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THE STRUCTURE OF THE RANGE
OF PERIODIC FUNCTIONS

MARIA RERZELOVA, Bratislava

It is proved in the paper [4], that the set of the limit points of the sequence
{sin n},-; coincides with the interval {—1, 1). One might ask whether it would be
possible to generalize this result. The authors of [4] have given a certain kind of
generalization in one of the exercises in article [4], but one can prove that this
generalization is not correct, if we consider the notion of a piecewise continuous
function by using the definition in [1] (see p. 469).

We will give the following counter-example.

Example 1. Let w be an irrational number, w > 0. Let us choose the function f
in the following way:

f(x)=0 if xe(o,%")u(‘z—”, w> and f(§)=1

Let us extend f periodically on the set of all real numbers. The function f is
evidently piecewise continuous on interval (0, w) and it is equal to 1 only for the

points of the form L kw, where k is an integer. But Prkw#n (n=1,2,...) for

every integer k. Therefore {f(1), f(2),...} = {0}, and it is not dense in the set
{0, 1}.

But if we consider a piecewise continuous function in the following way, then it
will be all right, and it could easily be proved by the Theorem 1. The function
f: (a, b)—R is called piecewise continuous, if there exist disjoint non-degenera-
ted intervals I, ..., I,, such that (a, b) = UIk and for every k=1, ..., s f|L is

k=1
a continuous function on I.

We shall give a generalization of the main result of [4] by using the notion of
a somewhat continuous function (see [3]).

Definition 1. Let X, Y be topological spaces. The function f: X— Y is said to
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be somewhat continuous, if for every open set V< Y such that f~'(V) # 0 we have
int f~(V)+0.

The next theorem was proved in [4].

Theorem A. Let a be an irrational number. Then the limit points of the
sequence {{na}}y-: cover the interval (0, 1). ({a} =a—[a] for every real num-
ber a.)

This Theorem follows also from the fact that the sequence {na}._;, where a is
an irrational number, is uniformly distributed mod 1 (see [2], p. 8).

Definition 2. A function f: X—> R, Xc R is said to be periodic with the
period w >0, if the domain X of f contains with x all the numbers x + kw (k is an
arbitrary integer), and f(x + kw) = f(x).

Theorem 1, Let f: X— R, X < R be a somewhat continuous periodic func-
tion with an irrational period w >0. Let R — X be a nowhere dense set. Then the
range of f|(NnX) is dense in f(X).

Proof. We can assume that w>1. Let t € f(X). Then there exists ¢ € X such
that ¢ = f(c). We can assume 0=c <w. Let £ >0. We shall show that the interval
(t—¢, t+¢) contains a point from f|(NnX). By choosing the point ¢ we have
f'((t—¢, t+€)) # 0 and because f is a somewhat continuous function we have int
f'((t—¢, t+¢)) #0. Therefore there exists an interval [c (0, w) such that

fInX)c(t—eg, t+¢) (1)

Because R — X is a nowhere dense set, there exists an interval J< I such that
JIN(R-X)=0 (2)
From the last equation we get J= X and so JnX=J. Let J=(a, b), where
0=a<b<w, so that (—:i-, g)c (0,1). Because w is an irrational number,

therefore according to Theorem A, there exists m € N such that
EEAHECE
w)] w |w w’w

x.——-w{%}e(a, b)=1J.

It follows from this that

By using (1) we get
[f(x)—f(c)| <e (3)

o[22

But we have
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Because of periodicity of function f we get f(x) = f(m), and now using relation (3)
we get |f(m)— f(c)| <e. This ends the proof.
Corollary. Let f: R—R be a periodic function with an irrational period

w>0. Let I, ..., I, be disjoint, non-degenerated intervals such that (0, w) = U L
k=1

and each of the functions f|I, (k=1,2, ..., s) is continuous on I,. Then the set
f(N) is dense in f(R).

The Theorem 1 gives a relatively strong generalization of the main result of
[4]. The next example will show that a somewhat continuous function can be
discontinuous at every point.

Example 2. (see [3]) Let {a.}-: be a sequence of all ordered pairs of rational

numbers, o, =(r., s,), where r,#s, for every n=1,2,.... Let us define the
function f: (0, 1) > R in the following way:

9(0)=0

g(x)=r,, if xe (—ni—l, %>, x is a rational number

g(x)=s,, if xe (n_}l-i’ %>, x is an irrational number

Obviously function g is discontinuous at every point of the interval {0, 1). But g is
evidently a somewhat continuous function.

By a small modification of the example 2 we can get an example of a somewhat
continuous, everywhere discontinuous periodic function.

Example 3. Let us define the function g: R— R in the following way. Let
w >0 be an irrational number. Let {(s,, r.)}n-1 be a sequence of all ordered pairs

of rational numbers, such that s,#r, for every n=1, 2, .... Let
. wow . .
g(x)=r., if xe (m, ;>, x is a rational number
(x)=s,, if xe€ (—lv— v_v> x is an irrational number
GAX)= Sy n+1’ n/’

Function g is defined on the interval (0, w), g is discontinuous at every point of
this interval. Let us extend the function g periodically on the whole line. We shall
get a somewhat continuous periodic function, with period w >0, which is discon-
tinuous at every point.

We shall give now the following example to show the application of the proved
Theorem 1.

Example 4. Each of the functions sin x, cos x, tg x, cotg x fulfils the assump-
tions of the Theorem 1, therefore e.g. the set {cos 1, cos 2, ..., cos n, ...} is dense
in (—1,1); {tg1,tg2, ..., tgn,...} is dense in (—o, ®).
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SUHRN
STRUKTURA OBORU HODNOT PERIODICKYCH FUNKCIf
M. Perzelova, Bratislava
Prica sa zaobera Struktirou oboru hodnét periodickych funkcii. fej hlavnym vysledkom je
dokdzani Veta 1. Tdto Veta tvrdi, ze postupnost {f(n)}~-: je hustd v obore hodnot funkcie f, kde f je
Tubovolna trochu spojitd funkcia s iraciondlnou periédou. Tvrdenie Vety 1 je relativne silné, pretoze
trochu spojita funkcia moZe byt nespojita v kazdom bode.
PE3IOME
CTPYKTYPA BEJIMYMHBI 3HAYEHUM MMEPUOOUYECKUX ®YHKIIUN
M. IMepxenosa, Bpatucinasa
B nanHO#M paGoTe wuccieayeTcd CTPYKTYypa BeJIHYMHBI 3HAYEHMH NEPHOUYECKHX (DYHKLMM.
I'maBHBIM pe3ynbTaTOM sBISETCS HoKa3aHHas Teopema 1. C nmoMompio 3TOH TeopeMbl yOajioch
MoKa3aTh, YTO I JIOGOM HECKOJBKO HENpephIBHOW (DYHKUMHM [ C MPPALMOHANBLHBIM MEPHOAOM
NoCNeAoBaTeNbHOCTb {f(n)}n-1 IUIOTHAas B MHOXECTBE 3HaYeHWH (PYHKUMM f. ITO [OKA3aTENBLCTBO

COMEPXXMT JOBOJILHO CHJIBHOE YTBEPXKNEHHE, MIOTOMY YTO HECKOJILKO HempepbIBHAas (PYHKIMSA MOXET
ObITH pa3pbIBHa B KaXIOH TOYKe.
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