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1. Introduction. The aim of the present paper is to give some sufficient
conditions for the existence of Lipschitz selections of Lipschitz multifunctions. Let
R denote the set of reals, let R* be the k-dimensional Euclid space and let C(R*)
denote the family of all convex compact nonvoid subsets of R*. The problem
treated in the present paper has its origin in the theory of the generalized
differential equations. It can be formulated in the following way: Has every
Lipschitz function F: R™— C(R") a Lipschitz selection? (C(R") is furnished with
the Hausdorff metric (see e.g. [1], [3]); a function f: R"— R" is said to be
a selection for F if f(x) € F(x) for each x € R™). Note that there are known some
sufficient conditions for the existence of a Lipschitz selection (see e.g. [2], [4]).
These differ from our results or use some different methods in the argumentation.

Recall the form of the Hausdorff metric that we shall use in the next text,
giving some of its properties.

Definition. Let (R",p) be a metric space and let A, BeC(R").
Put d(A, B) =max {sup,cs0(x, A), sup,ca@(x, B)}. The functiond: C(R") X
C(R")—>R is called the Hausdorff metric.

Lemmal. Let A, BeC(R"). Then d(A, B)=max {mag(g(x, A),

Tﬁa}(g(x, B)}.

Lemma 2. Let K(Z, €)= {t: o(t, Z)<e}. Then d(A, B)<e if and only if
AcK(B, ¢) and BcK(A, ¢) (see [3], p. 224).
2. Results and proofs. Further we shall suppose that (R", ) is a metric space

(U], w4 vy U").
Theorem 1. Let F: D— C(R")((D, ) — a metric space) fulfil a Lipschitz
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condition of the form d{(F(x), F(y)) <Ld(x, y), x, y € D. Let for each x e DJ(x) =
(a,, b)) X...X (a,, b,) be the minimal n-dimensional interval with respect to the
inclusion, such that F(x) < J(x). If there are numbers A1, ..., A,(0 <A; <1) such that
c(x)=(Aa,+(1=24,)by, ..., A, +(1—1,)b,) € F(x) for each x € D, then f: D—
R", f(x)=c(x), is a selection for F with the Lipschitz constant nL.

Proof. Let x, ye D and put € =Ld(x, y). Then d(F(x), F(y)) <e. The last
inequality is equivalent, according to Lemma 2, to inclusions F(x)c K(F(y), €)
and F(y)c K(F(x), €). On the contrary it can be easy to check using the above
inclusions that if J(x)={ay, by) x ...x{a,, b,) and J(y)=
(a}, bi) X ...x{a,, b.), then |a,—a’|<e and |b,—b'|<e hold for each i=
1,...,n. Consequently o(f(x), f(y)) =o0(c(x), c(y)) <
> (hila;—ai|+(1—A)|b — bi]) <ne=nLd(x, y). Q.E.D.
i=1

Corollary 1. If F: D— C(R"), n =1, 2, fulfils the Lipschitz condition, then F
admits a Lipschitz selection.

If n=1, then the statement of Corollary 1 is obvious. Let n =2 and J(x)=
(ay, by) X (az, b,). We show that it is sufficient to put A, =4, =%. There are points
A], Az, Bl, B2 in F(x) Such that A1 =(a|, ul), u, € (az, bz), Azz(uz, az),
U € <a1, bl)’ B, =(b|, Ul), V€ (az, bz), Bz=(v2, bz), V, € (a,, bl). Since F(x) is
a convex set the segments [A,, A,] and [B,, B,] are contained in F(x) and they are
in general situated on opposite sides of the diagonal w, =[(a,, b,), (b,, a,)]. Hence
in general the diagonal w,=[(ay, b,), (a4, b,)] has common points A and B with
the segments [A,, A,] and [B,, B,] respectively, which are situated on opposite

sides of w,. Consequently c(x)=(% (a,+b,), %(a2+ bz)) € [A, B] and the

inclusion [A, B] < F(x) implies c(x) € F(x). Q.E.D.

Remark. The method of the proof of Corollary 1 is not acceptable for n =3.

Theorem 2. Let F: D— C(R") be a Lipschitz function with the Lipschitz
constant L. Let F have bounded values, i.e. there is M >0 such that diam {F(x)} <
M holds for each xeD, and let J(x)=(a,, b,) X ... X (a,, b,) be the interval
determined by Theorem 1. If there are Lipschitz functions A,(x), ..., A.(x)
(A: D—(0,1)) with Lipschitz constants L,,...,L, such that c(x)=
(Ai(x)a,+(1=A(x))by, ..., Au(x)a, +(1—A.(x))b,) € F(x), then f(x)=c(x) is

a Lipschitz selection for F with the Lipschitz constant M(E L,) +nL.
i=1

Proof. Let x, y € D and use the indication from Theorem 1. Since f(x) — f(y)
=(M(x)ar+(1=A:(x))bi = Ai(y)ar — (1-4(¥)bi, ..., A(x)a, + (1-A,(x))b,

- A(y)a, — (1—=A.(y))b.), we have the inequality o(f(x), f(y)) < ill.-(x)a,-
i=1

+ (1=A(x))b; —A(y)a; — (1—A(y))b'|=P. If we add to each of summands of
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P-A(y)a + A(y)as — (1-x(y)b + (1—=4(y))b: (i=1, ...,n) we have
Ps;(lln‘(x) = AW Ibi—a| + A(y)|a—ail + (1-A(y)) [bi=b) <

g(l«-a(x» y)M + A(y)L(x, y) + (1-2(y))L8(x, y))

= (M(ih>+nL)a(x, y). Q.E.D.
i=1
Lemma 3. Let F: D— C(R") be a Lipschitz function. If B is a bounded set
in D, then |J {F(x)} is bounded in R".
x€eB

Proof. Let a € D. Obviously it is sufficient to prove the statement of Lemma 3
for bounded sets of the form B,={xeD: §(x, a)<r}, r>0. According to the
hypothesis d(F(x), F(y)) < Ld(x, y). Since F(a) e C(R") the set F(a) is bounded
in R", hence there exists k>0 such that u € F(a) implies o(u, 0) <k. Suppose
y€F(x), xeB,, hence 6(x,a)<r. We have o(y, F(a)) < d(F(x), F(a)) <
Lé(x, a) <Lr. There exists v € F(a) such that o(y, F(a)) = o(y, v), consequently

e(y,0) < e(y, v) + o(v,0) = e(y, F(a)) + o(v,0) <Lr+kand U {F(x)} =

x€B,
K({0}, Lr+k). Q.E.D.

In the following we shall deal with multifunctions of one real variable.
Moreover, the metric g is supposed to be indicated by a norm.

Theorem 3. Let F: (a, b)— C(R") be a Lipschitz function with the Lipschitz
constant L. Then for any x € F(a) and any y € F(b) there exist Lipschitz selections
f,g: (a, b)— R" for F such that f(a)=x, g(b)=y and with the same Lipschitz
constant L.

Proof. We shall show the existence of f. The proof for g is analogical. Let
yo€ F(a). According to Lemma 1 there exists y$e F(b) such that o(y,, y9) <
L(b—a). Let fo: {(a,b)—R" be the linear function such that fo(a)=y, and
fo(b) =y?. We will construct a family of piecewise linear functions f,, n=1, 2, ....
Let y§=yoeF(a). According to Lemma 1 there exists a point yjeF(a+
(b—a)2™) such that o(ys, y7) < L(b—a)2™". Having constructed a point
yi€F(a+i(b—a)2™), i<2", we can show using Lemma 1, a point y?,, e F(a +
(i+1)(b —a)27") such that o(y?, y&:) <L(b—a)2™". Hence we can get 2" + 1 of
points 3, y7,..., y3» such that y}eF(a+i(b—a)2™") and o(y?, yi) <
L(b—a)2™ (0<i<2"). Let f,: (a, b)— R" be such a piecewise linear function
that f,(a+i(b—a)2™") = y? and for xe(a+i(b—a)2™", a+(i+1)(b—a)2™"),
x=a+i(b—a)2™ + t(b—a)2™, te(0, 1), let fu(x) =yt +t(yr:1—y}).

We show that for each n=1, 2, ... the function f, has the following property
P: o(f.(x), f-(y)) < L|x—y]| for every x,ye{a,b). Put x;=a+i(b—a)2™",
i=0, 1, ...,2". Hence f.(x)=y%, and f.(xi+t(xis1—x)) = yr+t(yli—y?}),
te(0,1). If x, y e (xi, Xir1), x =X+ ti(Xis1— %), Yy =X + to(Xis1 — X;), <0, then
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a simple computation gives us o(f.(x), f.(y)) = (—t)o(yrhy, yt) <

L(tz_tl)lx“.]_x,'l = Lly_xl. If xo<x,<...<x,-Sxﬁxi+.<...<x,Snyi+,<
< Xapm, then Q(f,.(X), f,.(X1+1)) S lein_xl’ Q(fn(xi-ﬂ)’ fn(xi+2)) =
L|xu2=xinl, .., o(fa(x), fo(y)) < L|y—x]|. From the above inequalities it

follows that o(f(x), fu(y)) < o(fu(x), fa(xis1)) + o(fal(xisr), fu(xivd)) + ...
+ o(fa(x), f(¥)) < L(|xii—x|+|xis2=xin| +...+|y—x|) = L|x—x|, and
the property P is proved.

According to Lemma 3 and the property P the family of functions fas
n=1,2, ..., is uniformly bounded and equicontinuous on (a, b), hence it follows,
according to Arzela—Ascoli theorem, that there exists a uniformly convergent
subsequence {f,, }i-: of {f.}r-..

Put f=lim,_.f,. Obviously o(f(x), f(y)) < L|y—=x|. We show that f is
a required selection for F. Since f,,(a +i(b —a)27) € F(a +i(b — a)27%) for n, >

q, we have f(a+i(b—a)2‘“)=£i_{£1nfnk(a+i(b—a)2“‘) € F(a+i(b—a)2™9).

Hence, f(x)eF(x) for each xe A={a+p(b—a)2~: p, q=0, 1, 2, ..., and
0=<p <27}. We show that f(y) e F(y) for each ye {(a, b) — A. Since A is dense in
(a, b), we can choose x;€ A, i=1,2, ..., such that x,—y. Suppose f(y) é F(y).
Hence there exists an £>0 such that the e-neighbourhood K(f(y), €) of f(y) and

F(y) have the void intersection. It is easy to verify that if x € A, |y — x| <%, then

F(x)nK(f(y), §>=ﬂ. On the contrary suppose ceF(x)nK(f(y), g) Then

e(c, F(y)) >3 and max { max o(a, F(y)), max o(a, F(x))} >, d(F(x), F(y)) >

E
2

- On the other hand, d(F(x), F(y))<L %=§— a contradiction. The relation

F(x)nK(f(y), §)=ﬂ, x€A, implies the discontinuity of f at y because of

f(x:) € F(x;). This is a contradiction with respect to the continuity of f. Hence f is
a required selection for F with the Lipschitz constant L. Q.E.D.

Corollary 2. Let F: R— C(R") be a Lipschitz function with the Lipschitz
constant L. Then there exists a Lipschitz selection for F with the Lipschitz
constant L. ‘

Proof. The statement of Corollary 2 is an easy consequence of Theorem 3. It
is sufficient to apply Theorem 3 in a suitable way on restrictions F| (i, i +1) and to
use the fact R= J (i,i+1). Q.E.D.
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SUHRN
O LITPSCHITZOVSKYCH SELEKCIACH LIPSCHITZOVSKYCH MULTIFUNKCIf
J. Guri¢an—P. Kostyrko, Bratislava

V préci sa uddvaji niektoré postacujice podmienky k existencii lipschitzovskej selekcie lipschit-
zovskej multifunkcie F: D— C(R") (D — metricky priestor; R — redlna priamka; C(R") — systém
vietkych neprazdnych konvexnych kompaktnych podmnozin R", n =1, 2, ..., opatreny Hausdorffovou
metrikou). Dokazuje sa, napriklad, ze ked D je Tubovolny metricky priestor a n=1, 2, tak pre
Tubovolni lipschitzovskii multifunkciu F existuje lipschitzovska selekcia. Dalej sa dokazuje, Ze pre
kazdé n=1, 2, ... lipschitzovskd multifunkcia F: R—(R") ma lipschitzovsku selekciu. Uvadza sa
taktieZ zdvislost liptschitzovskej konstanty selekcie od lipschitzovskej konstanty multifunkcie.

PE3IOME
O CEJEKLMAX JUMIMLIA I MYJITUGYHKILIAN JIUITIIALIA
. I'ypuaan—II1. Kocteipko, BpaTtncnasa

B pa6oTe AaloTcs HEKOTOPBIE IOCTATOYHBIE YCIOBHS K CyILECTBOBAHHIO ceneKunH JIunmumua s
myntuyHkun JInmumua F: D— C(R") (D — meTpuyeckoe npoctpaHcTBo; C(R"™) — cucrema Bcex
HenycThix GHKOMIAKTHBIX MOAMHOXecTB R", n=1, 2, ..., cHaGxeHa MeTpuko#i Xaycropdda). Han-
pHMep fOKa3aHo, 4To eciiH D mo6oe MeTpHuecKoe MPOCTPaHCTBO M n=1 WK 2, To ansa moboi
myntudyHkuun Jlunmumua F cymectByer cenexums Jlumimmma. [lanee noka3aHo, YTO IS BCAKOTO
n=1,2,... myntipynkuns Jlunumua F: R— C(R") umeer cenexkumo Jlumumua. Toxe naHa
3aBHCHMOCTb KOHCTaHTbI JIMIIIMIA CeNIEKUMH OT KOHCTaHThl JIMmmmma MynTHGhYHKIHH.
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