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TWO PROPERTIES OF THE SEQENCE na(mod 1)

OTO STRAUCH, Bratislava

1. The first property is connected with an example of an infinite set A of
positive integers (ordered by increasing) which does not contain any infinite
arithmetic progression. If differences between consecutive terms of A are un-
bounded, then A has this property automaticaly. If these differences are bounded,
then this property again is possible. A familiar example is the set A=Z"—-B,
where B is a set having at least one element common with each infinite arithmetic
progression of positive integers and the differences between consecutive terms of B
are greater than one. An entirely different example is the set

A={neZ*;{na}el) (1)

where a is irrational, { na} is a fractional part of na, and I is a subinterval of [0, 1]
the length |I| of which satisfies

o<|I|<1
This set has the following properties
Theorem 1.

(i) The set A contains no infinite aritmetic progression.
(ii) For the set A there exist positive integers k;, k, such that

n+kieA or n+keA

for all ne A.

(iii) The set A contains an arbitrarily long arithmetic progression.

Proof. The assertion (i) is an immediate consequence of the fact that
a polynomial sequence P(n), n=1, 2, ... is uniformly distributed mod 1 for every
polynomial P(x) with at least one irrational (nonabsolute) coefficient (see [1,
Theorem 3.2, p. 27]). In our case P(n)=(an+ b)a.

To prove (ii), let us suppose n€ A, i.e. {na} € I. The point {na} divides the
interval I into two subintervals, left I; and right I,. Let us translate the interval I, to
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the point 1 and the interval I, to the point 0 and let us denote these intervals as I}
and I, i.e.
Ii=L+1-{na)
I;=0L—-{na}
Clearly, it is true
{(n+k)a}tel, < {ka}eli
{((n+k)a}eLL< {ka}el;
for all k e Z*. Since the sequence
{na}; n=1,2, ... 2)

of fractional part is dense in [0, 1], there exist ki, k;€ Z* such that

ll—-{k,a}|<l—£—l
0~ {koary <2

Moreover, at least one from the intervals I, I; has the length = |I|/2 and
therefore either {k,a} € I{ or {k,a} € I;. Thus, the proof of (ii) is finished.

The assertion (iii) is an consequence of the Erdés—Szemerédi’s theorem [2]
and of the fact that the set A from (1) has the asymptotic density equal to |I|>0.
Using proof of (ii) we can prove (iii) directly in a more general form:

Theorem 2. Let D + 1 be a length of an arithmetic sequence and let A be a set
defined by (1). Then there exist positive integers K;, K, such that either

{n,n+K,,n+2K,, .., n+DK,}c A
or ‘
{n,n+K,, n+2K,, ..., n+DK,}c A

for all ne A. It is sufficient to choose K;, K, such that
11|

11— {Kia}| <55
_ i)

Proof. For every positive integer i =D it is true

o i |1
0<i —I{Kla}<l§%<l

From it
O<i—i{Kia}=i-iKia+i[Kia]=1-{iK,a}<|I|/2
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Similarly,
. e [
i{K,a} ={iK,a} <—2

2. The sequence (2) has also the following interesting property:
Let {I} be a sequence of pairwise disjoint subintervals of [0, 1] which covers
(2) such that the series X |I;| of the lengths of {I,} satisfies

Z|L|<1
Let n; denote the number of terms of

{a}, {2a}, ..., {na} 3)

which belong to the interval I.. Using uniform distribution of (2) we have

as n— o, On the other hand,

=N,
l—n n+n+... (4)
Thus the left side of (4) is equél to 1 and the right side of (4) is by terms convergent
to |I;| <1 (i.e. the asymptotic density is not o-additive). Where is a “loss” ? If the
irrational a has bounded partial quotients in the continued fraction expansion we
have a following answer :

Let N denote the number of intervals from {I;} which contain any terms from
(3). Then

1 ()

as n— . A sequence which has the property (5) we call “uniformly quick”, see
[3, Definition 9].

Definition. An infinite sequence {y;} from a finite interval I is said to be
uniformly quick in I, if for every sequence {I;} of pairwise disjoint subintervals of I
for which {y;} c Ul we have

{Le{L}; Iin{yi}iS'-‘-'éﬂ}_’II—UIil
n ]

card

as n— o, We shall prove

Theorem 3. The sequence (2) is uniformly quick if and only if irrational a has
bounded partial quotients.

Proof. Order the finite sequence (3) to an increasing sequence
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0<{ai}<{ai}<..<{ai,} <1 (6)
Evidently
N=H_Nl

where N; denotes the number of pairs of consecutive points {ai;}, { ai;+,} from (6)
which belong to the same interval from {I;}. Similarly

N=n'—-N;
where n’ denotes the number of terms from (3) which are contained in

[0,11-UL

isSk

and also N7 is just so reduced N, i.e. Ni denotes the number of pairs of consecutive
points from (6) which belong to the same interval from {I;}>.
Using uniform distribution of (2) we have

n';u—e)(l—;u—l)n 0
isk
for all sufficiently large n. Put

d= {2}12' {aij} —{ag}

Clearly,

3l

d

IIA

Ni

(8)
Next, let

a=[ao; ay, Az, ..., G, ...]
be a continued fraction expansion of a and a, = c for all n. Since, see [4, p. 36],

I R——
& ql” q*(c+2)(c+1)* ¢'q*

for every integers p, q >0, then

d

()%

L ©)
c'n
Summary, by (7), (8), (9)

Nz (1-3, 1)1 - 0)- 3 1le’

70



Thus
N
;é(l—ZILI)(l—E)

for every £ >0 and for all sufficiently large n.

On the other hand,

n_,gkanN"k
n T n
Thus
1—2!1,-]25—8
n

for every £ >0 and for all sufficiently large n. From it follows (5).

Now, let a be an irrational number which has unbounded partial quotient.
Then by [5, p. 435] the sequence (2) is not eutaxic, by [3, Corollary 1] also it is not
quick and therefore also not uniformly quick. From it follows that for this a there
exists a sequence {I;} of pairwise disjoint subintervals of [0, 1], which covers (2),

T|L|<1
and
lim inf N =0
ns® R
The proof of Theorem 3 is finished.
By Definition every uniformly quick sequence is also uniformly distributed
and also can be characterized by integration of continued functions.
Theorem 4. A sequence {y:} is uniformly quick in I if and only if for every
sequence {I;} of pairwise disjoint subintervals of I which covered {y:} and for
every bounded continued function f on I it is true

1 1 1
628 %:if(y.))—» i J, fo)dy (10)
as n— o, Here n; denotes the number of terms from { y, }:s, which belong to I,.

Proof. It is sufficient to prove (10) for every step function. By Definition it is
true for f =constant. Let f/J =constant, where J is a subinterval of I, |J|>0. The
part of {y;} which belongs to J is also uniformly quick in J and therefore the
sequence from (10) which is reduced on J convergents to

|—}| L u f(y) dy
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Since

card {y. e J; i§n}_’|1|

n |1}
the proof is finished.
Similarly we obtain
1 1 1
e i) — - i 171 1
(Zron-3 /0 )1 ), o0 v (11)

as n— o,

The limits (10), (11) can be perhaps applied in numerical integrations.
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SUHRN
DVE VLASTNOSTI POSTUPNOSTI na(mod 1)
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V prici je okrem iného ukdzané, Ze ak a je iraciondlne ¢islo s ohrani¢enymi koeficientami
v retazovom rozvoji a {I;} je postupnost po dvoch disjunktnych intervalov z [0, 1], ktoré pokryvaji
postupnost necelych éasti {na} (n=1, 2, ...), potom integril z f[ubovolnej spojitej funkcie cez mnoZinu
[0, 11— UL mézeme vypogitat podla (10) ako limitu z aritmetického priemeru istych aritmetickych
priemerov. Ohrani¢enost koeficientov v retazovom rozvoji a je i nutnd podmienka.
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PE3IOME
O JIBYX CBOVICTBAX INOCJIEOOBATEJILHOCTHU na(mod 1)
O. lITpayx, BpaTtucnapa

B pa6ote Mexay npoyuM nokasaHo, YTO eCTMQ — HPALMOHAILHOE YHCIIO, HenpepbIBHast Jpo6b
KOTOpOro MMeeT OrpaHMYeHHble Ko3puueHTs! M (I} — mocnegoBaTeNLHOCTL HemepeceKarowmMXCs
npoMexyTkoB u3 [0, 1] nokpriBarommx moc/ien0BaTeNLHOCTD ApoGHeIX none#t {na} (n=1,2,...), T0
HHTerpas JitoGoH HEMpepbIBHON (DYHKIIMH OTHOCHTEJILHO MHOXECTBA [0, 1] - UI mMoxHo Bbraucauts
no copmyne (10) kak npenen cpegHero apHgMeTHYECKOTro HEKOTOPBIX CPEAHUX AapHU(PMETHUYECKHX.
OrpannyeHHocTb KoedpapuuMeHTOB HenpepbIBHON APO6HM YHCIa @ SBISETCS HeoOXoauMbIM yc-
JIOBHEM.
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