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EXISTENCE AND BOUNDEDNESS OF SOLUTIONS
OF THE PERTURBED NONLINEAR DIFFERENTIAL EQUATICN
WITH DELAY

VLADISLAV ROSA, Bratislava

In [1] the author has obtained some existence theorems for the initial value
problem (IVP)

%=f(t, y(0)+g(t, y(0), y[h:(D], ..., y[ha(D]) (1

y(t5) = p(to) = yo 3)
y[h()]=p[h(D)], h()=t, i=1, ..., m,

where the unperturbed system is nonlinear

(e, ) @

and each of x, y is n-dimensional column vector, by using the nonlinear variation
of constant formula due to Alexejev [2] and a comparison principle.

In the present paper we shall continue this study by obtaining further
conditions which ensure the existence of a solution of the IVP (1), (3) and give
certain different type of its estimation as well. Here the results of [3] and the
Bellman’s lemma will be applied.

Let R" denote the n-dimensional vector space, |.| any appropriate vector
norm and ||.|| any compatibile matrix norm.

Assumptions (a)—(d) given below are valid throughout this paper and will not
be repeated in formulations of particular theorems.

Suppose that:

() f(t, y), %;Y)e ClIx R", R"], where I=[a, ®);
(b) g(t, v, uy, ..., uy) € C[I X R"™*Y R"];
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(c) h(t)e C[I, R] such that h(t)<t for all tel, i=1, ..., m;
(d) p(t)eC[E,, R"], toel, E,‘,=CJE:'0 is the initial set, where E! =
i=1

(ing hi(1), to], i=1, ..., m and we shall assume that for every i=1, ..., m there
exists f; € [to, @) =J such that h;(t;)=t,. If inf h,~(t)=mi51 hi(t) we shall put Ei =

[i’xg h(1), to].
We shall denote x(t, t, xo) the solution of (2) passing through the point
(to, Xo0). It will be always assumed that x(t, to, Xo) has the following property:
(e) for every xo€ R", x(t, to, Xo) as a function of ¢t can be continued to J.
Remark. The meaning of some of these conditions had been explained in [4],
pp. 131—132 and [5].
Theorem 1. Let us assume that
i) there exists a function k(t, s, r)e C[L = {(t, s): asSs<t<o}XR,, R,]

. . . ox(t, to, x
nondecreasing in the last variable such that for the matrix F(t, to, xo) = Ox(t, to, Xo)

aXo
the inequality
IIE(t, to, xo)|| S k(t, to, |X0|), (¢, to0) €L, xo€ R" 4)
holds ;
ii) for each (s, v, w, ..., t,)€J X R"™*V the relation
lg(s, v, U, ..., )| <n(s, |v], |wil, ..., |tn]) 5)

holds, where ne C[Jx R7*', R,] is nondecreasing in all variables with the
exception of the first one;

iii) there exists a function r(t) e C[E,uJ, R.] such that |p(t)| <r(1), te E,,
|x(¢)| = r(t), teJ where x(t) is a solution of (2) satisfying the initial condition
X(to) =Xo= P(to) 5

iv) there exists a maximal solution Z(t) of the integral equation

z(t)=r(t), teE,

. ©)
20)=r(0)+ [ (e, 5, 2)n(s, 2(5), 2lmu(s)), . 2lhn(s)]) s,

t € J which is bounded on J.
Then the IVP (1), (3) has at least one solution y(t) on J. Moreover, this
solution satisfies the inequality

[y()|<MonlJ, @)

where the constant M is determined by (8).
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Proof. With regard to the assumptions there exists a positive constant M such
that for t e J the inequality

Z(H=M (8)
holds. For y(t), in accordance with the assumptions,
[y(to)| < r(to) = Z(to) 9

is true, so as the inequality (7) is valid at least at a right neighbourhood of the point
to. We will show that y(t) exists for all 1€ J and |y(t)| <M. If this were false, with
respect to the Lemma of [1] there exists the first point ¢, on the right from f, such
that |y(t,)] = M. It is known [2] that the solution y(¢) of the IVP (1), (3) also fulfils
the system

y()=p(1), teE, (10)
y(t)=x(t)+fl E(t, s, y(s)) g(s, y(s), y[(5)), ..., y[hn(5)]) ds,

teJ, where x(t) is the solution of (2) determined by the initial condition
x(to) = p(to), wherefrom with respect to the (4) and (5) we have

ly()]=Ip(1)|, teE,
ly()]<|x(1)| +J‘ k(t, s, [y(s)]) n(s, ly(s)], [y[h(s)]], ..
oo |[Y[An($)]]) ds, to=t=1,.

Since |p(t)| <r(t), t € E,, using the theorem 3 of [3] one obtains |y(t)| <Z(t)=M
for each considered t. Thus the point t, > t, such that |y(t,)| = M cannot exist. This
contradiction proves that y(¢) can be extended to the whole interval J keeping the
inequality (7). The proof is complete.
Theorem 2. Let us assume that
i) there exists a function K(t, s, r, p1, ..., pn) € C[L X R7*', R,] nondec-
reasing in all variables with the exception of the first two ones such that

|[F(t, s, v)g(s, v, uy, ..., un)| <K(t, S, 7, P1y ..., D) (11)

ii) there exists a function r(t) e C[E,uJ, R.] such that |p(¢t)|<r(¢), teE,,
|x(¢)|=r(t), teJ where x(t) is a solution of (2) satisfying the initial condition

x(t0) = xo=p(to) ;
iii) there exists a total solution z°(t) of the integral equation

z(t)=r(t), teE,

' (12)
2 =r() + f K(t, 5, 2(s), 2[(s)], .., z[hn(s)]) ds, te T

on J.
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Then the IVP (1), (3) has at least one solution y(t) on J. Moreover, this
solution satisfies the inequality

[y(t)]<z°(t) on J. (13)

Proof. We suppose the maximal interval of existence of a solution y(z) of the
IVP (1), (3) is [to, T], T< . For t €[to, T] the z°(¢) is a bounded function. With
regard to the assumptions the following relations

ly(OI=|p(1)|, teE,
YOI<IxO1+ [ Kt 5, 19l [y, o ym() ds =
ér(r)+J:’ Kt 5, |5, Y[, ooy |91 ds, to=t<T

are true, wherefrom using the Theorem 4 of [4] one obtains that for t € [t, T) the
inequality (13) holds. It follows from this, however, that y(t) is a bounded function
on the maximal interval of its existence. Therefore, in accordance with the Lemma
of [1] there must be T = which completes the proof.
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SUHRN
EXISTENCIA A OHRANICENOST RIESEN! PERTURBOVANEJ
NELINEARNEJ DIFERENCIALNEJ ROVNICE S ONESKORENIM

V. Rosa, Bratislava

V praci sa vySetruje nelinedrna perturbovana diferencidlna rovnica s oneskorenim, pri¢om
odpovedajica naperturbovand rovnica je tieZz nelinedrna. VyuZitim istych integrdlnych nerovnosti
a Bellmanovej lemy sii stanovené rozne podmienky pre existenciu rieeni pociato¢nej tdlohy a ich
odhady.

PE3IOME

CYIECTBOBAHME U OTPAHUYEHHOCTH PEUIEHUI BO3MYIIEHHOIO
HEJIMHEMHOT'O ®UPPEPEHIIUAJIBHOIO YPABHEHMS C 3AIMA3ILIBAHUEM

B. Poca, BpaTucnasa
B craTbe paccMaTpuBaeTCsl HeJIMHEHHOe BO3MYLIeHHOe quddepeHIMaIbHOe ypaBHEHHE ¢ 3anas-
NbIBaIOLIMM apTyMEHTOM, i€ HEBO3MYILIEHHOE YpaBHEHNE TOXe HelMHelHoe. Yepe3 npocTpenHuyecT-

BO KakKHX-TO HMHTErpajiIbHbIX HEPaBCHCTB M IMPH BOCMNOJIL30BAHHH JIEMMbI Bennmana YCTAHOBJICHbI
YCIIOBHA CYLIECTBOBAHUA pemeHHﬁ HayYaJbHOM 3a/1ayy 3TOrO BO3MYLLICHHOIO YPABHCHHSA U MX OLICHKH.
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