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ON PROJECTIVE LIMITS OF SMALL SYSTEMS

JURAJ RIECAN, Bratislava

The paper deals with the very well known Marczewski and Ryll Nardzewski
generalization (see [6]) of the famous Kolmogorov consistency theorem. Instead of
a limit measure generated by a projective system of measures we shall construct
a so-called small system. In the classical case a small system generated by a measure
P can be defined as a sequence {N,}r-; of sets of measurable sets with N, =

{E ; P(E)<%}. So as a special case of our projective limit theorem we get the

Kolmogorov theorem (of course, in the mentioned general form). Moreover, our
theorem can be applied also to the theory of subadditive measures (Section 4).

1. Compact approximation

Definition 1. Let X be a set, s/ =2* be an algebra. A sequence {N,}r-; of
subsystems of the system .o/ will be called a small content, if the following
properties are satisfied:

1. #eN, for all ne Z*.

2. To any me Z* there exists a sequence {k; }i~, of positive integers such that
to any me Z* and arbitrary sets E; € N, it is CJE,» € N, (subadditivity).

i=1
3. If EeN, and FcE, Fe o, then Fe N, (monotonity).
Definition 2. Let X be a set, ./ = 2* be an algebra. A small content {N, }7-,
of subsystems of the system o will be called:
a) a o-subadditive small content, if to any ne Z* there exists a sequence
{ki}i=1 of positive integers such that to arbitrary sets E; € N,, is holds DE. €N,

i=1

(o-subadditivity)
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b) a continuous small content, if to arbitrary sets E; € «f, E...< E,, i=1,2, ...
such that [)E, =@ and to any neZ* there exists me Z* such that E, €N,
i=1

(continuity)

Definition 3. A o-subadditive and continuous small content is called a small
system.

Definition 4. Let X be a set, .4/ =2* be an algebra and {N, } -, be a small
content of subsystems of the system .«{. We say that a system ¥ < .«f approxi-
mates a system B c .o, if to any set B € B the following property is satisfied:

VneZ*3S,e¥3A, e A:S,.cBcS,UA,, A.€eN,.

Lemma 5. Let X be a set, «/c2* be an algebra and {N,} -, be a small
content of subsystems of the system .»/. Let a system & < .-/ approximate a system
B = A. Then the following properties are satisfied :

a) & approximates A"

b) &" approximates A"

Proof. a) Let n be an arbitrary positive integer. If B € 4", then there exist

B.e B,B= OBi(m € Z"). Since & approximates %, there exist S; € ¥ and A, € .4
such that .

S;cB,cSiUA;, AieN,, (i=1,...,m).
We obtain

Us.cUJB.cJsulJA, (JAeN,.
i=1 i=1 i=1 i=1 i=1
b) Let n be an arbitrary positive integer. Similarly as in the part a) we obtain
S,- c B,' c SiUA,', A,’ [ Nk;
and from this we get
ﬁs,' CﬁB, CﬁSiUL"JA,', l’_nJA, EN,. .
i=1 i=1 i=1 i=1 i=1
Q.E.D.

Lemma 6. Let o =2* be an algebra of subsets of a set X. Let {N,}:-, be
a small content of subsystems of the system /. Let I be an index set. Let %, c A

approximate %, c A for all a€l. Then |J &, approximates | J &..
ael

ael

Proof. The assertion of Lemma 6 is evident, since any set Boe | J %, can be

ael

approximated by the system ¥, such that B, € %B,,. Q.E.D.
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Lemma 7. Let # c2* be an algebra of subsets of a set X and {N,} -, be
a small content of subsystems of the system /. Let I be an index set. Let &, = #

approximate an algebra %, < « for all a el. Then (U ¥.)"" approximates the
ael

algebra A(U %a).

ael

Proof. We shall use the following lemma (see [6], Corollary (0.2)): Let
{A.}aer be a family of subalgebras of the algebra »/. Then .%(U.ﬂ.,)

ael

= |} (U .cdu)nu, where Jo={Iloc1I; I, is a finite set}.

IoeJo \aelp

By Lemma 5 and Lemma 6 we get: The system (U %)nu approximates the
ael

system (U %u)m and by the preceding lemma (U %a)ﬁu: ﬂ(u ?/3,,). Hence

ael ael ael

(U Sf,,) ™ approximates the algebra .vﬂ( U %a). Q.E.D.

ael ael

Definition 8. Let X be a set, € =2*. The system € is called a compact system,
if to any sequence {C;}iZ; of sets from € such that ﬁc-aéﬂ for all ne Z* also
i=1
N C#0.
i=1

Definition 9. Let 4 c2* be an algebra, X be a set and {N,} -, be a small
content of subsystems of the system .o/. We say that a system 3B < 4 is compactly
approximable, if there exists a compact system € = # such that € approximates %.

Lemma 10. Let ¢ be an algebra of subsets of X and {N,},-; be a small
content of subsystems of the system 4. Let { 6, }. be an algebraically independent
system. Let I be an index set and for every a €I, B, be an algebra compactly

approximable by a compact system %4,. Then the algebra .c4(U %a) is compactly

ael

approximable by the system (U ‘&,)nu.

ael

Proof. By Lemma 7 (U‘&,)hu approximates .%(U %,)nu. By [6] Lemma
ael

ael

(1.3), Lemma (1.4) and Theorem (1.6), (U‘&,)m is a compact system. Q.E.D.

ael
Lemma 11 (Alexandrov’s theorem). Let o be an algebra of subsets of a set X
and {N,}:-1 be a small content of subsystems of the algebra of. Let s be
a compactly approximable system. Then {N,}~., is a continuous small content.
Proof (see [2], [4]). Let { N, }»-: be a small content and n be a positive integer.
Let {k:}i~: be a sequence of positive integers such that to any ng Z* and to
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arbitrary sets E;e N,, (i=1,2,...) it is CJE €N,,.
i=1

Let us take {E.}~,, Eie 4,E..,cE, ﬁEi=ﬂ. Since A4 is a compactly
i=1

approximable system, there exists a compact system € such that to any k; and to
any E; e 4 there exists C e 6, C.cE c GU(E —C) and (E;—C)eN,,. Since
ﬁC.- cﬁ E; =0, we have ﬁ G =0. Since C, € 6, there exists a positive integer m
- i= i=1

i=1 1

such that rm]C,- =0.
i=1

We obtain E,, =ﬁE,=ﬁE,—-—ﬁCcO(E.~ — C). Hence E,, € N,, because
i=1 i=1 i=1

i=1
E.—C e N, and {N,}.-: is a subadditive small content. Q.E.D.
Theorem 12. Let {.4,},.: be a family of algebraically o-independent algeb-

ras. Let {N,}~_: be a small content of subsystems of the algebra I (U '4,,). Let -4,

ael

be a compactly approximable algebra for all a € I. Then Y( (U .'\‘l,,) is a compactly

ael

approximable system and {N,} -; is a continuous small content.

Proof. By Lemma 10 the algebra I (U .:4,,) is compactly approximable. By

ael

Alexandrov’s theorem (Lemma 11) {N,}7-, is a continuous small content.

Remark. Let {N,} -, be a g-subadditive small content. Let {N,},_; satisfy
the assumptions of Lemma 11. Then {N,};-; is a small system (see Definition
2 and Definition 3).

2. Projective limits

Definition 13. Let M be a set and < be a relation on the set M. (M, <) is
called a directed set, if the following properties are satisfied:

1. < is reflexive and transitive

2. To any a, b e M there exists c € M such that a<c and b<c.

Definition 14. a) Let (M, <) be a directed set. A system S={X,; ae M}
will be called a projective system in the category of compact topological spaces, if
the following properties are satisfied:

1. X, is a compact topological space for all a € M.

2. To any a < f3 € M there exists a continuous function s, : Xz — X, such that
M. is an identical function for every a € M.

b) Let I be an index set and M be a set of all finite subsets of I. (M, <) is
a directed set.) Let X; be a locally compact, o-compact topological space for all
iel. A system ¥={X,; ae M} will be called a projective system in the category
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of locally compact o-compact topological spaces, if the following properties are
satisfied :

L x.=[Ix

2. Toany acf3e M such that a={xi, ..., Xi,} B={Xiss --+5 Xin }> Tpa: Xsg— Xa
is the projection, i.e. Mg (X, ..., X)) = (X5 ..., Xi)-

¢) Let the assumptions a) be satisfied. Then the projective limit of the system
¥ in the category of compact topological spaces is X. such that

1. X. is a compact topological space.

2. There exist continuous functions m,: X.— X, for all a e M such that
T, = Mga o7 for all a <P eM.

d) Let the assumptions b) be satisfied. X.. will be called a projective limit in
the category of locally compact o-compact topological spaces, if the following
properties are satisfied :

1. X.= H}X,»
2. There exist continuous functions 7,: X.— X, for all @ € M such that to any

X € X, Ma(x)=(Xy, ..., x;,) for all a={iy, ..., I,}.

3. Generalized Kolmogorov theorem for small systems

Definition 15. %B(a) is the smallest o-ring containing the system of all
compact sets in the space X,. %B(a) is called the system of all Borel subsets of X,.

Remark. Since X, is a compact space or a g-compact space, B(a) is
a a-algebra.

Definition 16. A set A = X. is called a measurable cylinder, if there exist
aeM and E e B(a) such that A=n_'(E). By ¥ we shall denote the set of
measurable cylinders.

Definition 17. Let {N,(a)}-: be a small system of subsystems of B(a) for all
aeM. {{N,(a)}-1; a € M} is called a consistent system of small systems, if to any
a:<ax€ M and to an arbitrary set E € X,, the following property is satisfied:

”t;zlﬂl(E) € Nn(a2) < Ee Nn(al)

Definition 18. Let X. be a projective limit of a projective system ¥ =
{Xa; aeM}. Let M={{N,(a)}r-1; a€eM} be a consistent system of small
systems such that N,(a)< %B(a) for all a € M and all positive integers n.

We define a small content { N, };-; induced by the system # by the following
formula:

N,={E€V;3aeM,3JAeN,(a): E=n;'(A)} n=1,2,...
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Lemma 19. Let ¥ ={X.; a e M} be a projective system. Then the inverse
image 7;'% = {n"'(K), Ke ¥} is a compact system. (¥ is an arbitrary compact
system.)

Proof. Let 7/ be a compact system. Let {n;'(K;)}, be a sequence such that

Ki e ¥ for every i. Let ﬁn;'(K,v)#ﬂ for eny positive integer n. Then evidently
i=1

n;‘(ﬁK,-)#ﬂ hence ﬁKﬁHD for any n. Therefore ﬁK,-iﬂ and hence
i=1 i=1 5

Q)= (1) " e

Lemma 20 ([3], theorem 3). B(a) is a compactly approximable system.

Lemma 21. n;'B(a) is a compactly approximable system and 'B(w) is an
algebra.

Proof. The first assertion follows from Lemma 19, Lemma 20 and De-
finition 18. The second assertion is evident.

Theorem 22 (the generalized Kolmogorov theorem for small systems). Let
(M, <) be a directed set. Let ¥ = { X, ; a € M} be a projective limit of this system,
M={{N,(a)}7-1; aeM} be a consistent system of small systems (see De-
finition 17) and {N,}7., be the small content induced by M. Then {N,};_, is
a continuous small content. '

Proof. {N,}7., is a small content of subsystems of the system of all measur-
able cylinders, hence it is a small content of subsystems of the algebra A(V). By
Lemma 20 and Lemma 21 {n;'B(a); a € M} is a system of compactly approxim-
able algebras. Evidently {n;'®B(a); aeM]} is a system of alg. o-independent
algebras. By Lemma 10 V(7)) is compactly approximable and hence by the
Alexandrov theorem (Lemma 11) {N,};_, is a continuous small content.Q.E.D.

Remark. Let {N,}._; be a o-subadditive small content and the assumptions of
Theorem 22 be satisfied. Then {N,}>_, is a small system.

4. Consequences for submeasures

Definition 23. A non-negative o-subadditive set function semicontinuous
from above in the empty set is called a submeasure.

Definition 24. Let X be a set, o/ = 2* be an algebra and let P be a subadditive
non-negative set function defined on A such that P(#)=0. A system B c oA is
compactly approximable, if there exists a compact system € such that

Ve>0VBeB3Ce%: CcB, P(B-C)<e.

Lemma 25. Let o/ =2 be an algebra, X be a set and P be a subadditive
non-negative set function defined on .4/ and such that P(@#)=0. Let N, =
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{Ee A; P(E)<;11-}, n=1,2, ... Then {N,}:- is a small content.
Proof. 1. P(ﬁ)<% for any positive integer n, hence @€ N, for any n.

L i=1, 2, ... Hence to arbitrary sets E; € N, and to any

2. LetneZ*' ki=7—, i
2'n

positive integer m

3
S|

P(0E)<3 =<3 5=
i=1 i=1 2 i=1 2
hence LmJE; €eN,.

i=1

3. Let Fe E€e N,. Then P(F)SP(E)<%, hence Fe N,.

Q.E.D.
Lemma 26. Let .4 =2* be an algebra and P be a submeasure on the algebra

A. Let N, ={Ee e P(E)<%} w=1,2, ... Then (NJ=uy is @ small system.
Proof. Let n be a positive integer. Put k; =2'n. If E, € N,, then similarly as in

the preceding lemma it can be shown that DE; €N,. Let {E;}Z, is now such

a sequence that E.oE.,, Eesd (i=1,2,...) and ﬂE @, then llm P(E)=
P(9)=0. Hence to any positive integer n there exists a posmve integer io-such that
to any i > it is R(E,-)<%. Therefore to any n e Z* there exists m e Z* such that

E.€N.,. Q.E.D.

Lemma 27. Let o/ 2% be an algebra and P be a subadditive, non-negative
function such that P(#) =0. Let {N,}~-, be the small content of subsystems of the
system .o«{ defined by

N, ={Ee A; P(E)<%}

for any positive integer n. Then .« is compactly approximable by Definition 9 if
and only if it is compactly approximable by Definition 24.
Proof. >

Let Be o and £€>0. Let €< A be a compact system approximating s by
Definition 9. Let n be a positive integer such that %s €. Hence there exists Ce €

such that
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CcBeCu(B-C) and P(B—C)<%se.

=

Let Bc ¥ and n be a positive integer. Let € .4 be a compact system

approximating ../ by Definition 24. Let ¢ be a positive real number such that ¢ s%.

Then there exists Ce € such that Cc Bc Cu(B—-C) and P(B—C)<£<%,

hence (B— C)e N,. Q.E.D.

Lemma 28.  Subadditive non-negative set function, semicontinuous fom
above in the empty set is a submeasure.

Proof is evident.

Lemma 29. Let «/ =2 be an algebra, P be a subadditive, non-negative set
function defined on ../ such that P(#)=0 and {N,}7-, be a continuous small

content such that N, ={Ee o P(E)<%} for any positive integer n. Then P is

a set function, semicontinuous from above in the empty set.
Proof. Let {E;}~, be a sequence such that E; € 4, E;,,cE, (i=1,2,...) and

= - S £ 1
[1E: =0. Let ¢ be a positive number and n be a positive integer such that & 2—’;.

i=1

. i 1
Then there exists a positive integer m, such that P(E,,,,)<;S£, hence

lim P(E,)=0. Q.E.D.

Theorem 30. Let I be an index set and {./, }«; be a family of o-independent
algebras. Let P be a subadditive, non-negative set function such that P(#)=0
defined on the algebra .c?i(U.rﬂa) generated by (J /. Let 4, be compactly

ael ael

approximable for any a € I. Then -C‘l(U .cda) is a compactly approximable system

ael

and P is a submeasure.

Proof. Let {N,} ., be a sequence of subsystems of the algebra vﬂ(U .vﬂa)

ael

such that N,.={Ee.<z¢(u 31,.); P(E)<%}. By Lemma 25 {N,}7_, is a small

ael

content. By Lemma 27 ., are compactly approximable systems (by Definition 9).

By Lemma 12 .« (U .rﬂa) is a compactly approximable system (by Definition 9).

ael

By Lemma 27 sﬂ(U &4,,} is a compactly approximable system (by Definition 24)

ael
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and by Lemma 29 P is semicontinuous from above in the empty set. Hence by
Lemma 28 P is a submeasure. Q.E.D.

Definition 31. Let (M, <) be a directed set and ¥={X,; ae M} be
a projective system (see Definition 14). Let P, be a submeasure defined on B(a)
for any a € M. Then {P,; a e M} is a consistent system, if

Va,BeM, a<fB,VEe B(a): Ps(ms(E))=P.(E)
Assumptions:

(i) Let (M, <)be adirected set and ¥ = { X, ; a € M} be a projective system
with the projective limit X...
(ii) Let P, be a submeasure defined on B(a) and {P, ; a € M} be a consistent
system of submeasures.
(iii) Let {N,.(a)}»-: be a small system of subsystems of the system B(a) for

any ae M and N, (a) = {E € B(a); Pa(E)<%} for any a € M and for any positive

integer n.
Lemma 32. Let the assumptions (i), (ii) and (iii) be satisfied. Then
{{N.(a)}>-1; a € M} is a consistent system of small systems.

Proof. Let a, fe M, a<f. Evidently E € N,(«) if and only if %>PG(E)=

Ps(754(E)) and it is if and only if 5. (E)e N,(B).

Lemma 33. Let the assumptions (i) and (ii) be satisfied. Then there exists
exactly one set function P on ¥ (7" is the system of all measurable cylinders — see
definition 16) with the following property: Ve M VBe B(B): P(nz'(B))=
Ps(B).

Proof. 1. Existence. Let A =nr;'(B)=n;"(C) and a € M be such that <
a, y<a. We shall prove that Ps(ms(A))=P,(m,(A)). Since {P,; aeM} is
a consistent system of submeasures, we obtain

Py (15(A)) = Pu(724(5(A))) = Pa(a (75 '(B))) =
= Pua(7a(7,"(C))) = Pa(70ay (C)) = Pa(mway (m,(A)) = Py (m,(A)).

2. Uniqueness can be obtained by the definition of P. Q.E.D.
Definition 34. Let the assumptions (i) and (ii) be satisfied. Then we define
a set function P on the system 7" such that

VBeMVA=nr;'(B): P(n;'(B))=Ps(B)

Lemma 35. The function P from Definition 34 is subadditive, non-negative

_and such that P(#)=0.
Proof. 1. Subadditivity. Let A, B = V. Then there exist a, B e M, C e B(a),
D e B(p) such that A = n;'(C), B=mnz'(D). Let y € M be such that a <y, B<y.
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Then
Pv(nv_ul(c)) = R,(C), Pv(n;ﬂl(D)) = PH(D))

Hence P(A)+ P(B) P.(C)+Py(D) = P (n(C))+P(ns(D))=
P, (5 (C))u(m(D))) P,(m, (' (C))un,(n;'(D))) = P(m(AUB)) =

Il

= P(AuUB).
2. The non-negativity of P is evident by Definition 34.
3. Evidently P(@) = P.(rt.'(8)) = P.(9)=0. Q.E.D.

Lemma 36. Let the assumption (i), (ii) and (iii) be satisfied. Let {N,}-; be
the small content induced by the system {{N,(a)};-,; aeM} and P be the

function defined by Definition 34. Then N, = {E eV, P(E)<l} for any positive
n

integer n.

Proof.

Let A € N,, n being a positive integer. Then there exists « € M, B € B(a) such
that P,(B)= P(A)<;1;. hence B e N,(a). Since P(,(B)<%, we have P(A)<%.

o

Let P(A)<,ll, n being a positive integer. Then there exist a € M, B € %B(a)

such that P,,(B)<%. Since B e N,(a), we obtain A € N,.

Theorem 37. Let the assumptions (i) and (ii) be satisfied. Then the set
function P defined in Definition 34 is a submeasure.

Proof. Put N,,(a)={Ee B(a); Pa(E)<%} for any a € M and any positive

integer n. By Lemma 26 and Lemma 32 A is a consistent system of small systems.
By Theorem 22 there exists a small content of subsystems of ¥'{N,}i-: induced
by M. (See Definition 18) and {N,}7-: is a continuous small content.

By Lemma 33 there exists a set function P such that Ve M VA=
7;'(B)eV: P(n;'(B))=Ps(B). By Lemma36 we obtain N,=

{E eV; P(E) <%}, n=1,2, ... By Lemma 35 P is subadditive, non-negative and

such that P(#) =0. By Lemma 29 P is semicontinuous from above in the empty set.
By Lemma 29 P is semicontinuous from above in the empty set. By Lemma 29 Pis
a submeasure. Q.E.D.
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SUHRN
O PROJEKTIVNYCH LIMITACH MALYCH SYSTEMOV
J. Riecan, Bratislava

Prica sa zaoberd Marczewského a Rylla—Nardzewského zovSeobecnenim Kolmogorovovej vety
o rozsireni miery. Namiesto limitnej miery generovanej projektivnym systémom mier zostrojuje sa tzv.
maly systém. V klasickom pripade kazdd miera P generuje maly systém, t.j. postupnost {N,} -

systémov meratelnych mnozin, kde N, = {E; P(E)<%}. Preto $pecialnym pripadom vety o projektiv-

nej limite malych systémov je aj Kolmogorovova veta. Navyse, vetu dokazovani v ¢lanku mozno pouzit
aj v teorii subaditivnych mier.

PE3IOME
OB OBPATHbLIX IPEJEITAX MAJIBIX CUCTEM
10. Pueuan, Bpatucnasa

Pa6ora 3aHunmMaeTtcs 0606mennem Mapuesckoro u Peiis—Happxesckoro Teopemsl Konmoro-
poBa O MPONOJIXEHWH Mepbl. BMecTo npepenHoit Mepbl MOPOXAEHHOH OOpaTHOM CHMCTEMOH Mep
MOCTPOeHa TaK HasblBaeMast Manas cucTeMa. B kmaccuieckoM ciyyae Besikas mepa P nopoxpaet
Majylo CHCTEMY, T. €. MocnefoBaTenbHOCTh { N, } -1 CHCTEM M3MEPHMBIX MHOXECTB, Tlie

1
N.= E;P(E)<; .

BeHuay TOro, 4acTHbIM cly4yaeM TeopeMbl 06 06paTHOM mpefese MalbIX CHCTEM SIBJISETCH H TeopeMa

KonmMoroposa. Bonee Toro, TeopemMbl J0Ka3bIBaEMYIO B CTaThbe BO3MOXHO NMPHMEHHTL M B TEOPHH
MONYafANTHBHBIX Mep.
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