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ON A TECHNICAL LEMMA IN LATTICE ORDERED GROUPS

BELOSLAV RIECAN—PETER VOLAUF, Bratislava

The aim of the article is to prove the following computational lemma :

(A) Let G be a o-complete lattice ordered group. Let (a. . ).:; be
a bounded sequence of elements of G such that a, ; ;\NO(j—> >, n,i=1,2,..).
Then to every ae G, a> O there exists such a bounded sequence (a; ) ; that
a;;\\NO (j—>», i=1,2,...) and such that for every t: N> N

an (2 V A, i, 1i4m)) = V ai, 1(iy -
i=1

n=1i=1

This lemma was discovered by D. H. Fremlin ([2]) in a connection with his
simple proof (see also [5]) of the famous Matthes—Wright vector lattice valued
measure extension theorem ([2]). The lemma substitutes successfully the usual
e-technique in vector lattice valued analysis (see e.g. [2], [3], [4], [5], [9]) and it
seems to be useful also in a more general [-group valued case ([7], [8], [9]). Of
course, from an algebraic point of view it presents a quite special result and
therefore it does not appear in monographs on ordered groups.

We present here two proofs of the mentioned assertion. The first one is
presented in Part 2 and it uses a representation technique ([1]). By the same
technique we prove that a regularity condition from the paper [6] holds in any
lattice ordered group. Part 2 belongs to the second author. On the other hand, in
Part 3 which belongs to the first author we present an elementary, purely algebraic
proof. Part 1 contains some necessary notations and notions and, for the conve-
nience of the reader, a proof of the-assertion (A) in the vector lattice case. Namely
vector lattice version is used in the first concept in Part 2.

1

By a o-complete [-group (lattice ordered group) we mean a boundedly
o-complete lattice G being simultaneously a commutative group and satisfying the
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identity a+(bvc)=(a+b)v(a+c). If G is, moreover, a (real) linear space
satisfying the identity a(avb)=(aa)v(ab) for aeR, a>0, a, b e G, then G is
called a vector lattice or a Riesz space. A vector lattice is called to be boundedly
o-complete, if every bounded sequence in the space has the supremum.

1.1. Proposition ([2] lemma 1C, [5] proposition 3). Proposition (A) holds in
any boundedly o-complete vector lattice. Moreover, a; j=aAb; ; where b; ;=
'\/l 2'a,‘,~_,,,<.

r=1
Proof. Evidently b;,, ;=2"a,. . ;, whereas a, ; ;=27"b;., ; hence
k @

3 =
2 Van i em= 21 2—"(\/ bisn, l(i+n)> =

n=1li=1 i=1

k 0 o
é (21 2_")\/1 b,-' ;(j)§ \/l b,‘_ 1)+
n= = =

Since every vector lattice is distributive, we have

k o = =
an (2 Va,., i l(i+n)) s \/(a/\b.-, W) = Va.-, (i) -
n=1li=1 i=1 i=1

2

2.1. Proposition. Proposition (A) holds in any o-complete I-group G.

Proof. By [1] theorem 4 there exist a vector lattice F and an [-group
isomorphism h: G — h(G) c F preserving all supremums and infimums. Therefore
by Proposition 1.1

H(aASV nion) = H@AZV h@niiom) S
=V (a0 =h(V auo),
since h(a,)=h(a)A\/ 2'h(ay.-.,). Finally,
anZVaniaen=V oo

since h is an isomorphism.

By a similar technique we prove that every lattice ordered group is weakly
regular (see [6], cf. also [10]).

2.2. Proposition. Let G be a o-complete [-group. Let (a.,), a.; \NO(j— ®),
(i,j=1,2,...) ae G, a>O0. Then there exists t: N— N such that for every n,

Z a;, .u)Z a.
i=1
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Proof. By [1] theorem 4 there exist a vector lattice F and an isomorphism
h: G— h(G) c F. Moreover, F consists of almost finite continuous functions on
a compact, Hausdorff and extremally disconnected space E. Since h(a;;)\0,
(j— =), we get that the set

Ai={x€E; (h(a; (x)); )0}

is of the first category. Since a > O, we have h(a)>0, i.e. there exists a clopen set
U and an ¢ >0 such that h(a)(x)> ¢ for every x € U. Since U is open, it is not of

the first category, hence there exists x, € U\UAi. So h(a;,;)(x0)\O (j— ) for

every i. Therefore there is t: N— N such that

> h(a.)(x) <3
for every n, hence
2 h(ai,.(;))?_h(a), n= 1, 2, o
i=1

i.e.

n
2 a.’,:(i);—a, n= 1, 2,
i=1

3

In this section G is a o-complete [-group. We write 1-c=c and n-c=
(n—1)-c+c for any ce G and any neN.
3.1. Lemma. If ;e G (i=1, ..., 2%), then

’_Zl ¢ §,y1 2%¢.
Proof. We can do it by the induction, the first step of it being the following:
O=(ci—c)v(cz— 1)
ata=(a+te)t(a-c)viea—ca)=(a+a)v(c+c).

3.2. Lemma. If bA(2*b)<a (i=1, ..., n), then bA(Z"\"/bi)é\"/a.-.

i=1 i=1
Proof. By Lemma 3.1

ba(2Vb)=ba( l\{lzzb)g

n=
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éb/\(“\:/l. \7 \2/ )=

i —ll

 <=

LV \z}(b/\Z"b.-,.)é_\_"/a,-.

it=1  i2k=1j=1

i

3.3.Lemma. If bA(2“c)=c (k=1, ..., n), then bA(Z )g
Proof. By Lemma 3.1 (with k =1) we get

h/\(kE ) b/\(c.+2ck)<b/\((c,+c,)v( o+ ) ck))é

k=2 k=2

§(b/\2c|)v(b/\(2€2+kzn32ck) <

Sr26)v(bn(Qat2e0v(§ 20+ 3 2a))) =

=(bA2(‘.)V(b/\22c2)v(b/\(22cg+§2zck))§...§k\:/l bAa(2%c)=c.

3.4. Proposition. Proposition (A) holds in any o-complete [-group G.
Prof. Put a, j = an (\'/ 2"(1,(‘ i—k+1. ,'). EVidently, Aivk—1, 1(i+k—-1) =
k=1

an2*ay, i wisx-1y, 50 by Lemma 3.2
c= Vai. l(i)—z-a A (2k V Ay, i, l(i+k—1)) .
i i=1

Finally, by Lemma 3.3

aA; Vak i t(i+k—1 §Va,—,,(i).
i=1
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SUHRN
O JEDNEJ TECHNICKEJ LEME VO ZVAZOVO USPORIADANYCH GRUPACH
B. Riec¢an, P. Volauf, Bratislava

Dokazuje sa tito lema: Nech G je o-iplnd zvizovo usporiadana grupa. Nech (a..:. )., :.; je takd
ohranifend postupnost prvkov grupy G, Ze a....;\O (j—®, n, i=1,2, ...). Potom k Iubovolnému
a € G, a> O existuje taka ohraniena postupnost (a;, )i, ; Zze ai,;\O (j—>®, i=1, 2,...) a taka, Ze pre
kazdé t: N— N plati

hd o« L
an 2 An,i, ((i+n))§vai, (i) -
1 i=1

n=1i=

Tato lema nahradzuje v G-hodnotovej analyze obvykli epsilénovi techniku.
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PE3IOME
OB OJIHOM TEXHUYECKOM JIEMME B CTPYKTYPHO YIMOPAOOYEHHBIX I'PYITITIAX
B. Pueuan, I1. Bonayg, Bpatucnasa
Hoxa3sisaetes cnenyiowmas nemma: [ycte G — 0-nonHas cTpyKTypHO ynopsiioueHHas rpynmna.
[1ycTh (@n.i.j)n.i.j OTPAaHMYEHHAS NOCTEAOBATENLHOCTb 3EMEHTOB U3 G TaKasi, 4TO @n,i,; NO (j—> ©, n,

i=1,2,..). Torna k mobomy ueG, a>0 CYHIECTBYET TakKasi OrpaHWYEHHasl NoCieqoBaTENbHOCTD
(a@ii)ijs uT0 @i ;\NO (j—> o, i=1,2, ...) u TaKkasi, 4To nis BCAKOro f: N— N CIIpaBeIMBO

a ’\(E Vawiwm)= V aivir-
n=1i=1 i=1

'ITa NEMMa YNOTPEBSETCS B aHANN3€e DYHKUMI ¢ 3HaUeHUSIMU B G BMECTO OGLIMHOMN £-0f TEXHUKH.
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