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A simple graph G with the vertex-set V and with the edge-set E wili be
denoted as G =(V, E) (so undirected graphs without loops and multiple edges
are dealt with). If multiple edges are allowed (but not loops), one speaks about
a multigraph and then the edge- set will be denoted by €, so one gets a multigraph
G =(V, €) (the simple graph is a special case of the multigraph). If a, b are two
vertices in a multigraph G =(V, &), €s(a) denotes the set of all edges incident to
a, €c(a,b) = €s(a)nés(b), Vs(a) is the set of all verices connected with a. In
our paper, we deal with finite multigraphs, i.e. the sets V and & are finite.

Definition 1 (Berge [1]). Let G=(V, E) be a simple graph. A multigraph
G, =(V, &) is aregularization of G of degree k, if for every a, b in V there holds

1. (a,b)e E=%s,(a, b)#0.

2. cardég,(a)=k for each ae V.

If there exists a regularization of G, G is called regularizable.

_ Proposition 1 (Berge [1]). Let G =(V, E) be simple, no bipartite graph. G is
regularizable, iff card X <card U {Vgs(x): x € X} for every independent subset
XcV, X+0.

In the proof of 3.1. in [1] the following assertion was used:

Proposition 2. Let G=(V, E) be a simple graph and let for every adge
(a,b) € E there exist a regular factor in G containing (a,b). Then G is
regularizable.

Proof. We assign a regular factor F, ,, containing (a, b) to each (a,b) €E.
Take such copies (V, Ew.y) of all F., for which (a,b)#(c,d) >
> E@.syNnE (. 4y=0. Then (V, Uy E(,,,,,) is a regularization of the graph G.

(a,.b)€eE
Definition 2. A graph (V, E) is strongly hamiltonian, iff for each e € E there
exists a hamiltonian circuit containing e.
Proposition 2 implies '
Proposition 3. Every strongly hamiltonian graph is regularizable.
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Definition 3. Let n =2 be an integer and G =(V, E) be a connected simple
graph. Let G" =(V, E") where (a, b) e E" iff a, b € V, a# b and the distance of a
from b in G is at most n.

The graph G" is called the n-th power of G.

Proposition 4 ([2]). If n=3, G”" is strongly hamiltonian.

As corollary of Proposition 3 and Proposition 4 we get

Propeosition 5. If n =3 and G is a connected simple graph, G” is regularizable.

Now, we shall deal with these simple connected graphs G for which G? is
regularizable. The Main Theorem states that this is not the case exactly for the
i-graphs, which are defined in the following lines.

Definition 4. A simple graph G =(V, E) is called an i-graph, if

1. card V is even.

2. There is.carzd A

3. Every not-end-vertex has exactly one end-vertex as a neighbor.

Propeosition 6. For a connected i-graph G =(V, E)G? is not regularizable.

Proof. Let V, be the set of all end-vertices in G, V,=V—-V,. We get

=U{Vex(x): xe€ V,}. It is card V,=card V,- G” is not bipartite as it contains
triangles. By Proposition 1 G? is not regularizable.

Proposition 7. In a connected simple graph G=(V, E) there exists
a spanning tree which is not an i-graph iff G is neither an i- graph nor a circuit of
length 4.

Proof. If G is an i-graph or a circuit of length 4, then clearly all spanning trees
of G are i-graphs.

Now, suppose G is neither an i-graph nor a circuit of length 4. Let G*=
=(V, E*) be a spanning tree of G. Suppose, G* is an i-graph. It is E*cE,
E* # E. There exists (a, b) € E — E* such that at least one of the vertices a, b is an
end-vertex in (V, E*) (otherwise G would be an i-graph).

a) Let a, b be end-vertices in (V, E*) and a =a,, a,, ..., a, = b be a circuit in
(V,E*u{(a,b)}). It is m=3. If a, is of degree 2 in (V, E*), then G'=
=(V,E*u{{a,b)} — {(b, an-1)}) is a spanning tree in G, which is no i-graph.
Namely, a; #b as G*is an z-graph and a; is no end-vertex in G', as G is not
a circuit of length 4.

Let (a,, c)€E*, a#c#as. Then a, is not an end-vertex in (V, E*—
= {(@m-2, Gm-1)}). The graph (V, E*U{{(a, b)} — {{@m-2, Gm-1)}) is a spanning
tree of G and no i-graph, as a has no end-vertex as a neighbor in it.

b) Let a be no end-vertex in G, b an end-vertex in G. Let a,, ..., a,, have the
upper meaning. As a has at least two end-vertices in G' =(V, E*U{(a,b)}—
— {(@m-1, am)}) as its neighbors, G’ is no i-graph and it is a spanning tree of G.

Definition 5. Let G =(V, E) be a simple graph, a, b € Va+#b. The vertices a
and b form the conjugate pair (a, b) of type 1, if they are end-vertices and have the
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distance 2 in G. The ordered pair (a, b) is a conjugate pair of G of type 2, if a is an
end-vertex, b is a neighbor of @ in G and is of degree 2 in G.

Generally we shall speak about a conjugate pair, if further specification is not
needed.

Lemma 8. Let G=(V, E) be a tree, card V=3. Then

1. In G there exists a conjugate pair.

2.If G is an i-graph, then there exist two conjugate pairs of type 2 (a, b),
(c, d) such that {a,b}n{c,d}=0.

Proof. Let a,, a,, ..., a, be one of the longest paths in G. If the degree of a, is
2, then (a,, a;) is a conjugate pair of type 2, if ¢ is a neighbor of a,, a, # c#a,,
(ai, ) is a conjugate pair of type 1.

If G is an i-graph, then k =4 and (a,, a,) and (a., a.-,) are conjugate pairs of
type 2 with {ai, a.} N {aw, a-,} =0.

Definition 6. Let G=(V, E) be a simple graph, (a, b) its conjugate pair,
G,=(Vy, E,) a subgraph of G induced on V,=V—{a,b}. We write G=
=G, Vv(a, b) and we say that G is constructed by a regular construction from G,.

Proposition 9. Let G, = (V,, E,) be a connected simple graph, card V, =3. Let
Gj be regularizable and G=(V, E) = G,v(a, b). Then G is regularizable.

Proof. As G’ is not bipartite, we can use Proposition 1. Let X be an
non-empty indepent set in G°. If {a, b}nX =0, X is independent in G} and

*=U{Vsi(x): xeX} = U{Vsx): xeX}=X** and so card X <card X*=
=card X**.

{a,b}nX can be at most one-element set as (a,b)€eE’. E.g. let ae X,
X;=X-{a}. X, is independent in G (may be empty). If X={a}, then
card Vo2(a)=2. If X, #0 then (with the upper notation using X, instead of X)
cardX;<card X%t and b non € X% (b is not a vertex of G?). Therefore card
U{Vs(x): x e X} >card X.

Proposition 10. Let G=(V, E) be a tree, no i-graph and card V=7. There
exists G, = (V,, E,) such that G, is no i-graph and one gets G from G, by a regular
construction.

Proof. By Lemma 8 there exists a conjugate pair (a, b) in G such that
G =G, v(a, b), where G,=(V,, E,), V=V —{a, b}. Suppose G, is an i-graph.

a) Let (a, b) be of type 2 and ¢ be the neighbor of b in G different from a.
Then c is an end-vertex in G, (otherwise G would be an i-graph). Let (a,, b,) be
a conjugate pair of type 2 in G, where a,#c. The induced subgraph of
G G,;=(V,, E;), V,=V—a,, b, is no i-graph, as ¢ does not neighbor an
end-vertex in G,. It is G =G,V (a,, b,).

b) Let (a, b) be of type 1 and ¢ be a neighbor of a (i.e. of b, too). Let (a,, b,)
be a conjugate pair in G,, for which a,#c#b,. The induced subgraph of
G G,=(V,, E;) V.=V —{ay, b} is no i-graph as c has at least two end-verteces
as its neighbor. Again G =G,v(a,, b,).
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Definition 7. If G,, ..., G, is a sequence of graphs such that G; can be
constructed by a regular construction from G;_,, this sequence is called regular.

Propeosition 11. If a tree G = (V, E) is no i-graph, card V =7, then there exists
a regular sequence G,, ..., G, where G, are no i-graphs, G, =G and G, has at
most 6 vertices.

Proof follows immediately from Proposition 10.

Propeosition 12. Let a tree G =(V, E) be no i-graph, card V=6. Then G” is
regularizable.

Proof. The assertion is clear for card V=3. If card V =4 then G is isomorphic

and G’ is regular.

Let now card V=5. Let G=G,v(a, b). Then G, is isomorphic to

to

o - O

and G is regularizable. By Proposition 9, G is regularizable. Let card V =6 and
G =G,v(a, b). Then G, is isomorphic to

1

a b

For a we conclude again by Proposition 9. For b G can be isomorphic to one
of the following graphs G,, G,, G,, G..

» i N K

b G, G G, G.
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G is regularizable as the multigraph.

is regular.

G is an i-graph. This case does not occur.

G;, G, can be constructed by a regular construction from graphs which have
the regularizable second power.

Main Theorem. Let G be a connected simple graph. Then G? is regularizable
iff G is no i-graph.

Proof. Necessity was proved in Proposition 6.

Let G=(V,E) be a tree and no i-graph. Let card V=6. Then G’ is
regularizable by Proposition 12. Let now card V =7. Suppose our assertion to be
valid for all G with at most card V — 1 vertices. By Proposition 11, there. exists
a regular sequence G, ..., G, such that all G; s are no i-graphs, G: = G and G, has
at most 6 vertices. Therefore kK =2. By Definition 6 of a regular construction and
Definition 7 of a regular sequence the graphs G,, ..., G, are trees. By the induction
supposition (G-, )" is regularizable. By Proposition 9 Gi (= G°) is regularizable.

Let G=(V, E) be no tree. The assertion is clear, if G is a circuit. Suppose G is
no circuit. By Proposition 7 there is a spanning tree G* = (V, E*) of G, which is no
i-graph. As (G*)* contains triangles, no subgraph of G’ containing (G*)’ is
bipartite. As G* is a tree, (G*)’ is regularizable. G can be obtained from (G*)* by
succesive adding of edges. By 3.2 [1] an adding of an edge to a regularizable graph,
which is not bipartite, gives a regularizable graph. Therefore G is regularizable.
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SHRNUTI
REGULARIZOVATELNOST MOCNINY GRAFU
M. Sekanina—V. Vetchy, Brno

Obycejny graf G, tj. graf bez smy&ek a paralelnich hran, se nazyva regularizovatelnym, kdyz
pfiddnim vhodnych hran, paralelnich k hrandm v G, lze zkonstruovat kone¢ny pravidelny multigraf.
Graf nazyvdme i-grafem, kdyZ pravé polovina jeho uzli je koncovych a kazdy nekoncovy uzel je spojen
hranou pravé s jednim koncovym. Je-li G koneény souvisly oby¢ejny graf, potom n-t4 mocnina G" grafu
G je regularizovatelnd pro n Z 3. Druh4 mocnina G? je regularizovateln4, pravé kdyz G neni i-graf.

PE3IOME
PEI'YIIAPU3YEMOCTb CTEINEHH I'PA®A
M. Cekanuna—B. Betxbi, BpHo

H3yyatorcst 06bIKHOBEHHbIE rpadbl, T. €. HCOPHEHTHPYeMbIe rpacdbl 6e3 NeTeNb W NapaIebHbIX
pebep. OGbikHOBeHHbIM rpad G no febHHHLMH perynsipu3yeMblii TOINa KOIHa AOGABIEHHEM
TIOAXOAALMX peGep napanienbHbix K pe6pam B G MOXHO NOTYYHTh KOHEYHbIH NIPaBUWILHBIH MyJIbTHT-
pad. I'padp G Ha3biBaeTcs i-rpadPoM €M TOYHO MONOBHHA Y3NIOB ABNAETCH KOHLOBBIMH H €CIH
KaX/bIH HEKOHLOBBIA y3€N COCNHHEH peGPEM TOYHO C OHHM KOHLOBbIM yioM. ITycts G KOHeuHbIi,
CBA3HbIA, OGbIkHOBEHHLM rpacd. IMotom n-tas creness G” rpada G ans n=3 smnsercs per-
ynsipusyemolt. Bropasi crenenb perynspu3yemas torna korna G He siBnsieTcs i-rpagom.

66



	
	Article


