introduced by the
sequence {f,}*_, of Orlicz functions.

Each sequence with only a finite number of non-zero terms belongs to

If.} 0 l{g,}. The set of all such sequences is dense in /{f,}. Therefore I,y nl{g,)}
is dense in /{f,}.

We shall prove that /{f,} n l{g,} is an F-set of the first category in /{f,}. Put

P

Ce=UJ {x = {&= 1€ l{f}: 2 g(&)) > k} k=1,2,..).
j=1

n=1

Since l{f,} N lig,} # If,}, there exists such an x — {&)~ 1€llf) that x¢l{g,}.
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Hence (cf. [8]) we have ) g,(|&]) = + oo and so
=1

@ N G#9

Let x, = {£)}2, € C,. Then there exists an n such that

35050 > k
Choose € > 0 such that
PRIGIEE

Since the functions g, g,, ..., g, are continuous, there is a §, > 0 such that
(5) §-&1<& (G=1,...n = j; lg,(1&°) — gA1EDI < &

Put 6= Ir§njir§1"fj(5,) and let x = {£}2, be such that o(x — x;) < 4, i.e.
i (& — &) < 6. Then for eachj = 1, ..., n we have f(|§, — &) < f(5)) and so
I\:el get | — &l < 6, (=1, 2, ..., n). Then according to (5) we have

3 505 5021 <o
and
T a050z 3508 - % ls05D - 505> 3 g8 - o> k
Hence x € C,. Thus we have proved that
(rellf} o —x) < S < €,

According to Lemma 1.1 the set C, is open
We shall show that the set C = ﬂ C, is a dense set in /{f.}.

Let x = {{}2 elff,}and 0 < ¢ < 1. We shall show that there is a z € C such
that

(6) Ix -zl <&

Choose a y = {n};2 , € C (see (4)). Then there is an n such that
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S ) 5 )<

=n+1

Putz=&, ..., &y Masts Mass s Mnsso --- It is €asy to see that ze C. Further
we have

o(5)- S 55, 200, 2 a0) <!

From this we get (6).
Thus C is a Ggset dense in /{f,}. Therefore C is a residual set in /{f,} (cf. [7],
p. 49). Hence

Uy g = 1) \ﬁ G,

is an Fy-set of the first Baire category in /{f,}. This ends the proof.
Iff,=f(n=1,2,...), then [{f,} is an Orlicz sequence space and we denote
it by /. In particular, if f,(£)=¢" (p21) for n=1, 2, ..., we have l{f;} = I
Moreover, in this case the norm given by the modular on /{f,} coincides with the
classical norm on /. Therefore from Theorem 2.2 the following results follow:

Corollary.

a) Let fand g be Orlicz functions satisfying the A,-condition for small ¢ and
I,nl, #1, Then [,n1, is a dense F,-set of the first Baire category in /.

b) If 1 £ p < gq, then P is a dense Fset of the first Baire category in /
(see [6)).

¢) If a sequence {f,}_, of Orlicz functions satisfies the uniform A,-conditi-
on, then it follows from [8] (Proposition 3.2) that /{f,} = /” for some p > 1.
Hence if {f,};_, satisfies the condition (P), there exists p, > 1 such that /{f,} is
a dense F -set of the first Baire category in / for each p = p,.

Theorem 2.3. Let {f,};°_, be a sequence of non-degenerate Orlicz functions.
Let {a,}°_, be a sequence of positive real numbers with lim sup a, = + co. Then

n— o

the set
= {x = {&Je-1 e l{fuk: lir"njyp a,|&l < + oo}

is a dense F-set of the first Baire category in /{f,}.
Proof. Put

Ci= L)l{x ={& el alél >k} (k=1, 2, -
We shall prove that C, (k =1, 2, ...) is an open set in /{f,}.
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Let x, = {&'};2 € C,. Then there exists an n such that a,|&°| > k. Choose

&> 0 in such a way that a,|E°| — € > k. Put §, = —, § = f,()). Let us suppose
a,

that x = {&}2  el{f} sausﬁes the condition o(x — x,) < 6. Then Z SUE —

— &) < 6. From this we get f,(I&, — 9) < § = £,(4,) and therefore |§ & <
< &,. Hence a,|&, — &) < gand so

anlﬁnl ; an!épﬂ - an'én— I?l > anlér?l — e>k.

So we have proved that {x: o(x — x,) < 8} = C;. According to Lemma 1.1 the
set C, (k=1, 2, ...)is open in /{f,}.

We shall show that the set C = () C, is a dense set in /{f,}.
k=1
At first we shall show that C # Q. Since lim sup @, = + oc and lirgl () =
n—© -0+

=0foreachj=1,2,..., wecanchoose asequence n <n, < ... <m <m <
< ... of positive integers such that @, > k* (k =1, 2, ...) and

éfk«JaTk)-') <+

Put & = (V&) ' (k=1,2, ...) and =0 for j#n (k=1, 2, ..). Then
xo = {2 1 €C.
Let x = {{}~ € l{f,}, € > 0. Since x, x,el{f,}, there exists an m such that

Z L)< £a00)<

Choose y = {n};, in the following way: 1, = &, forj < m and n; = & forj > m.
Then ye C and on account of (7) we have

e S5 1 3ty )

j=1 & +1 =m+1

LRy CR

2/ m+1 2] m+ 1 €

SN

Hence |y — x|| < €. The density of C in /{f,} follows.

The set C is a G¢set dense in /{f,}, therefore it is a residual set in /{f,} ([7],
p. 49).

It is easy to check that 4 = /{f,} \C. Hence 4 is an F-set of the first Baire
category in /{f,}. The density of A4 in /{f,} is evident. This ends the proof.

Let x = {&}2 e l{f}, y = {n}> e l{f;}}, frrbeing the function complementa-
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ry to f,. Then it follows from the Young’s inequality Z |&nl < + . For

a sequence which does not belong to /{f}3 we have the followmg result.
Theorem 2.4. Let a = {a;}2 , ¢ /{f}}. Then the following assertions hold:
a) For all points x = {{}}2 | € /{f,} excepting points of a certain F-set of the
first Baire category we have

® lim inf Z af = —oo, limsup ) a&=+o0
m— 0 j=|

m—oo ;T

b) The set
= {x= (g1 el 3 1 < +oo)

is an F-set of the first Baire category in /{f,}. Moreover, if ael, then M is
a dense set.

Proof.

a) Put

ck=(’_’){x={5,},z.ez{z:}:él%>k} k=1,2.) c=(c

m=1

Every continuous linear functional ¢ on /{f,} is of the form ¢(x) = Z &y,
where y = {1}/, e {f} (cf. [8]). Since a¢/{f}, there exists a point x = {5 }°° €

€ l{f,} such that Z a;¢; = + 0. Therefore the set C is non-empty.
We shall prove that C, (k=1, 2, ...) is an open set in /{f,}. For x =

= {&};2 € C, there exists an integer m such that z a;§; > k. Choose numbers
=

£> 0, 6> 0 such that
Z a.f, e>k, 6) lal<é
Jj= j=1
Put 6, = 12}2". f(0). For each y = {n}2, satisfying o(y — x) < 6, we have
I&—mnl<é(=1,2, ..., m). Therefore,
Zl“f”j Z s+ Z (1, — &) >j21aj€,~— >k
j= j=1 =
Hence {y: o(y — x) < é;} = C; and according to Lemma 1.1 the set C, is open
in I{f,}.
We shall show that the set C = () C, is dense in /{f,}.
k=1
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Let x = {{}7_€l{f,} and & > 0. Choose a fixed y = {n,};>, € C. Then there
exists p such that

0 S8 L0

Put ¢ = {7}, where 7, = §;for j < p and 7; = n;for j > p. Then te C and using
(9) we get

(5= Eal55)s 2,055 =3 £ s ()

=3 élf( )<t

Hence || — x|| < € and so C is a dense Ggset in /{f,}. Therefore C is a residual
set in /{f,}.

Analogously we can show that also the set D = ﬂ D, is residual in /{f,},
where

o

Dey=1) {x={§j}}°=,el{f,,}: Y aé < —k} k=1,2,..,).
m=1 j=1
Using the foregoing results we see that the set C n D is a residual set in /{f,}.
It is obvious that this set coincides with the set of all x = {£}> | e /{f,} for which
(8) holds.
b) Let

Ho=) {x= Ey elify Y |ag) >k} k=1,2,..).
m=1 j=1
Using analogous arguments as in the part a) of the proof we can show that H,

(k =12,. ) are open sets in /{f,} and H = () H, is a dense set in /{f,}. Since

k=1

= i{f} \H we see that M is an F -set of the first category in /{f}}.
Ifael,, then I' = M. According to Theorem 2.2 the set /' is dense in /{f]},

which completes the proof.
Corollary. Let a = {a}> ,¢1" + L = 1. Then the following assertion hold:

q
a) The set

{x ={&}2 el Y lagl < +oo}
j=1
is a dense F-set in /.
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b) For all points x = {£}° | €/ excepting the points of a certain F,-set of
the first Baire category we have

lim inf ) @& = —o0, lim sup.Z aé = + o0

m—oo ;T j=1

([3], Theorem 3.1).
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CSSR

SUHRN

APLIKACIE METODY KATEGORI{ V TEORII MODULARNYCH PRIESTOROV
POSTUPNOSTI

Janina Ewert, Slupsk — Tibor Salat, Bratislava

V praci sa Studuje $truktara modularnych priestorov postupnosti z hfadiska Baireovych
kategorii mnoZin. Niektoré vysledky prace zovSeobectiuju skorsie vysledky druhého z autorov.
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PE3IOME

MPUMEHEHUSA METOJIA KATETOPUH
B TEOPUM MOJAYJISPHBILX MPOCTPAHCTB IMOCJIEJJOBATEJILHOCTEN

SAnuna Isept, Cnynck — Tubop llanar, Bpatucnasa
B pa6oTe Hcciieq0BaHa CTPYKTYpa MOAYJIAPHBIX POCTPAHCTB NMOC/IEA0BATEILHOCTER C TOYKH

3peHns GepoBCKUX kaTeropHii MHOXecTB. HekoTopbie pe3ysbTaThl paboThl 06061ai0T Hpeabiay-
LIME pe3yNbTaThl BTOPOrO H3 aBTOPOB.
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