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Introduction

In [3] some special factorspaces of an n-dimensional cube I", so called
s-cubes, were introduced.

In the present paper a CW decomposition %" of I" is defined in such a way
that for any given s-cube I"/(u', ..., u")=I"/T the equivalence relation T is
a celluar one on the CW space (I", #"). This enables to construct a CW
decomposition #"/T of I"/T and to introduce a CW structure to the s-cube X. In
the case when the s-cube X is a manifold, computing then n-th homology group we
give a simple condition to decide whether X is orientable or not.

1. Notation and basic definitions

Let n=1 be an integer. We shall use the following notation:

N.={1, 2, ..., n}

I"={xeR"; |x|=1, ieN,} is the n-dimensional cube, I°= {0}

oI" is the boundary of I"

"={xeR"; ||x|]| =1} is the n-dimensional ball

S$"-'=3B" is the (n —1)-dimensional sphere

Jt={xeI"; |x|=1} is the i-th double-face of the cube I"

si: 9I" 5 3I", x+—>(xy, ..., Xi—1, —Xiy Xis1, ..., Xa) is the symmetry of 3I" with
respect to the hyperplane x;=0; i€ N,

G is the subgroup of the group of all transformations of 3I" generated by the
set {s;; ieN,}

Group G is abelian, because G=(2Z,)". Each u € G, u# 1, is the product of
mutually different transformations s, ..., s, and it can be uniquely written in the
form Siyi...ix = S1,08550...08y, where i< i2< < ik.



Definition 1. Let u', ..., u" € G be given. An s-cube I"/(u', u?, ..., u") is

a factorspace I"/ T where T is the equivalence relation on I” defined as follows :.
x T y < x =y or there are numbers iy, ..., ix € N, such that
X,y€ h]i, and x =u"...ou'(y) .
j=1

Example. For n=2 we have: I*/(s,, 5:)=S?% I*/(s1, $2)=T? I*/(s4, id)=-
S'x I, I?/(sy, s12)=~Kb, ..., where T? is the 2-dimensional torus and Kb is the
Klein bottle.

2. CW decomposition F" pf I"

In this section we shall construct a CW decomposition %" of the cube I" in
such a way that for any s-cube I"/(u', ..., u™)=1I"/T the equivalence relation T
will be celluar on the CW space (I", ¥").

In the construction of CW decomposition %" we shall identify I" = B" via the
standard homeomorphism v: (I", 3I")—(B", $"7") defined by the radial projec-
tion, see [1], page 55.

CW decomposition &' of I'.

The set &' consists of 5 cells: three 0-cells €2, €3, e} and two 1-cells e';, el.
The characteristic maps are:

f'l,’ fg’ f‘l): I’'-r, ﬂ1(0)= =1, fg(0)=0’ f(l)(o)=1 ’

o fi: I L () =572, i) =252

CW decomposition &" of I".
The CW decomposition €" of I" is the product CW decomposition &" =
&' X ...x &' (n times). We shall use the following notation:
&"={e(q,(p(q)); q€{0,1}", p:{0,1}"—>{—1,0,1}" is a map such that
pi(q)e{—1,0,1} for q;=0 and pi(q)e{—1, 1} for gi=1}.
The dimension of the cell e(q, p(q)) is iqi and the characteristic map of
i=1
a k-dimensional cell e(q(p(q)) is the map f(q, p(q)): I*=1I", (1, ..., )~
i
(%1, ..., x.) where x;=p;(q) for ¢;=0 and x;=f,,,)(t,) for g;=1, r=> g..
i=1
The CW decomposition &" of I" is such that for any given s-cube I"-
/(u?, ..., u)=I"/T the relation T is the celluar equivalence relation” on the CW

D See [2], page 32.



space (I", €"). But for the future computation the number of cells of CW
decomposition &" is rather high, card " =5". Since the glueing operation by
which the cube I" is turned to the s-cube X deals only with the boundary 31" of I",
we can simplify the CW decomposition €" by exchanging all interior cells with only
one new n-dimensional cell e”.

CW decomposition F" of I".

Definition 2. A cell e(q, p(q)) € é" is called a boundary cell if there is i € N,
such that ¢;=0 and pi(q)= £ 1.

Denoting by %" the set of all boundary cells in €" we have the following

Proposition 1. The set #" = B"_{e"} of cells, where e" is the n-dimensional
cell in I” with the characteristic map id: I"— I", is the CW decomposition of I".
The number of cells in " is 5" —3" + 1. A cell e(q, p(q)) € " is contained in the
double-face J; of I" if and only if ¢;=0 and p:(q)= £ 1.

' 3. CW decomposition of s-cube I"/(u’, ..., u")

Let X=1I"/(u', ..., u")=1I"/T be an s-cube and {i, ..., ix} a nonempty subset of
N,. We introduce the following notation:

h,: I"—>I"/T is the canonical projection

J({isy .-y ik})=ir:]1]i,

G({iy, ..., ix}) is the subgroup of G generated by the set {u", ..., u'}
¥: G-o{-1,1}", si—>(xy, ..., x,) where x;=—1 and x;=1 for j#i
S(e(q, p(q)))={k €N,, e(q, p(9)) = Ji}, e(q, p(q)) € F".

Now a CW decomposition of the s-cube X will be constructed as a factor
decomposition of F".

Let e(q, p(q)) be a cell from #" and ue G(S(e(q, p(q)))). Denote by
e(p, uop(q)) the cell e(q, (u1p1(q), ..., Upa(q))), where (uy, ..., u,) = ¥(u). Then

a) h.'oh.(e(q, p(9)))=U{e(q, uop(q)); ue G(S(e(q, p(9))))}-

b) Ve pian: €(q, P(q))—e(q, vop(q)) is- a homeomorphism for any
v € G(S(e(q, p(q))))

€) hulea.pan: €(q5 P(9))— ha(e(q, p(q))) is a homeomorphism

With regard to a), b), c), we have

Theorem 1. The equivalence relation T on I" is celluar with respect to CW
decomposition ¥ of I". .

Corollary. The set #"/T={h.(e); ee ¥"}is a CW decomposition of I"/T.

The characteristic maps for cells from %"/T can be chosen in this way: For
every ee #"/T we find one cell ée ¥" such that h,(é)=e. Denoting by f the
characteristic map of &, the map h,.f is characteristic for e.



4. Orientability of s-cubes

In this section we shall deal with the problem of orientability of those s-cubes
which are manifolds. To decide whether a given s-cube is orientable or not, it is
sufficient to compute its n-th homology group over Z.

Let X=I"/(u', ..., u")=1I"/T be an s-cube and let ¥"/T be the CW
decomposition of I"/T introduced in part 3. We recall that in this decomposition
there is only one n-cell, namely h,(e"). Denoting by CX the cell chain complex of
the CW space (X, #"/T) (and by 3 the boundary operator), we have H,X =
Ker 9,, because Im 3,., =0. To describe the boundary operator 3,: C,X— C,_ X,
we compute all incidence numbers [a: b], where a =h,(e") and be C,_,X is an
(n —1)-dimensional cell of (X, #"/T).

Lemma 1. Let b=h,(e(q, p(q)) be an (n—1)-cell in F"/T such that
e(q, p(q)) c J: for some i € N,. Suppose that u’ =idos; 08,0...08, for i, <i,<...<
ix, k=0. Then ’

a) u=id=>>[a:b]==%1

b) u'#id > [a:b]=0 for k odd, [a: b]= %2 for k even.

Proof: Let us denote by @* and @* the characteristic and the attaching maps
of the cell a, similarly ®°, @°® for the cell b. According to [1], Corollary 6.11, the
incidence number [a: b] coincides with the local degree of the map

F=(®*) "¢ (¢*) b I""

over any point Q eint (I"~"). We are going to discuss cases a), b).

a) In this case the set (¢°)™'Q consists of one point P. Since F is
a homeomorphism, it is [a: b]= £ 1.

b) We have (¢°)'Q={P,, P,} and dego F=u(P\)+u(P;)=u(P)+
deg u'u(P,) =u(Py) (1+(—1)*). Since F is a local homeomorphism, it is u(P,) = +
1 and dego F= %2 for k even, dego F=0 for k odd.

Let ie N, and let M, c N, be such a set that u’= [] s;. Put M; =0 if u'=id.

jeM;
Denote ¢;=card M, c=c,c; ... C,.
Theorem 2. H,X =0 for ¢ even, H X =Z for ¢ odd.
Proof. Applying Lemma 1 we get: Ker 3, = Z if and only if ¢ is odd for every
i € N,. The assertion follows.
Corollary: Let X=1I"/(u', ..., u") be a manifold. Then X is orientable if and
only if ¢ is odd.
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SUHRN
CW ROZKLADY A ORIENTOVATELNOST s-KOCIEK
Milo§ Bozek—Jozef TvarozZek, Bratislava

V préci je definovany taky CW rozklad %" n-rozmernej kocky I”, Ze pre kazdu s-kocku X =1"-
/(u', ..., u”)=I"/T je ekvivalencia T buneéni relacia ekvivalencie na (I*, #"). To umoZiiuje zaviest
Struktiru CW komplexu na fubovolnii s-kocku X. Pre také s-kocky, ktoré si variety, je v praci dana
nutna a postatujiica podmienka ich orientovatelnosti.

PE3IOME
KIIETOYHBIE PABBMEHUS U OPUEHTUPYEMOCTH s-KYBOB
Munom Boxexk—Ho3ed Trapoxek, Bpatncnaga

B paGote onpeneneHo kieToyHoe pa3buenne F" n-mepHoro Ky6a I™ WM mokas3aHo, YyTo AiA
mo6oro s-ky6a X =I"/(u’, ..., u™) COOTBETCTBYIOLIEE OTHOLIIEHHE IKBHBaNeHTHOCTH T Ha I" sBnsieTcs
KJIETOYHLIM oTHolIeHHeM Ha (I", F"). Pa36uenne F" no3ponsietT BBecTH KJIETOYHYIO CTPYKTYPY AJIS

moboro s-ky6a. C ee noMoLIblO 1OKa3biBaeTC HEOGXOMHUMOE M JOCTaTOYHOE YCNIOBHE [UIi OpPHEH-
THPYEMOCTH 06Oro s-Kyba, SBIAIOLIErOcs MHOrooG6pasueM.
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