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0 PABMEPHOCTH NOAMHOXECTB PEHNIEHMH
JUOD®EPEHIIMAJIBHOTO YPABHEHHMSA TPETBEI'O NOPAIKA

MMIIAH T'EPA, Bparucnasa
HocBswaercs akageMuky O. BopyBke K ero BOCbMHAECCATHIETHIO

B craThe [1] MbI 3aHUMATMCh Pa3MEPHOCTBIO MIOAMHOXECTB HEOCHHLISIHOH-
HbIX pelieHU qudpepeHLnanbHOTO ypaBHEHUS

Lx=x"+a(t)x"+b(t)x'+c(t)x=0

U MOBEJEHUEM 3THX pEIICHMHA NpHM ¢— +. B Hacrosmei pabore Mbl Gymem
HCCIENOBATh Ty X€ MpoONeMaTHKy, HO, B OCHOBHOM, [iJI ypaBHEHHMH, KOTOpbIE
o6napgaroT Kone6GaTeNIbHbIM PEIIEHHEM.

O koacpdunmenTax ypaBHenust Lx = 0 mpegnosiaraeM, 4TO OHH BEIIECTBEHHBI
W HenpepbiBHbI B MHTepBale I = (a, +®), a=—o,

IlpuBeneM CIMCOK NMpUMEHSEMBIX 0603HAaYEHHH H TEPMHMHOB.

F*(N)(¥ (J)) — COBOKYNHOCTb HENMPEPBIBHBIX HEOTPHIATENBHBIX (HEMONIOXH-
TenbHbIX) byHKIMA B npoMexyTke J; *

o(J)(Fo(J)) — coBokynHOoCTh yHKUMHA, npuHanexammux & (J)(F (J)) u

HEPAaBHbIX TOXIECTBEHHO HYJIIO B HA KaKOM NPOMEXYTKe jc J;

E(t, T)=exp I'a(n) dng ma (t,t)elxI

w=v"+a()v'+b(t)v, Mv=v"+a(t)v' +b.(t)v

rae b.(t)=max {0, b(¢)} nnsa tel.

- udbepeHnnanbHoe ypaBHEHHE NMOPSAKA 71 Ha3bIBaeM HEOCHHLISLUOHHBIM
(disconjugate) B npoMeXyTKe J, €CIIM KaX/A0€ €r0 HETPHBHAJILHOE PELIEHHE HMEET
B J He 6Gonee n— 1 HyJel ¢ y4eTOM HX KPaTHOCTH.

Henynesoe pemenne auddepeHnManb-HOro ypaBHEHHs Ha3biBaeTcs Koe6a-
TENbHBIM B NpoMexyTke J, ecnmu mis mo6oro Be€J 3TO pelICcHHE HMEET
B (B, +®)NJ GecKOHEYHOE MHOXECTBO Hylled. B mpoTHBHOM ciyyae, Mbl €ro
Ha3bIBaeM HekoJe6aTelbHbIM B J.
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I nddepenHunanbHoe ypaBHEeHHE HA3bIBAeTCA KONeGaTeNbHBIM B J, €CIIM OHO
oGnanaeT no KpaiHed Mepe OfHUM Kosie6GaTenbHbIM pelienneM B J. Ecnu nudde-
PEHIMAJIbHOE YpaBHEHHE HE MMEET KoJe6GaTeNbHbIX pelleHdit B J, TO MbI €ro
Ha3bIBacM HeKoJie6aTenbHbIM B J.

P(J) — COBOKYNMHOCTb HEOCLMUISLMOHHBIX AN dhepEHIHANBLHBIX ypaBHEHMI
B NpoMexyTKe J ;

N(J) — COBOKYMHOCTb- HeKoNeGaTenbHbIX AU PepeHIMaNbHBIX YPaBHEHHUH
B NIpOMEXYyTKe J ;

O(J) — COBOKYNHOCTb KoNeGaTenbHbIX Au(dEpeHIMaNnbHbIX ypaBHEHHUI
B MpOMEXYyTKe J ;

Le0(J)(le%(J)) n T.n., rae JcI, o3navaer, uto audbepeHunanbHOE-
ypaBHenue Lx =0 (/v =0) xone6arensHoe (HEOCUHIUIALHOHHOE) B J.

& — MHOXECTBO BCEX HETPHBHAJIbHBIX pelllcHui ypaBHenusi Lx =08 I;

&° — MHOXECTBO Bcex KoJeGaTeNbHbIX pelleHuit ypaBHenus Lx =0 B 1.

Mycts Fc & u ¥ — BEKTOPHOE TNOANPOCTPAHCTBO, MOPOXIEHHOE MHOXEC-
TBoM Z. Ilon pa3mMepHOCTBIO F MbI GyfieM MIOHMMATh Pa3MEPHOCTh ¥ M 0603Ha-
yath dim#. 310 3HayMT, yTo dim¥ paBHAa MaKCMMAJbHOMY YHCHYy JIHHEHHO
HE3aBHCHMBIX pelllcHHH ypaBHeHMs Lx =0 npuHagnexaummx F:

& ={w®)eg|V.cw(t)w'(1)<0}
Eo={w()e& | lim w()=0}

Ei={w()e& |w()é¢&s)
& ={w()e & |V.cw(®)w"(t)>0}
& = {W(f)E glaTeIVlE(T.-rﬂ)w(t)w,(t)>0}

Jlemma 1 [2]. Ilycts f, HekoTopas Touka u3 I. ITycte e D(I) n pus
b(t) ¢ ¥ (I) BLINONHAETCA yCIOBHE

(E) f Bl sids=+® (HeD

Torpa mudpepenuuansuoe ypaBHenne /v =0 uMmeeT pemienne vo(t), o6ma-
Aarolee CBOMCTBOM

vo(£)>0, vo(1)=0, te(to, +)

Jiemma 1’ [3]. Eciu b(1) e ¥ (),
f " E(t, 5) ds< 4, f " BREls, widr<te (mel)

TO CYIECTBYET TaKkasi TOUKa /o € I W pemenue vo(t) ypasuenns v =0, 410
vo(£)>0, vi(t)Z0 B (to, +®)
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Teopema 1 [2]. ITycts /€ D(I) u c(t)e Fo(I). Torna & # 0. Ecnn, kpome
TOTO ,

a) b()eF (I), 0 & =%; (dimé; =2);

b) LeO(I), To €= UZ’, dim&’=3;

¢) LeN(I), I"e(I) n Bomonneso ycnosue (E) npu b()e S (I), TO
€=% u¥] npuuem dim &7 =3.

Teopema 1’ [1]. ITyctb b(1) e ¥ (I), c(1) € Fo(I) u toe I. Torpa s moGoro
peuieHus w(t) € €; UMEET MECTO

,"'IL w'(t)=0, ,“{2, w”(t)J sE(t,s)ds=0

Teopema 2. Ilycts e D(I), c(t)e ¥5(I), LeO(I) n nycts &1 # @. Toraa
€;=0,dim&; =1u €=%,08".

TMoxasarenscrso. [Tycts €7 # @ u dim&; 2. Torga cylmecTByeT napa JIMHe#-
HO He3aBUCHMBIX B I pemienunii wy(t), wa(t) € €7. O4eBuuHO, 4TO

'l"& w,~(t)=k;€(—°°, +CD)—{O}, i=1, 2.

PaccmoTpuM pelienue ypaBHenus Lx =0

y(O)=wi(t)— :Zig wi(t) (tel)

rae t € I npou3sBonbHas uKcupoBanHas Touka. Tak kak y(7)=0u L € O(I), To,
Ha ocHoBaHuu neMMbl 11 [2], y(1) € €°. o aToit npuyuHe

Jim v =k =3B k=0

OTcropa, B cully TOro, 4to k,k,# 0, cnenyer
k1W2(T) - sz](T) =0

IJIS IPOU3BONBLHOTO T € I, a 3HaYMT, 4TO W,(t), w.(t) nuHeiHO 3aBucuMbIe B I. 310
NPOTHBOPEYHUT NPERNONOXKEHHUIO X JIMHEHHOM He3aBucuMocTu B I. UTak dim &, =
=1.

Elle Hy>XHO MOKa3aTh, 4To €, =0 u &€= &, U&". Iycts &, # 0 u wo(t) € €.
Iycte nanee w,(t) € €. Torma wy(t), wo(t) + wi(t) MuHeliHO HE3aBUCHMBIE pele-
HusA U3 &7, T.e. dim& | = 2. Ho 3TO HEBO3MOXHO, TaK KaK, BBUAY BbIllI€ JOKa3aHO-
ro, dim&; = 1. CnenoBatensio €, =@ u, cornacHo teopeme 1, &= €70 &°.

I pumep. IlycTh

24+ 8 Int +In’¢

4+In)In’t ’ tel=(1, +=)

a0=2, bO)=g5, )=
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OuddeperHuunanbHoe ypaBHeHHe Lx =0 uMeeT pelieHne

4
w(t)—1+l—[;, tel

T.€. w(t) € &;.
Ioxaxem, yTo L e O(I) u €= €7U&°, dim&7 = 1. YTo6b1 y6enurcs 06 3ToM,
POM3BENEM 3aMEHY TEPEMEHHOM, MOJIOXHB

t=1", tel
Torna, kak HETPYAHO MOACYMTATh, ypaBHeHHEe Lx =( npuMeT Bu

.. 1. 1248Int+2In’t _d
FHTI* Q+mnnclnr 0 ( Tdr’ rel)

B cuny Teopemnl 2 [4] aTo nuddepeHunansHoe ypaBHEHHE KojieGaTenbHOE
B I. Otcionia BeiTekaeT, 4to L € O(I). Ilockonsky, c(t) e Fo(I), le D(I) n &, + 0,
cornacHo TeopeMe 2, €=%€,0U%° n dim&; =1.

Tak kak a(t)e L (I), 2¢(t)—b'(t)—a(t)b(t) = 2¢c(t)e Fo(I) n dim& =1
(2” =€), Ha ocHoBaHMH TeopeMbl 2 [1], nns pemenus w(t) B I mmeeT MecTo
TOXJECTBO

4 ’ 1 tz 2 +o ’
[2W(t)w’(t)— w 2(1)+W wz(t)] Z2)= k,o+t—31 W z(s) ds s
2 (*"24+8Ins+In’s
nl) s In’s(4 +Ins) wi(s)ds (toel)
rae k..,.=m.

3TOT npUMeEp MOKa3bIBAET, YTO B TOXIAECTBE YCTAHOBIIEHHOM B TeopeMe 2 [1],
KOTOpPO€ HMEET MECTO JJIi HEKOTOpBIX pemieHud w(t) (6e3 HyneBbIX To4YeK B I)
ypaBHeHus Lx =0, B o61ieM Heo6A3aTeNIbHO JOJIXHO BbIMONHATCH k,=0 npu
b(1)es (I).

Jlemma 2. Ilycts a(t) e S (I), c(t) e Fo(I), b(t)=0 B I. Ecim L € O(I), TO
€=%U€"u dim&;=1.

JloxaszatenncrBo. CornacHo Teopeme 1, €=€ U¥&°, € =%, u dim&;=2.
ITycte dim&; =2. Torga, B cuily TeopeMsl 2, Mbl mosydaeM &; =€, (€;=0).
ITycts wi(2), w2(t) nuHelHO He3aBHCHMBIE pelleHus u3 €. Torpa

Jim wi()= Jim wi(0=0.

KpoMe Toro, u3 TeopeMbl 1, ins w, (1), wa(t) cnenyet, 4to

lim wi(HE(t, ) =0, i=1,2; toel
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U3 3tux ¢dakTOB AN pelIeHHs

— _wi(to)
y(t) - wl(t) Wz(to) Wz(t), te I
ypaBHeHus Lx =0 BbITEKaeT
(1) lim y(6)=0, lLim y"(t)E(t, t)=0

IMockoneky y(t)=0, To B cuny nemmsl 11 [2], y(¢) kone6arensuoe B I.
Pemenne y (1) yIOBIETBOPAET TOXAECTBY

[yOy©0-3 0] B¢, 0=
@ 1 1
= =370 =3 [ 86Dy )+ 25y ECs, 1) ds

Iyctb {t,}.-1 — MOCAENOBATENLHOCTh HYNEBBIX TOYeK y'(f) Takasi, YTO

lim ¢,=+oo,

-+

Torpa, cornacuo (1) u (2), MBI nony4aem

0= lim y(£,)y"(t.)E(ts, 1) =

= - lim % f '"[ZC(S)YZ(S) +a(s)y"(s))E(s, to) ds <0

a 3TO HeBO3MOXHO. M1 TeM noka3aHo, yto dim&; =1.

Jemma 3. Ilyct b(1)=0B1I, c(t) € F5(DNC' (I n (c(1)E(t, to))’ € ¥*(I),rne
to HeKOTOpas To4ka npuHaypiexamas I. Torna € = €5, dim&; = 1 u, Kpome ToOroO,
‘s w(t) e €; uMeeT MecTo

,liEL c(DE(t, to)w’(t)=0
MoxkazatenscTBo. Ha ocHoBanmM TeopemMbl 4 [1], B cuiny ycnoBus
(c(1)E(t, to))' € ¥* (I), mbl nony4aem, uto &, =&,. Eciu L € N(I) TO yrBepXpe-
HUE JIEMMBbI Kacalolleecss pa3sMEPHOCTH &>, BLITEKAET U3 CIEACTBHA 2 TEOPEMBI 9
[1]. B cayyae L € O(I), noKa3aTeNbCTBO JIEMMbI AHAJNOIHYHO OKA3aTENbCTBY

aemMblI 1 (4TO KacaeTcsi pa3MEPHOCTH &3 ), OTIIHYAETCH TOJBKO B TOM, YTO BMECTO
TOXJecTBa (2), HY>XHO TOJL30BaTHCA TOXIECTBOM

[y @y0)+3 ey O] B, )=y )y )+

+ j Y(s)E(s, to) ds +% L [c'(s) + a(s)c(s)]E(s, to)y*(s) ds
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KOTOpOE MMEET MECTO I JI000ro HETPHBHAIBHOTO pelleHus y(¢) ypaBHEHUS
Lx=0 (b(t)=0) c HyneM B TOYKe t,. [IpH 3TOM BMECTO MOCIEAOBATEILHOCTH
{ti}n-1 HyNEBBIX TOYEK y’(f) HYXHO PacCMaTPUBATh MOCIENOBATEILHOCTh

{t.}n-y, lim f,=+0c
n—+00
HyJIeBbIX To4ek pewieHns y(f). KpoMe TOro OTMETHM, YTO €CNHM fo HE ABISAETCS

nepBoit HyneBo#i ToukoM y(f), To y'(f)y"(t0)>0 (Teopema 1 [5]).
Ham HyXHO elle noka3aTh, 4To ecinu w(t) € €3, TO

lim c()E(, t)w’(t)=0
JIeHCTBUTENBHO, B CHJIy TOTO, YTO

([w'(t)W"(t)+% c(t)wz(t)] E(t, ,0))' =

= [#EW 6)+5 wOCOEE 0 |es M
TO CyLIECTBYeT Mpenen
lim [w’(t)w"(t) +% c(t)wz(t)] E(t, o)
ITockonbky

3) lim w'(8)=0, ,!lﬂ w'()E(t, t)=0

(teopema 1'), TO CymiecTByeT u Mpegen
lim c()E(t, to)w(t)
Ilyctes 3toT mpegen paBHgeTcs M u O<M =+, Torga gns m e (0, M)
CyLIECTBYET TaKas TO4YKa £, € I, 4TO
c(E(t, t)w*(t)>m pna t>1
Cuutas w(t)>0 B I, TO 43 _

lim w(t)=0

-t
BLITEKAET, 4To w(t) <w(t) mnst ¢ > t, = t,. Ha OCHOBaHHH MOCJIEIHETO, MbI HMEEM
c(DE(t, to)w(t)>m pna t>t,
Manee n3 paBencrBa Lw =0 (b(1)=0), Mbl nonyyaem
[w"()E(t, t)]' = —c(£)E(t, to)w(t)< -m s (>t
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OrTclopa caepyer, YTO
‘lirﬂn w"(1)E(t, t)) = —
Ho 3to nmpotuBopeunt (3). JlemMa foka3zaHa.
Ha ocHOBaHMM 3THX Pe3ylbTaTOB, MPeoOpa30BaHUEM HE3aBHCUMON NEPEMEH-
HOM B ypaBHeHHH Lx = 0, MbI ycTaHoBuM yciioBus s dim &~ = 1 B cinyvae b(¢)#0
B I

Iycts In=(B, +®)cI n Lel,. O603naunm yepe3 €;(I,) MHOXECTBO BCex
bynkumit vo(t) € €*(Io) Takux, 4T0 vo(t)>08 I 1

J'Nvo(t) dt=+o
Ionoxum '
t=1(t)= f vo(s)ds pma tel, m vo(t)e €i(lo)
Torpa '

lim 7(f)=+

u yukuus 7(t) otobpaxaet I, Hal, = (y, +®), rge .
y= I'irg t(1).

ITycts 0(7) o6paTHas GpyHKIMS K HyHKIMH t(t).. Torpa npeoGpa3oBanueM t = o(T)
nuddepenumanbHoe ypapHenue Lx =0 mepexofuT B ypaBHEHHE

@ y+a@y+B@y+c@y=0 (-=1)
rae .
v(t) , a(t) o lvo(1) c(t)

_Y(T)=X(t), d(t)=3m+a(_t) 5 b(t)_ ‘Ug(t) ’ é(t)=v3(t)

npu t =0o(t), tel..

BMecTe C TeM CIIEAYET OTMETHTD :

a) Muddepennnanbioe ypaBHeHHe Lx =( uMeeT eqHMHCTBEHHOE pellleHHe
w(t) (c TOYHOCTBIO 10 MOCTOSIHHOTO MHOXHMTENS), AN Kotoporo w(f)w'(t1)<0B I,
TOIga W TONLKO TOrna, korga nudxpepeHnuanbHoe ypaBHeHue (4) oGnapgaer
TOJILKO Of{HUM pelieHHeM z(T) (C TOYHOCTHIO 10 MOCTOSHHOTO MHOXKHTEIA ) TAKHM,
uro z(t)2(7)<0 pna tel,.

b) Ecnu nns pemenns z(t) ypaBHenus (4) uMeeT MeCTO

lim 22(1)é(t) exp (L: a(n) dn) =0 (nel)
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TO pas pewenus w(t)=z(t(t)) ypaBHenns Lx =0 BbINONHAETCHA
Jlim w(t)c()E(t, to))=0

c)Ecmna(t)e L (N uvi()Z08 I pns vo(t) e €3 (I,), Tod(r)=0mmatel,.

d) Ecnu vo(t) € €3(I,) pemenue ypasuenus lv =0, To b(1)=0 B I,.

e) Ecin o(1)=0 B I, ps vo(t) € €3(Io), To [ € D(I,) (nemma 2 [6]).

YuuTbiBasi 3TH (aKkThl, B CHIy TeopeMbl 1 u JieM 1-3, MbI mosy4aem:

Teopema 3. Ilycts a(t) e ¥ (1), c(t) € Fo(I), I" € D(I) v BLINOAHAETCS YCIIO-
sue (E) npu b(1)¢ S (I). Ecnu L e 0(I), To =% U%’ n dim& =1.

Teopema 3'. Ilycts BomonueHs! ycnosus a(t) e (1), b(t)e ¥ (1), 1 € (1),
c()eFs(I) n

5) LNE(to, 5) ds <+, f wb(s)E(s, W ds<+o (foel)

Torna €=¢ U&°’, dim& =1 nna L € O(I).

Teopema 4. Ilycte f, Hekoropas Touka u3 I. Ilyctes [ e @(I),
c(t)e L5(DN€' (D), (c()E(t, to)) € " (I) u inst b(t) é ¥ (I) BLINONMHEHO YCIOBHE
(E). Torpa € =¥,, dim% =1 n pemenue w(t)e €  obGnagaeT CBOKCTBOM

(6) Jlim w*(t)c()E(t, to))=0

Teopema 4'. Ilycte b()e& (), le2(), c(t)eFL(In€'(),
[c(D)E(t, t,)]' € ¥*(I) n, KpoMe TOroO, BhinONHeHbI ycioBus (5). Torma €™ = &,
dim&5=1 u mns w(t) e €, nmeet mecto (6). .

M3 Tteopem 1, 3 u 4 BbITEKaeT

Cnencrene. Ilycts b(t) e ¥ (I) u nyctn

i) aes (D), c(t)eFo(I) u LeO(I). Torma €=¥€,0%°, dim&;:=1 (8
cnyyae a(t)=0 B I numeet Mecto &; =&, (Teopema 7 [1])).

i) c()eFLo(DnE€' ), [c(E(t, )] eF (I) (toel). Torma €=,
dim&;=1 n qna w(t) € €; umeet Mecto (6).

3ameuanne 1. B ciyyae a(1)=0B I, u3 TeopeM 2 u 9 paGotsi [1] u cnepcTsus
TeopeM 3 u 4, MbI nony4aeM o6GoGuienue TeopeM 2 u 3 u3 [7] u Teopemsi 4 [8].
KpoMe TOro, u3 CleicTBuA TeopeM 3 u 4 BbITeKaeT Teopema 5 [9)].

ITpumensisi Teopemsi 1, 3 1 4 k fuddepeHIHaNBLHOMY yPaBHEHHIO (4) (Y4HTBI-
Basi NIPH 3TOM COOTHOIIECHHA MEXNY peli€HUAMH ypaBHeHHust Lx = (0 ¥ ypaBHEHUA
(4)) nony4aem: '

Teopema 5. ITycTs cymecTsyeT dhyHkuus vo(t) € € (I) Takas, uto andpepen-
IHANLHOE YPaBHEHHE BTOPOTO NMOpAAKa '

v+ (27':%?+a(t)) v’ + max {O,IUL:((;))} v=0

82



HEOCHHJUISLIMOHHOE B I M, KpOME TOro, nyctb

J'#mE to, S)

) ‘Uo(S)

ecnu lvo(t) € ¥ (I). Ilycts panee

1) 3vs(t)+a()ve(t)Z0 8 I, c(t)eFo(I) u L e O(I). Torna €=% UE&° u
dim& =1, dim&°=3.

ji) c(t) e Fo(DNE'(I), [c(1)E(t, to)]' € *(I). Torna € =&,, dim€ =1 n
s w(t)e € umeer mecto (6). Ipu 3tom st L € O(1) [L e N(I)] € =€,UE°,
dim&°=3 (€=%,uU€], dim&; =3).

Ecnu E'(t,, t) € €3(I) (nanpumep, xoraa a(t)e ¥ (I)n%'(I)) u ecnn no-
n0XuM vo(t) = E"(to, t), TO U3 TEOPEMBI 5 MONYYHM :

Cnencrsue. ITycts toe I u E'(to, t)e Ci(I), T.e. a(t)e €'(I) n

ds=+w (toEI)

J’ E"(ty, s) ds =+
Ilycts panee puddepeHUHaNbHOE ypaBHEHHE BTOPOrO MOPsAAKa
” 1 ' 2 2 1 ’
v +§ a(t)v' + max {0, b(t)—§ a (t)—--j a (t)} v=0

HEOCUMJLTALMOHHOE B I ¥ nycTh

i) c(eFe(I) u L eO(I), Torna €=€ V€ u dm& =1, dim&’=3."

i) c() e Fo(DNE' (D), [c()E(t, to))' € F*(I). Torna € =&5, dim& =1
mns w(t) e € nmeet Mecto (6). Kpome Toro, ans L € O(I) (L e N(1)) €= goug°,
dim&°=3 (€=¢%,u%], dim&]=3).

Ecmu a(t)e ¥ (I) u

[b(t) —% a*(t) —% a'(t)]e 7 (D),

To €™ =& B cyyasx j) " jj).

2. Jlemma 4. ITycts [ € D(I), c(t)e Fo(I) u L € O(I). Torna € #0 u pis
Beskoro w(t) € € u x(t) € €, KOTOpOE TMHEHHO HE3aBUCHMOE C W (1), CYIIECTBYET
TaKkoe A € (—®, +®) u z(t) € €°, 4TO UMeeT MeCTO '

x()=Aw(t)+z(t) nna tel

Moxa3zareascTBo. Y3 Teopembl 1 BbiTekaet, uyto &~ #@. Ilycts w(t)e €~
¥ x,(t), x(t) pemienus ypaBHenus Lx = 0, KOTOpbIe B TOUKE fo € I yAOBIETBOPAIOT
YCIIOBHIO

0 mpna k#3-—i

(k) —_ i = . =
Xi (to)—{l s k=3_i1 1 112v k 0’152
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Torpa w(t), xi(t), x2(t) o6pa3yioT (yHAAMEHTANLHYIO CHCTEMY peELUEHHUI
ypaBHeHus Lx =0 B I. I[Iycth x(f) € € nuHeHHO He3aBUCHMOE pelleHue ¢ w(r).
Toraa CyLWECTBYET NMOCTOSHHAs A M HETPUBHANbHAs JIMHEHHAs KOMOMHAUMS
Axi(2) + Azx2(8) = z(t) Tak, yTO

x(D=Aw(t)+2z(t) nna tel

Tak Kax, z(t%)=0, B cuny nemmsl 11 [2], z(1) € €°.

Teopema 6. ITycts [ € D(I), c(t) e Fo(I)u Le O(I). Torna € #@un dim& =
=1 B TOM M TONLKO B TOM Cilyyae, eciH i moboro pemenus z(t)e &’
H w(t)e &€~ uMeeT MeCTo

@) @)
Y 4 O . () _
@) _ lim inf W)~ © (hr‘r_\.fgp W) +oo)
rae i mo6oe u3 yucen 0, 1. ‘
oxka3areancrBo. 3 nemmnl 4 cienyet, uto € + 0.
a) ITyctb dim &~ =1 u nycts (7) He BhIMonHseTca. Torna cyliecTByeT Takoe
Z()e& nuw()e €, uto
5 (i)

20 : 29(t)
i int yogey> == (i sup

<+w)

ans Hekotoporo i =0, 1. PaccMoTpuM pelueHusi ypaBHenuss Lx =0 Bupa
x)=Aw()+z(t) (tel)

s A € (—, + ). ITycts, Hanpumep
N (i
Ai= llﬂl}i’lf m >—

Torpa ans A > — A, uMeeT MecTo

= ()
lim inf ::T((tt)) >0

Moatomy () #0 B HEKOTOPO#H OKPECHOCTH TOUKHM + ®. [TockONbKY & =
=g UE&’ To ¥(1)e € mna A>—A. Urak w(t), Aw(t)+ Z(t) — nBa nuHeHHO
He3aBHCHMbIX pelieHuit U3 &~ (i A > — A;), T.e. dim &~ =2, 4TO IPOTHBOPEYHT
npegnonoxenuio dimg€ =1,

b) IycTsb ans moboro z(t) e €° u w(t) € € ppmonusercs (7). Myctb x(1) e
He ABJISETCH JIMHEMHO 3aBHCHMBIM C w(t). Toraa, cornacHo eMMe 4, CYlECTBYET
Ae(—», +®) u z(f) € &°, Tak yTO '

x()=Aw(t)+2z(1), tel
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U3 ycnosus (7), yuuTsiBas, 4To —z(t) € €°, MbI nonyyaem

0) LM
2 (t)=1im inf x (8)

w(t) == WD)

(') (1),
(Iim sup -75%1— =lim sup o) ((tt)) + 00)

t—+o t—+o

—oo =[im inf
—>+ 0o

rae i mo6oe u3 yucen 0, 1. OTcrona, Tak Kak & = €~ UZ°, cnenyer, yTo x (1) € €°. 1
TeM NMoKa3aHo, 41o dim& =1.

M3 31Ol TEOpeMbl U TEOPEMbI 2 BBITEKAET

Caenctene. Ilycts € D(I), c(t)e Fo(I), Le O(I) u nycts &7 +0. Torna
KaXJoe pelieHne U3 €° HEOTPAHHYEHO CBEPXY M CHHU3Y.

IToBTOpSIA Te Xe pacCyXAeHHHA, YTO B JOKA3ATEIbLCTBE TEOPEMBI 6, MOXHO
[IOKa3aTh

Teopema 6'. Ilycts b(t)e S (I), c(t)e Fos(I) n L e O(I). Torna €>+0 u
dim€;=1 Torga M TONBKO TOTfa, KOrAa AIA Kaxpmoro pewenus z(1)e €’ u
w(t) € €, imeeT MecTO

—+®

(i) )
IPE A ()) - _ ( i = At () = )
lim inf WOt~ o {lim sup WO T

rae { moboe u3 yucen 0, 1, 2.
Teopema 7. Ilycte € D(I), c(t)eFo(I) n L eO(). Ecnu s jmoboro
peutenns z(t) € €° BbINONHAETCS YCIOBHE

lim inf z(1)<0 (lim sup z(1)>0)

To dim& ™ =1.
Moxa3arenscTBo. B cuny Teopembl 1 € # 0. ITycts dim&~ > 1 u w,y(t), wa(t)
NMHEHHO He3aBHCHMbIE pewieHus U3 & . Torna, mo Teopeme 2,

,lir}l wi(t)= 'liﬂ wa(1)=0.
PaccmorpnM peuieHune

2= wild)~ w‘gﬂ wit) (tel)

Tne f, HekoTopasi Toyka u3 I. Torma

lim z(t) 0.

—+ >

C npyroit cTopoHbl, nockoneky Z(t)=0, cormacHo nemme 11 [2], Z(t)e &°.
CrnepgoBaTenbHO, B CHly HalIEro MpPEANONOXEHHUS,

li'l_l’l*illf Z(1)<0 (lim sup Z(1)>0)
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OnHako 3TO MPOTHBOPEYHUT TOMY, YTO

'lil}l z(1)=0.

[TonyyenHoe MpoTHBOpeYHe MOKa3biBaeT, 4To dim& ™ =1.
AHaJIOTHYHO, HCTIONb3ys TeopeMy 1’, MOXHO ROKa3aTh
Teopema 7. IIycts b(t)e ¥ (I), c(t) e F5(I) u L € O(I). Ecnu gns mo6oro
z(t) € €° BbmonHseTCs
lim inf £z°(1)<0  (lim sup #'z)(1)>0)

t—+

riae i Hekotopoe u3 uucen 0, 1 wiu

lim inf z"(1) f SE(t, s) ds <0 (lim sup z'(f) f SE(t, 5) ds >0)
rae to HekoTopas Todka u3 I, o dim€;=1.
3ameuanme 2. ITycTs M — COBOKYNHOCTb (yHKIHH, ONPEENCHHBIX B HUHTEpBa-
ne I u oGnaparomux cBoicTBoM: ecnu f(t)e M, To u — f(1) e M.
MycTs g (1) - dynkuus onpenenennas B I u g (¢) # 0 B HEKOTOPOIH OKPECHOCTH
TOYKH + . Torga uMeeT MecTo

.. t . f(t)
Ve lxmlnfﬁl:—w@\l e« lim su =+
SRR PTO) o TP ()

BBuay artoro, mpennonoxeHus nNpuBefeHHbIE B TeOpeMax 6—7' C HIDKHMM
TNpefe/IOM, IKBUBAJIEHTHbI TPEANONOXEHHSM C BEPXHHM MPENEIOM BbIMHCAHHBIX
B ckoOkax.

Jlemma 5. Ilyctb c(t)>0 B I, c(t)E(t, to) € €°(I), (to€ I) ¥ mycTs

(8) o () 50 e

Ecnn L € O(I), TO NOCIENOBATENLHOCTb JIOKANLHBIX MAKCHMYMOB (MuHMMY-
MOB) mo60ro peltenus u3 &° sBnsercs HeyGbIBaloLIEH (neBo3pacTarowiel) nocie-
HBOBaTENBLHOCTBIO.

HMoxasarenscrso. [Ins moGoro pewmennus z(t) € €° UMEET MECTO TOXAECTBO

4 Z(')]Ezz(t)fz—zéf(f)"m+ 2"%(1) ﬂ%‘(‘t()’jik

= V[fo, Z(fo)] + 24[" zc(—‘(gs)) ds +

of, (G 2O s, et e

06 xOoTOpOM MOXHO y6enutcs nudpepeHIMpOBaHHEM.
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M3 3TOro TOXMECTBa, COIJIACHO MPEANOJIOXEHHSM JIEMMbI, MbI NOJy4aeM
(V[t, z(1)])' 20 pns ¢ € I. D10 3naunr, yto V[t, z(t)] He y6uiBaeT B I. Ecnn z(t)
MMEET B HEKOTOPO# TOUKe f € I TOKaNbHbI MAKCHMYM (MHHHMYM), TO Z'(£)=0 1
V[t, z(1)] = z(1). 13 3Tux coo6paxxeHui BLITEKAET, YTO JOKANbHbIE MAKCHMYMbI
¥ MHHAMYMBbI byHKiuu z°(¢), cnegoBaTensHo M |z(f)|, 06pa3yioT HeyGbIBaIOLIYIO
NOCJIENOBaTENbHOCTL. [103TOMY MOC/IENOBAaTENBHOCTh JIOKANIbHBIX MaKCHMYyMOB
(MuEMMYMOB) pewueHus z () sBisieTcsi HeyGbiBatomel (HeBo3pacTalomiei) nociue-
OBaTENbHOCTHIO.

Cnencreme. Ilycts c(t)>0B I, c(t)E(t to) € €*(I) (to € I) 1 NyCTH BHINOMHEHO
(8). Eciu L € 6(I), To ans mo6Goro pemenus z(t) e €° umeeT MecTo

lim inf z(1)<0, limsup z(£)>0

Jemma 5'. Ilycts b(t)e *(I), c(1)>0 B I, [c()E(t, t0)]' € €*(I) (to€I) ®
nycts (8) Bemonuserca. Torna [ e D(I).

Tloxka3areancrBo. Taxk xak c(1)E(t, t,)>08 I, b(t) € ¥*(I) u (8) BbmoONHEHO,
TO

E(to, ) _[b(®) (c'(D)+a()b(t)\ <
=0 _[c(t)_< 0) )]E("’°)=

<_b()
0) E(to, ) e ¥ (I)

IToatomy, cornacio nemme 2 [6], I € D(I).

H3 Teopembl 7 (TeopeMbl 1) U cleacTBAS JIEMMBI 5 MBI NOJIy4aeM :

Teopema 8. Ilycts [ € D(I), c()>0 B I, c(t)E(t, to) € €*(I) (to€ I) u nycTs
BoimosnHgercs (8). Eciu L € O(I), To dimE ™ =1.
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SUMMARY

ON THE DIMENSION OF SUBSETS OF SOLUTIONS OF A THIRD
ORDER DIFFERENTIAL EQUATION

M. Gera, Bratislava
In the paper, theorems (both sufficient conditions and characterizations) are derived concerning

the dimension of subsets of solutions without zeros in an interval I, mainly for oscillatory third order
linear differential equations.

SUHRN

O DIMENZIf PODMNOZIN RIESENi DIFERENCIALNEJ ROVNICE
TRETIEHO RADU

M. Gera, Bratislava

V préci su odvodené podmienky (nutné aj postacujice) tykajice sa dimenzie podmnoZin rieSeni
bez nulovych bodov v intervale I, hlavne pre oscilatorické diferencidlne rovnice tretiecho radu.
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ON SOME CONDITIONS
FOR ABSOLUTE CONTINUITY OF MEASURES

TIBOR NEUBRUNN, Bratislava
Dedicated to Professor O. Boriivka on the occasion of his 80th birthday

The characterization of absolute continuity is closely related to ‘Radon-
-Nikodym theorem. The last is usually formulated for totally o-finite measures ([2]
p. 128). It is discussed for more general cases too, ([1], [7]) but not all cases of
measures are included. In the first part of the paper we give such characterization
for several kinds of infinite measures.

The second part is a note to some characterizations of absolute continuity by
means of sequences of functions. Such characterizations were discussed in ([3], [6],
(81, [9D.

If nothing else is said the notions are used according to [1]. The notion of the
o-additive set function coincides with that of the signed measure. The theorems
will be proved for measures. The absolute continuity of v with respect to u means
v(E)=0 whenever u(E)=0. An important property (CCC) (countable chain
condition) for a collection &, which will be used in some of the assumptions is
defined as follows (v is supposed to be defined on ¥):

(CCC) There is not an uncountable collection € = & of pairwise disjoint sets
such that v(E)>0 for E € €. The main results of the first part are the following
two. -

Theorem 1. Let (X, %, u) be a o-finite measure space and let u have the
property (CCC). Then a measure v defined on & is absolutely continuous with
respect to u if and only if there exists a measurable function f such that

v(E)= [ fdu (1)

Theorem 2. Let (X, ¥, u) be a o-finite measure space. Let v defined on &
have the property (CCC). Then tlie measure v is absolutely continuous with respect
to u if and only if a measurable function f defined on X exists such that (1) is true.
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If v is a g-additive and o-finite measure, we shall say that v has the property
(0,). If (X, &) is such a measurable space that X € ¥ we shall say that the property
(T) is satisfied.

Lemma 1. Let v be a measure on &.

(a) If (T) does not hold then in general (o,) does not imply (CCC).

(b) In general (CCC) does not imply (0,) even if (T) is satisfied.

(c) If (T) is satisfied then (o,) implies (CCC).

(d) If v is finite then it has the property (CCC).

Proof. (a) Let X be uncountable and ¥ the collection of all countable subset of
X. Put v(E)=card E (card A denotes the cardinal number of A if A is finite and
+ if A is infinite). Then (7) is not satisfied. (CCC) does not hold but (o,) is
satisfied. '

(b) It is sufficient to take a nonempty set X and to put = {X, @}, v(X) = o,
v(@)=0.

(c) This statement may be proved by means of a method described in [2] p. 31
(4). We omit the proof.

(d) The same method may be used as in (c).

Lemma 2. There exists a measurable space (X, &) and a measure v defined on
& such that v is infinite v has both the properties (0,) and (CCC) and the property
(T) for (X, &) is not satisfied.

Proof. Let (X, ¥, v,) be any totally o-finite measure space such that
v(X,) = . Let X, be any uncountable set for which X;nX, =0 and let &, be the
o-ring of all countable subsets of X,. Define & as follows. The set E belong to & if
and only if Ec X ,uX;, EnX €%, EnX;e%,. Put v(E)=v,(EnX,) for any
E € &. The property (0,) is fulfilled because (0.,) for v, on &, holds. The property
(CCC) is satisfied too. Evidently (X, &) does not satisfy the property (7).

The following lemma coincides with the theorem 1.3 of [4] and is also
a corollary of the Theorem proved in [5]. The proof will be omitted.

Lemma 3. Let (X, &) be a measurable space and # c ¥ a o-ideal in &. Let
¥ — M does not contain an infinite collection of pairwise disjoint sets. Let P be
a property concerning the sets E € & and such that at least one E € ¥ — # posseses
the property P and any countable union of sets with the property P is itself of the
property P. Then a set M € ¥ — M with the property P exists such that if E € ¥,
EcX-M and E posseses the property P, then E € /.

Lemma 4. Let (X, &) be a measurable space, v and u measures defined on &.
Let u have the property (CCC) and let v be absolutely continuous with respect to
u. Then there exist two disjoint measurable sets A, B such that A is either an
infinite atom of the measure v or an empty set, B is of o-finite measure v and for
. any Ee¥, EcX-AuUB, v(E)=0 holds.

Proof. If v has no infinite atom, put A =@. If there is an infinite atom of the
measure v then u(E) >0, in view of the absolute continuity of v with respect to u.
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Hence there is not an uncountable collection of atoms of the measure v. Using the
lemma 3, where the property V is: “E is an infinite atom of the measure v”, the
existence of a set M follows such that if E «c X — M, E € ¥, then E is not an infinite
atom. Put M = A in this case. In any case we have A =@ or A is an infinite atom of
v and for Ec X— A, E is not an infinite atom.

Let us consider now X — A and the measure 4 on the measurable subsets of
X —A. Evidently u considered on measurable subsets of X — A has the property
(CCC). If there is not aset Ec X — A, E € ¥ such that v(E) >0, we put B =0 and
the proof is finished. If there is a set E€ &, Ec X — A with v(E)>0 (and then
evidently u(E)>0) then v(E) may be supposed to be finite because E is not an
infinite atom of v. Now the lemma 3 may be used for the property: “Ec X — A,
E is of o-finite positive v-measure”. Owing to the fact that v(E)>0 implies
u(E)>0 and to the property (C,), the existence of a set Bc X — A of a o-finite
measure v follows such that if Ec X - AuB, E is of o-finite measure v, then
v(E)=0. But the last is true even without the assumption of the o-finteness. In
fact, if Ec X — AuUB, v(E)>0, then the existence of E,cE, E,€ &, ©>v(E,)>
>0 follows, because E is not an infinite v-atom. But then E, is of o-finite positive
measure and it is a contradiction. Hence v(E)=0.

The proof of Theorem 1. The necessity is trivial. So let v be absolutely
continuous with respect to u. Let A, B have the same meaning as in Lemma 4. Let
us consider 4 and v on the measurable subsets of B. Since u and v, when
considered on subsets of B, are o-finite and B is measurable, the Radon-Nikodym
theorem in it’s original form (see [1] p. 128) may be used. Acording the last
a function f*, defined on B and measurable with respect to the o-algebra of
measurable subsets of B, exists such that

v(E) = j f* du @)

Let us consider now the measure v on the system of all measurable subsets of
A.If there exists E€ ¥, Ec A, v(E) =0, and u(E)> 0 then using lemma 3 we get
the existence of A;c A, A,€¥ such that u(E)=0 for any EcA, EcA-A,,
E e &, for which v(E)=0.

Define f(x) as follows:

f*(x) if xeB,
f(x)={+» if xeA-A,,
0 if xeA,u(X-AUB)
Then f is %-measurable. Put V= A — A, Z=A,U(X—-AUB).IfE e ¥, then
v(E)=v(EnZ)+v(EnV)+v(EnB) 3)
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Evidently

0=v(EnZ)=L fdu 0))
Further, according to (2)
vEnB)=[ frdu=] fau (5)
The relation
V(EnV)= L fdu (6)

follows from the facts that v(En V)= implies u(ENnV)>0 and v(ENnV)=0
implies u(EnV)=0 and from the definition of f.

Hence (1)—(6) imply v(E) = L fdu.

The proof of Theorem 2. From the property (CCC) and from Lemma 3 the
existence of M € ¥ follows such that if E€ ¥, Ec X —M then v(E)=0. Let us
consider v on the measurable subsets of the set M. According to (c) of Lemma 1 u
has on M the property (CCC).

Using Theorem 1 we have v(E) = f f* du for any E € &, E = M, where f* is
E

defined on M and measurable with respect to the o-algebra of measurable subsets
of M. It is sufficient to put

(f*(x) .. xeM
f(x)'{ 0 * iex-m

and we have for any measurable set E € &

v(E)=v(E—M)+v(EnM)=L_Mfdu+Lan" du=Lfdu.

Theorem 2 is proved.

If Xe&% and u is o-finite, then from Theorem 1 the usual form of the
Radon-Nikodym theorem (see e.g. [2] p. 128) follows. Even without the assump-
tion of the o-finiteness we get a theorem as it is formulated in [2] p. 131 (7). The
Radon-Nikodym theorem in the form as it is stated in [7] or [1] follows from
Theorem 1 too. In fact if v is finite then (CCC) is satisfied in view of Lemma 1 (d),
thus Theorem 1 may be used. The theorems 1 and 2 cover also more general cases
as it follows from Lemma 2.

Remark. Denote, as usually, g—; any of the nonnegative functions for which

v(E)= f f du whenever E € &. Such a function need not be uniquelly determined
; _
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u-almost everywhere, as it is in the case of totally o-finite measures. The space
={a}, ¥={{a}, B} and the measures y, v, where u({a})=v({a}) = « are such
examples.

Neverthelles if g—, gl are any Radon-Nikodym derivatives then _(_11 gx is

a Radon-Nikodym derivative of v with respect to A. The proof is quite snmllar to
that one for totally finite measures ([2] p. 133). In particular if f is nonnegative
measurable, we have f fdA= f f~ i dA whenever %X exists.

The following part of this paper is a note related to papers [3], [8], [9]. Here we
give an abstract attitude to the problem. An abstract approach was recommended .
also in [3]. Our seems to be different.

Let (X, #) be a measurable space, 4 a measure on ¥. The symbols L' (1),
L”(u) denote the sets of all u-integrable and u-essentially bounded functions
respectively. For the sake of simple formulations, let us adopt some notations.

If u, v are measures ¥ — L"(u) a collection of nonnegative functions, then %
is said to satisfy the property (p) provided that for any sequence (f,):-, of functions
from & the following is true:

(p) lim [ f.g du =0, for every g e L'(u) = lim [ f,h dv =0, for every he L'(v),
h=0.

The collection ¥ is said to be v-determining if for any E € & with © > v(E)>0
a positive number c exists, such that to any £ >0 two sets G., F, and a function
fe € F exists with the following properties :

G.,F.e¥; F.cEcG.,,u(G.-F.)<g, v(F.)Zc;
0=f.=1,f(x)=1 if xeF,f(x)=0 if x¢G..

Proposition 1. If u, v are regular Borel measures (see [2] p. 224) on a locally
compact topological space then the set F of all bounded continuous measurable
functions is v-determining.

Proof.Let E € #, © >v(E)>0. From the v-inner regularity of the set E there
exists a compact set K such that v(K)>0, KcE. Let £¢>0. The u-regularity
implies the existence of an open Borel G and compact LcEsuchthat u(G-L)<
<E.

Put G.=G and F,=KuUL. Then u(G F.)<e, F.cEcG.. Since F. is
compact and X — G is closed a function f, exists (see [2] p. 216) such that

f(x)=1if xeF.,, f.(x)=0if x¢G., 0=f.(x)=1

for x e X. Owing to continuity of f and measurability of G, the function fe is
measurable and hence f, € %.
Proposition 2. Let X be a normal topological space and u, v measures defined
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on the o-ring generated by closed sets. Let u, v be inner regular with respect to the
collection of all closed sets and outer regular with respect to the collection of all
open sets. Then the set ¥ of all nonnegative bounded continuous functions is
v-determining.

The proof is similar to that of Proposition 1 and therefore is omitted.

Theorem 3. Let ¥ L'(u) be a set of nonnegative measurable functions which
is v-determining. Let v be semifinite (see [1] p. 81). Then (p) implies v <u.

Proof. Suppose that v <u does not hold. Then a set E € & exists such that
u(E)=0, v(E)>0. We may suppose that ©»>v(E)>0, since v is semifinite.
According to the assumptions a number ¢ > 0 exists such that for £ >0 there are F,

G. € @ and a function f, € F with the known properties. Putting successively ¢ =%

(n=1,2,...) we obtain sequences (F,),-:, (G.).-1i, of measurable sets and
a sequence (f,).-: of functions belonging to & such that:

u(G,.—-F,.)<%, F.cEcG, v(F)Zc, f(x)=1

if xeF,, f,(x)=0if xeX—G, and 0=f,(x)=1 for xe X.
If geL'(u), then

|ff.g dul= UG f.g d,,l:

L__F" g d#lé L"_F" lg| du (7

Since u(G, — F,)<%, we obtain from (7) '1‘1_1.135 | f.g du=0. Hence from (p)

lim | f.h dv=0, for any h e L,(v), h nonnegative.

Putting h = xe, where xg is the characteristic function of E, we have
lim f fixe dv=0. ®)

On the other hand

[ fuxe dv=Lf,. dvZv(F.)Z ¢ >0.

Hence lim sup [ f,xe dv>0. It is a contradiction with (8)

From Theorem 3, by means of propositions 1 and 2 we obtain conditions for
v<u where v, u are suitable measures in topological spaces. For some kinds of
measures in topological spaces (p) is also necessary for v <u. But these cases are
known. They were discussed in [3], [6], [8], [9].
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SUHRN

O NIEKTORYCH PODMIENKACH
PRE ABSOLUTNU SPOJITOST MIER

T. Neubrunn, Bratislava
Uviédzaji sa dve podmienky pre platnost Radonovej-Nikodymovej vety pre miery, ktoré nemusia

byt o-konetné. Dalej sa formuluji a dokazuji podmienky pre absolitnu spojitost mier pomocou
limitnych vlastnosti postupnosti integralov istého typu funkcii.

PE3IOME
O HEKOTOPBIX YCJIOBUSAX OIS ABCONIIOTHOW HEMNPEPBIBHOCTHU MEP
T. Ho#6pyH, BpaTtucnasa

Hatorcs pBe BapuauThl TeopeMbl Pajona-HuKOIWMa B ciiyyae Mep, KOTOpble HESBISIOTCH
0-KOHe4HbIMH. [lanee, 1aHO OJHO 3aMEYaHHE K XapaKTEPH3ALMH aGCONMIOTHOM HENPEPHIBHOCTH NpH
NIOMOILH ONpERENEHHbIX CHCTEM GYHKIMI.
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