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CONSTRUCTION OF MEASURE FROM A CONTENT
DANUTA UCNIKOVA, Bratislava

This paper contains several remarks on the article “Construction of measure
from a content” by J. Kalas (see [1]).

The construction given in the present paper is a slight modification of that used
by J. Kalas in [1] but it yields the same measure. It turns out, however, that some
assumptions from [1] can be omitted either because they are implied by the
remaining ones or because the proof can be modified so that they become
superfluous.

The proofs which can be found in [1] are not mentioned here. The notation
from [1] is kept in this work except for the notation for axioms (here denoted by
(i)—(x) and (1)—(3)). The notation o,(%) is used for a o-ring generated by the
system %.

Let us first outline in brief the method used by J. Kalas.

Let %, B be systems of subsets of a set X. Let the pair (%, B) fulfil the
following assumptions :

(1) QeUnB
(ii) if A], Aze 0”, then AlUAze %

(iii) if B,e®B (n=1,2, ...), then |JB,e®
n=1

(iv) if Ae %; B,, B,e B; A c B,UB,, then there exist such sets A,, A, € % that
A] c Bl, AzC Bz, A= Alqu

(v)ifAe¥ B,eB(n=1,2,...),Ac CJ B,, then there exists m € N (natural)
n=1

such that A c CJ B,

n=1

(vi) if Ae¥, Be B, then A—Be¥

(vii) if Ae %, BeB,then B—Ae3B

(viii) if A € %, then there exist sets Be B, Ce % such that AcBcC
(ix) if A,, A€ %, then A\nAe U
(x) if By, B,€ %, then B,nB,e B
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Let A be a content on the system % with the following properties:

(1) if Ae%, then A(A)=inf{A(C): Ac BcC, Be 3B, Ce ¥}
(2) if {A,}7-1 is a sequence of pairwise disjoint sets from %, then for every € >0

m+k
there exists m € N such that for every k e N it is true that A( U A,.) <eg

n=m+1

(3) if {A,}n-1 is a nonincreasing sequence of sets from % and ﬁ A, =9, then

n=1

lim A(A,)=0
Theorem 1. The set function A defined for Be# by the relation A(B)=
sup{A(A): Bo A e %} has the following properties:

- )E(ﬂ)=0
. A(A)=A(A) for every Ae UNB
A is nonincreasing on %

A is o-subadditive on %
. A is o-additive on B

DA W

Theorem 2. Let P, be a system of those sets Ec X for which it is true that
inf{A(B—A): AcEcB, Ae%, Be3}=0. Then P, is a o-ring.

Theorem 3. The assertion o,(%ZU%B)c P, is true.

Theoremd4. For EeP, let us define a set function u(E)=
sup {A(A): AcE, A€ %}. Then the following assertions are true:

u/U=A1

u/B=A1

u is nonincreasing on P,

for every E€ P, is u(E)=inf {A(B): Ec B, Be B}
u is additive on P,

S L e

Theorem 5. A set function p is upper semi-continuous at @.
Remark. According to Theorems 4 and 5, u is a nonnegative additive set
function defined on a o-ring and upper semi-continuous at @, thus u is a measure.

Theorem 6. The measure u is a finite and complete (i.e. if E€P, and
u(E)=0, then Fc E implies F € P,) set function on o-ring P,.

Remark. Usually we consider the festriction of the measure u on the system
0o (UL B). _

As much about the construction itself. And now some remarks.

The assumptions (i)—(x) and (1)—(3) are rather strong. Thus the natural
question is if some of them cannot be omitted.

Theorem 7. Let the pair (%, B) fulfil the assumptions (v), (vii) and (viii). If
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{A.}7-1 is a nonincreasing sequence, where A, (n=1,2, ...) are nonempty sets

from %, then ﬁ A, #0.

n=1
Proof. According to (viii), for A, there exists B € B such that Bo A, > A,>
... Let B,=B—A, (n=1,2,...). According to (vii), B,e®B (n=1,2,...). Let
ﬁ A, =0. Then D B, = LmJ (B—A,)=B- ﬁA,. =B 5 A, and by (v) there exists
n=1 n=1 n=1

n=1

m e N, for which it is true that A,,c A,c ) B, =) (B~ A,) = B — A... We have
n=1 n=1

A.cB—-A,, thus A, =0.

Remark. Let A be a content on %. According to the previous theorem, it is
evident that the property (3) follows from (v), (vii), and (viii), therefore it is useless
to introduce it as an axiom.

Theorem 8. Let the pair (%, ) fulfil the axioms (vi)—(viii). Then for every
Ay, A€ % we have A;nA,e .

Proof. If A,e %, then according to (viii) there exist B, € B and C, € % such
that A,c B,;c C.. Since A;nA,=A,—(B,— A,), and (by (vii)) B,— A,e B, we
have (according to (vi)) AinA,=A,—(B,—A,)e %.

Remark. It is obvious that the axiom (ix) also can be omitted, because it
follows from (vi)—(viii). Let us consider the axiom (x), which is somehow dual to
(ix).

Example. Let X={1, ..., 6}, #={0, {1,3}, {2,3}, {3}, {1,2,3)}},
B={0, {1}, {2}, {1,2}, {4,5}, {5,6}, {4,5,6}, {1,2,3}, {1,4,5)}, {1,5, 6},
{2,4,5}, {2,5,6}, {1,4,5,6}, {2,4,5,6}, {1,2,4,5}), {1,2,5,6),
{1,2,3,4,5}, {1,2,3,5,6}, {1, 2,4, 5,6}, X}. Then the pair (%, B) fulfils the
assumptions (i)—(viii). For A € % we set A(A)=1. Then A is a content on % with
the properties (1) and (2). But the assumption (x) is not fulfilled since, for example,
{4,5}n{5, 6} ¢%.

Remark. The previous example shows that (x) need not be fulfilled even if X
is a finite set. But the mentioned construction of measure from a content can be
used also in that case. Namely the axiom (x) is necessary only to prove Theorem 5.
But there is another way to prove that u is a measure on P,.

Theorem 9. If (%, R) satisfies the assumptions (i)—(viii) and A is a content
on % with the properties (1) and (2), then the set function u defined in Theorem 4
is o-additive on P,.

Proof. From Theorems 4 and 6 we know that u is a nonincreasing finite
additive function and for E € P; it is true that u(E) =inf {\(B): EcB, B e ®}. Let

{E.}7-1 be a sequence of pairwise disjoint sets from P,. Then > u(E,)=

n=1

u(l:J E,.) su(D E,.) and for m— © we have ZM(E,.)SQ u(gE,.).

n=1 n=1
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Now the reverse nonequality. Since E,e P, (n=1, 2, ...), for an arbitrary

€>0 there exist B, € B such that E, c B, and u(E,.)>X(B,.)—2£n(n= 1,2,..).

= <! & =1 - < SE S i =
Thus W(UE)<u(UB)=i(UB.)< 3 4B <3, (u(E) +57)
> u(E,)+e.

n=1

Remark. As u is a nonnegative g-additive set function on the o-ring P, it is
a measure.

Remark. The axioms (viii), (1) and (2) guarantee that the measure u is finite
and regular (we mean generalized regularity, i.e. u(E)=sup{u(A): AcE,
Ae¥U}=inf{u(B): EcB, Be®} for every E€P,) and on the system % it
coincides with the content A, from which u was constructed.

There exist other ways of construction measure from a content which are more
general, but the resulting measure does not have the above good properties. Such
a generalized method can be found in [2]. The author considers only the axioms
(i)—(vii). If axioms (i)—(viii), (1) and (2) are fulfilled, the measure constructed
using the method from [2] on the system o,( % B) coincides with that constructed
according to [1].
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SUHRN
KONSTRUKCIA MIERY Z OBJEMU
Danuta Ué¢nikov4, Bratislava

V prici sa zovieobectiuje metéda konStrukcie miery z objemu uvedena v [1].
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PE3IOME
INMOCTPOEHHUE MEPHI U3 OBFBEMA
Ianyra Yunukosa, Bpatucnasa

B po6oTe 06061aeTcs MeTON MOCTPOEHHst MepbI W3 06'beMa npepnoxenHbiit M. Kanacom B [1].
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