#3D
VAL 7

—/

Werk

Label: Article
Jahr: 1984
PURL: https://resolver.sub.uni-goettingen.de/purl?312901348_44-45|10g29

Kontakt/Contact

Digizeitschriften e.V.
SUB Géttingen

Platz der Gottinger Sieben 1
37073 Gottingen

& info@digizeitschriften.de


http://www.digizeitschriften.de
mailto:info@digizeitschriften.de

UNIVERSITAS COMENIANA
ACTA MATHEMATICA UNIVERSITATIS COMENIANAE

XLIV—XLV—1984

STRONG LAWS OF LARGE NUMBERS

RASTISLAV POTOCKY, Bratislava

The purpose of this paper is to discuss strong laws of large numbers in Banach
lattices. They are only a quarter century old as a subject of study. In fact, there
were no laws of large numbers before the year 1953. Over the past 25 years several
investigators have devoted their attention to this area and have produced a number
of interesting results. In Banach lattices three types of laws of large numbers can be
considered depending upon the modes of convergence; accordingly one speaks
about laws of large numbers in the norm topology or the weak topology or else with
respect to the ordering. While many results are known for the norm topology, the
theory is much less developed for the weak topology and almost completely
neglected is the case of the convergence with respect to the ordering. The latter is in
the primary focus of this paper.

We will study mappings having values in a Banach lattice. To avoid misunder-
standing, let us agree on this definition.

By a Banach lattice X we understand a normed lattice, i.e. a vector lattice with
a monotonous norm, complete with respect to this norm. A Banach lattice is said to
have o-continuous norm if each decreasing sequence with zero infimum converges
to zero in norm.

A well known theorem asserts that every separable, countably o-complete
Banach lattice has o-continuous norm (see [1], th. 5.14). In the rest of this paper
we restrict our attention to separable, countably o-complete Banach lattices.

Definition 1. Let (2, S, P) be a probability space. A strongly measurable
mapping f from €2 into X is said to be a random variable. The expectation of f (if it
exists) is well defined by Bochner integral.

It is well known that f is integrable if and only if ||f|| is integrable and it is if
and only if |f| is integrable.

Proposition 1. A mapping f: Q— X is a random variable iff there exists
a sequence {f.} of elementary random variables such that f.(w) converges
relatively uniformly to f(w) for each w, i.e. there is v(w) € X such that for every n

|fa(@) = f(@)| < n7"v(w).
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Proof. See [8].

Definition 2. The variance of f is defined by o*(f)=E||f— Ef||* and the
standard deviation of f, o(f) is the square root of the variance.

Definition 3. For 1 <p< o, L?(X) denotes the Lebesgue—Bochner function
space of X-valued random variables for which E ||f||” is finite.

It is a Banach lattice with the usual norm and ordering.

Definition 4. A sequence {f,} of random variables obeys the strong law of
large numbers in the norm topology if

n"iﬁ(w)ll—»O a.s.

A sequence {f,} obeys the strong law of large numbers in the weak topology if,
except for a single set A of probability 0,

T(n“iﬁ(w))—»O
for each Te X' (the topological dual of X) and wé¢ A.
A sequence {f.} obeys the strong laws of large numbers with respect to the
ordering, if n“i fi(w)—0 a.s. in the order.

One usually proves strong laws of large numbers by investigating the series of
random variables. The key role is played by two lemmas.
Lemma 1. (Toeplitz). If x,— x in the norm topology (the weak topology, in

the order) then n“Zx,-—-)x in the norm topology (the weak topology, in the

order).
Proof. See [2].
Lemma 2 (Kronecker). In each Banach lattice the norm convergence (weak

®©

convergence, o-convergence) of the series 2 n"'x, implies the norm (weak, order)

convergence of n™! Z x—0.

Proof. See [2].
Theorem 1. ([3], th. III. 13). Let {f.} be a sequence of independent random

n

variables with Ef, =0. If Z n~*0’(f,) converges and n~'Y, o(f,)—0, then {f.}
1

obeys SLLN in the norm topology.
Theorem 2. ([4], th. 3.3). Let {f,} be a sequence of independent random

variables with Ef, =0. Let X' be separable. If Z n~20*(f,) < and n“X o(f) is
a bounded sequence, then {f,} obeys SLLN in the weak topology.
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Theorem 3. ([2], th. 1). Let {f.} be a sequence of random variables. If
@.: R*— R* are continuous non-decreasing, strictly positive on the real half-line
and such that ¢, '(t) are non-decreasing, then the convergence of

El E@. |If. (@ 1]l + @u(n))™?

implies the validity of SLLN with respect to the ordering.

Corollary. Let {f,} be a sequence of random variables. Then the convergence
of =nPE||f.||°, B<1 implies the validity of SLLN in the order.

In comparison with the previous theorems, the latter one has the advantage of
being valid without independence of summands and without the assumption
Ef.=0.

In what follows we will show that SLLN holds in spaces that share some
properties with Hilbert lattices and are, in general, a result of a geometnc and
a probabilistic condition.

Definition 5. X is B-convex if there is an integer k =2 and an € >0 such that
for each choice of x;, ..., x, from the unit ball of X || £x; £... £ xi || <k(1 —¢) for
some choice of + and — signs.

Theorem 4. ([5], th. 1). X is B-convex iff every sequence {f,} of indepen-
dent random variables, Ef, =0 and with ||f.(w)||<1 obeys SLLN in the norm
topology.

Definition 6. A semi-inner product on X is a real-valued function [.,.] on
X x X with the following properties

() [x+y, z]=[x, 2]+ [y, 2]
[Ax, y]=A[x, y], V real A
(i) [x, x]>0 when x#0
@ii) |[x, Y] <[x, x][y, y]
@(iv) [x, x]=lx|?

In smooth spaces there exists a unique function with these properties (for the
definition of a smooth space and related results see [6]).

Definition 7. Let f and g be random variables. They are orthogonal in L?(X),
if [g, f]=0 with respect to semi-inner product on L?(X). A sequence {f.} is
mutually orthogonal in L?(X) if [f;, f;]=0 for i#]j.

Among smooth space the so-called G,-spaces are important from the point of
view of SLLN.

Definition 8. For 0<a<1, X is a G,-space if there exists a mapping
G: X— X' such that

@) G =[x
(i) G(x)x=||x||**
(iii) ||G(x)— G(y)||<A||x y||* for x, y € X and some A >0.
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As we have already mentioned, each G,-space is smooth. Also true is that X
being a G,-space implies the same for L'**(X) (see [6]).
Theorem 5. ([7], th.2) Let {f.} be a sequence of independent random

variables, Ef, =0 in a G,-space, 0<a<1. If z n~*E||f.||'** converges, then

{f.} obeys SLLN in the norm.

All [ and separable L?, p =2 satisfy Kolmogorov’s SLLN (i.e. th. 5). It does
not hold in /? and L*, 1<p<2.

In contrast with this theorem, the next result is developed for orthogonal
rather than independent sequences of random variables.

Theorem 6. Let {f,} be a sequence of random variables in a G,-space X,

0<a=<1, with {|f.|} mutually orthogonal in L'**(X). If >, n~**®El||f.||"*, then
1

{f.} obeys SLLN with respect to the ordering.
Proof. In the proof the following inequality plays the key role:

n 1+a n
E“Z f,(w)“ SAZE |Ifi(w)||***, where A is the G,-constant. This inequality is

estiblished in [8], th. 1. Using this, we have that the series =n"||f,|| converges
almost surely. The rest of the proof follows from the order-continuity of the norm
and Kronecker’s lemma.
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SUHRN
SILNE ZAKONY VELKYCH CISEL
R. Potocky

Autor v ¢lanku uvddza prehlad silnych zdkonov velkych ¢éisel v silnej a slabej topolégii, ako aj
vysledky tykajice sa konvergencie podla usporiadania.

PE3IOME
YCWIEHHBIN 3AKOH BOJIBIIUX YUCEJ
P. IToTouxn
B nepBoit yacTH gOKa3bIBaeTcs, YTO ISl BEKTOPHOH PELIETKH C MOJHOMN METPH3YEMOH TO-
TNOJIOTHEH TOHATHSA CIYYalHOM BEeJIMYMHBLI M CIIyYyallHOTO 3J€MeHTa coBmagaior. Bo BTOPOH 4acTH

Aaetcst 0630p pe3yabTAaTOB, KAaCaIOIMXCA YCHIEHHBIX 3aKOHOB GONBLIMX YHMCe] B CHILHON M cnaboi
TOMOJIOTMH U MO YHNOPSANOYEHHIO.
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