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DIAMETER k-CRITICAL GRAPHS

PETER KYS. Bratislava

Under a graph we mean throughout the paper an undirected
finite graph without loops and multiple lines.

This paper presents an attempt to generalize the notion of
so-called e-critical graph, investigated in papers [2] - [5] o
A graph G 1is said to be e-critical if the4de1eting of an arbitra-
ry line from G increases its diameter. A graph is said to be
k-critical, (k is a natural number) if the deleting of an arbitra-
ry subset M of its lines increases its diameter if and only if
ll\-é k. We will investigate the question about the existence
of such graphs. It is conjectured that there are no such graphs.
This conjecture is settled in affirmative for approximately one
half of all possible cases. Our terminology as well as denotation
is besed on [1] except for the given here.

A graph G = (V, E) has the point set V = V(G) and the set
of lines E = E(G). Let x€V, By N(x) we denote the neighbour-
hood of x (i.e. N(v) = {uld(u, v) = 1}). The eccentricity of

x is denoted by ec(x), (ec{x) = max d(x, y)). We define the
- yeV(G)

the distance of x and a set M as follows: d(x, M) = min d(x, y
yEM ‘

Let NCE. The graph with the point set V(G-N) = V(G) and the
set of lines E(G-N) = E(G) - N is denoted by G-N. If N consiste
of 6nly one line e, we will write G-e.
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Let P be a Vo~n walk in G, with the points Vor Vqr eee

eue ¥ (vi€V(G), for 1 =0, 1, ..., n), The length of P 1is

n
denoted by A (P). We denote the V,~Vo Walk with the points

Vit Vpeqr eees Vo by i Further, for any integers k, m with

1€k<mSn we denote by P(vy=v,) the v,-v_  subwalk of P
with the points Vier Vieqqr eees Vpo Let NCE(G). The symbol
(PAN), denotes the set {e| e€E(G) A e€EN Ae€P} . Let k be

a natural number and for 1 =1, 2, ..., k I’i be a Va 1'Vn
' i- i

walk in G with the points v eeey V_ . The concaten-

ni_1’ vni_1+1’ ny

ation of Pi (in a given ordering) we define as the Vo Y,
0 ™
V. e

-1 T 7 Ty
Let P1, P2. o nisiy Pm be the Vo~n walks in a graph G,

walk with the points vno. vno+1. eeey V

The symbol ( ﬂfi)e denotes the set {e | e €E(G) A e€P,, for
i=

i = 1’ 2. soey m}o

To emphasize for a given invariant to be refered to a graph

G we will use the subsoript G, for example dG(x, ¥), ecG(x),etc.

Definition 1. Let k be a natural number. A graph
G = (V, E) is said to be diameter k-critical (in the next k-
-critical) with the diameter d, if the following holds: ¥
1. d(G) = d <+ o0 '

2, d(G-M) = 4(G) 4if and only if |M|<k, for any subset M of BE.

Acocording to this definition an e-critical graph is a 1-
-critical graph. Throughout the paper we assume k > 2.

Assertion 1. There is no k-critical graph (k>2),
with the diameter one.

Assertion 2, Let G= (V, E) be a k-critical graph
with k>2, Then degy(x)Zk, for every x€V.
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Prootf. Since d(G-M) = +s for M= {xt|t€ Ny(x)},
there must be |M|2k.

Theorem 1. Let G= (V, E) be a k-critical graph
(k 22) with the diameter d. Then for any line e from E the
graph G-e 1is (k-1)-critical with the diameter d.

Proof. Let us denote G-e = G, = (Ve, Ee). Because k=2
then d(G-e) = d(G) = d for any line e€E. Let G, be not
(k=1)-critical. There are the next possibilities:

1. There is a subset M of Ee, with |M|< k-1 such that d(Ge-H)J
> d(Gy). Then for M, = MU{e}  we have d(G-M,)> d(G) which
is not possible because |M1| <k,

2. There is a subset M of E, with |M| = k-1 such that

d(G -M) = d(Ge). Because e ¢ M, there also must be d(G-M,) = )

= 4(6) for M, = MU{e} . But this is impossidle because |M,|= k.
This completes the proof.

Corollary 1. Let G= (V, E) be a k-critical graph
with k 22, Then for every subset M of E with 15 (M|<k,

the graph G=M is (k-|M|)-critical with the same diameter as G.
Corollary 2, If there is no k-critical graph (k2> 2)

with the diameter d, then also there is no (k+1)-critical graph
with the diameter d.

Lemma 1. Let G = (V, E) be a k-critical graph (k=2)
with the diameter d. Let McCE, |M[ = k, M = {es, e,y «o0y €.
Then for every two points x,y<€V with dG-l((x’ y)> d there are
k x-y paths {Qi}‘i"1 such that A (Q;) S d and (QNM), =

= {ei}. (i = 1. 2' .-o'k)o

Proof., Let M, =M~ {e,]. For every x-y path P with
A(P)€4a in G-M, must be e, EP, Because for any J = 1, 2,...,k
J # 1, the 1line ey, cannot belong to P there must be (PNM), =
= {ei}. This completes the proof.
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Definition 2 Let G= (V, E) be a graph, xeV.

The system {'lli{m of subsets of V is said to be a distance
i=0

decomposition oJf V from the point x, if
1. m = ecG(x) l i
2. My = {z€V|dy(z, x) =4} for 1=0,1, ..., m.

Lemma 2, Let G = (V, E) be a k-critical graph (k=>2)
with the diameter d (d>2). Let x €V, ecy(x) = d. Let { M}
be the distance decomposition of V from the point x. Then there
is no line yz with y, z€M; in G,

Proof. For |My|l =1, lenma trivially holds. Let y, 2 &
€M; and yz€&E. From the Assertion 2 we have deg,(x)?k. Let
us denote L = {xx1, XXys eeer XXy _qs yz}. where xieNG(x), qnd
xy # xJ for i £ J, Because G is a k-critical graph, there
must be in G-L such two points t, q€V, for which dG_L(t. q) >1.
Let tElgn, qe’l%, for O0€m, n<d. According to Lemma 1 there
are t-q paths Q,, Q, with A (Q4)€d for 1 =1, 2 in G such
that (QNL), = {xx}, (@Q,NL), = {yz}.

There are two possibilities:

1. m + n>d, Because the length of any t-q path containing the

line xx, is greater than or equal to m + n, A (Q1)> m + n>d.

This is a contradiction.

2, m + n<d. The length of any t-q path containing the line yz
is greater than or equal to 2d = m -n + 12d + 1. S0 A (Q)>a
which is a contradiction,

The line yz cannot belong to E. Hence the lemma holds.

Theorem 2, There is no k-critical graph with the dia-
meter two, for k32,

Proof, Let G= (V, E) be 2-critical graph with the
diameter two. Let té&V, ecy(t) = 2, and {li} be the distance
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Fl’g. 4

] -
decomposition of V, from ¢, ll1 = {x1, Xos ecey xn}, lz =

= {y1. yz, ssey ym.}, (Fig. 1).

Obviously n>2, m >0, We show that xiyjé E for every i =

=1, 2, eoey B3 J =1, 2, oee., m. Let there be such numbers r, s
(1¢r<n, 1€s<m) that x.y, ¢ E. Then dg(y, X)) = dg(yg, t) =
= 2, For the distance decomposition £M1} of V from the point
g we get a contradiction with the Lemma 2, because txréE and
t, €M) . So, Xy €E. Let R ={x;x;€E[1=1,2, .00, 05
$=1,2, .., mj. If |RIZ"2 then d(G-R) = d(G) = 2 which is
a contradiction., If (Rl = 0, then G is the complete bipartite

graph K which is a contradiction, too. So there must be

n,m+1
Rl = 1. I.Jet xx,€E. If n>2 then for Jj>3 we have a contra-
diction dg_y  (t, x;)>2. Hence n =2 and a(e-{tx,, xqy4}) = 2.
But this is impossible, because¢ G 1is 2-critical with the diameter
two.
The assertion of the theorem follows immediately by using the
Corollary 2.

Lemma 3. Let G= (V, E) be a k-critical graph (k2>2)
with the diameter dZ2. Let x, q€V, dg(x, q) = d. Let y&N,(x),
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PEN;(q) and L = {xy, pq}. Let {l(i} be the distance decomposi-
tionof V from x and WCE, (W| =k, LCW, Fhen 1 + j = d
for every two points méENM,, néld, (0<i, j<d) with dg_y(m, n)>
>d-

Proof. (Fig., 2)

Fi%. 2

By the Lemma 1 there must exist in G two m-n paths P1.
P, of the length less than or equal d, such that (P,NW), = {xy},

(P,NW), = {rq}. Because xy €Py, PQEP,, there must be d > A(P,)?
24 +3j and 4= h(PZ)sz - (1L + J). Hence, i+ = d. This
completes the proof.

Corollary 3. Let the assumptions of the Lemma 3 hold.

Moreover, let any line from W-L be incident with x or q. Then
dq(m. n) = d, for every two points m, n€V w:lth_ dG.'(m, n)>d.
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Lemma 4. Let G = (V, E) be a 2-critical graph with the
diameter d>3. Let x, q€V, dg(x, q) = d. Let {M} ve the
dietance decomposition of V from x. Then for every pelc(q)
there is a point t€M, such that dG(t. pP) = d -2 and
dG-Lt(x' q) = d for L = {xt. pq}.

Proof. (Fig. 3)

Fig. 3

Let p €N;(q). By the Lemma 2 we have pé€M, ,. There exists

a point yél1 such that dG(y, p) =d -2, If dG—L (x, q) = 4,
. y
then y dis the required point. Let d; ; (x, q)> d. By the Lemma
y

there are two x-p paths P1, P2 o\f the length d, such that
(P.‘I\I.y)e = {xy} and (BN I.y)e = {pq}.
Denote the points of P2 as follows: Ty = Xy Tq9 Tpy eeey
sees Ty_q9» Tg. Then riéli for 1 =0, 1, «¢op d and r, £y,
T4-1 = p. To prove the theorem it is Qufficient toput t = Tqe
This completes the proof.

Lemma 5. Let G = (V, E) be a graph with the diameter

three, Let x, q€V and dg(x, q) = 3. Let {M} be the distance

\
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decomposition of V from x. If for every péNG(q) there is
a point reM, such that pré€E, then G is not 2-critical.
Proof., (Fig. 4)

Fig. ¥

Let G = (V, E) be a 2-critical graph, d(G) = 3 and the
assumptions of the lemma hold. Let péNG(q). By the Lemma 2 we
have peuz. According to Lemma 4 there is a point y6M1 such
that yp €E and dG_Ly(x, q) = 3 for Ly = ny, pq}. Siyce

G is 2-critical graph there are two points m, n€vV, méli,
ne IJ, 1€1i, jJ<3, for which do_g, (m, n)>3., In accordance with
y

the Lemma 3 we have dG(m, n) =3 and i + J = 3, By the Lemma 1
there are two m-n paths Q1, Q2 of the length three such that
(QNL)), = (xy}, (QNLy) = {pq).

There are the next possibilities:

1. m = x,lnE-IB, n 4 q. Since dg (x, {p, q}) = 2, we have A(Q2)73'
a contradiction,

2, meM,, n€M,, m £ y, n 4 p. Because dg (m, [x, y}) = 1 the
lines ny and mp belong to E. Then in G - Ly there is a path

mpyn, which is a contradiction.
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3., m =y, n€ M,, n ¥ p. Since dG(m, q) = 2, we have qné€E, By

the aasumptioxi, there is a point ré M2 such that rn€E, If

dG(m, r)< 2, then also ds.1, (m, n)< 3, which is a contradiction.
Y

Let dG(m, r) = 3. Then for the distance decomposition {Mﬂ of

V from the point y we have a contradiction with the Lemmu 2,
since r, n must belong to M:,:.

4. m £ y, m€ M1, n = p., By the assumption, there is a point réMz,
for which pré€ E. Analogously to the case 3 we have dG(m, r) = 3,
Because d (m, p) = 3 we get a contradiction with the Lemma2 for
the distance decomposition of V from the point m,

Thus we have proved d(G-Ly) = d(G), a contradiction. This comple.-
tes the proof.

Theorem 3, There is no k-critical graph with the
diameter three, for k 2>2, '

Proof, (Fig, 4) We prove the theorem for k =2. The asser-
tion of the theorem then directly follows from the Corollary 2,

Let G = (V, E) be a 2-criticaf graph with the diameter
three. Let x, q€V, dy(x, q) = 3. Let {Mi} be the distance decom-
position of V from x. By the Lemma 5 there is a point peN;(q)
such that for every line pf€E (f€V), the point f¢M,. From
the Lemma2 we have pEM,. Let u&M,. Demote I = {xu, pq}.

Let S, = {teu,l az(p, t) = 1A dG_Lt(x, q) = 3}. By the

X *
Lemma 4 Sp # P, Let yesp. There are two points m, n&éV such

that d;_1, (my, n)> 3. If me M, , n€M. (1<i, j<3), then by the
y .

J
Corollary 3 we have i + j = 3 and d;(m, n) = 3. In accordance *
to Lemma 1 there are two men paths Qq» Q, such that ?L(Q.l) =
= AQy) =3 ama (QNL)), = {x3}, QNI = {pa}.

We will distinguish the next cases:
1. x=m, néll3, n # q. Then A(Q2)> 3, a contradiction,
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2. mel(1. m 4y, neM,, n # p. Then mp, nye E and dg 1, (my, n) =
y

= 3, a contradiction.

3. m#y, meM,, n =p, If dG_yp(p, x) = 2, then also

dG-y‘p(p’ x) = 3. In G-yp

ds_1, (p, m) = 3, a contradiction. So
ther: must exist a path Pr ToX, where T r2€V, r2€l1. By
the assumption r1¢l(2. If r1€l1 then dG-yp(p’ x) = 2,

a contradiction. As follows from the definition of {M}}, r,dN,.
So we have a contradiction.

Thus we have proved: either G 1is not a 2-critical graph, or for

every yé€ Sp from d; (m, n)>3 it follows m = y, né‘ll2 and
y

n 4 p. We exclude this last case.

4, m Sy, n€ M,, n # p. We will distinguish the following cases:
A, There are two points vésp, fE H1 such that vfé& E, Put
vay, If dG(f. n)< 2, then also dG-Ly(m' n)< 3 which is a

contradiction., If dG(f, n) = 3, we get a contradiction with the
Lemma 2, for the distance decomposition of V from n, because
YL E€E, 4

B, For every point véSp from the yz&€E, (z€V) it follows
z¢ M,. There exists a point f€M,, £ 4y such that fn€E,
Simultaneously qn€E (in the opposite case we have N\ (Q2)> 3,
a contradiction). If dc_pq(P' n)< 2, then also dG-Ly(p' n)<2,

Hence dG-Ly(” n)< 3, a contradiction. Let dG-pq(p' n) = 3,

Then there exists a p-n path pryT,on in G - pq, where r,rzev.
From the properties of p ywe have T, ¢l2. Let rzelz. Since
dG(y. r2) = 3, we have a contradiction with the Lemma 2 for the
distance decomposition of V from the point y (rzne E). So,
r2¢I2. But then from the Lemma2 we have r1¢ M.. Analogously

rzq' IB. But then both Ty Ty must belong to ll1. Obviously
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r,¢{y, f}. Since pr €&, and d;_; (x, q) = 3 (there is a path
r
1

xfnq in G-Lr1), we have r1ésp. But this is a contradiction

with the assumption, because r1€l1 and r1r2€E.
So, there is no 2-critical graph with the diameter three. This

completes the proof.

Lemma 6, Let G = (V, E) be a 3-critical graph with
the diameter 4. Let x, q€V, dg(x, q) = 4, Let {M} be the
distance decomposition of V from the point x. For every two
points y, zEl.‘. y = z, there is a point péllG(q) such that
from dG-L(m' n)>4 (m, n€EV) it follows m, nelle, where L =
= {17' X2y PQ}O -

Proof. (Fig. 5)

M4
r - ° ° ° Mg
M
noé o e o o o ° 3

3

P
qzv, o o s e o o My
Ff9A5

Let y, zel.‘, Yy # 2. There is a point r, 2y, 2, r,el,.
dG(q. r1) = 3 (if dG(q, r1) = 4, then we have a contradiction
with the Lemma 2 for the distance decomposition of V from q).
So, there is an x-q path P : ros X, Tqy Ty Tas r4§ q, where

T{EMy for 1 =0, 1, «cuy 4. Let péHG(q) s P # T3 Denote
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L= (xy, xz, pq'}. Let m, neV, d;_;(m, n)>4, If meM,, neNy,
0<1, 3<4, then by the Lemma 3 and Corollary 3 we have i + j=
= dG(m, n) = 4, In accordance with Lemma 1 there are m-n paths
Qy» Q0 Q3 such that A(Q,) = AQy) = A (Q3) = 4 and

QN1 = {53}, QNI = {x2},(e;N 1), = {pa).

We will di.stinguish the next cases:

1. m = x, nél4. If n =q, then for the existence of P in G-L
we have dG—L(m' n) = 4, a contradiction, If n 4 q, then 7((Q3)>
> 4, a contradiction.

2. mEM,, nellj. If m= y, then A(Q2)> 4, a contradiction, If -
m=z then A (Q1)> 4, a contradiction. If m £ y, z, then every
m-n path which contains the line xy or xz must contain the
line mx, too. But then dG-{m,pq‘,(m' n)> 4, a céntradiction.

So, we have proved the lemma.

'1"h eorem 4., There is no k-critical graph with the

diameter four, for k2 3.

Proof. (Fig. 6)

M,
o o o o @ @ o o M,
m n
P o [} e o o o [e] M3
q« o o e o o o o M'd
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We prove the theorem for k = 3, The assertion of the theorem
then directly follows from the Corollary 2.
Let G = (V, E) be a 3-critical graph with the diameter 4., Let
x, q€V, dy(x, q) = 4. Let {l(i‘] be the distance decomposition
of V from the point x,
We will distinguish next two cases:
1. For every two points y, z €M,, y.;‘ z there is a point teM,
such that ty, tz€E, Let p, L have the same meaning as in
Lemma6. Then from dG_L(m, n)>4 it follows m, né ll2. In accor=-
dance with the definition of {M,} there are two points f,, f,&
€M,, such that f,m, f,n€E, Obviously f, # f,. By the assump-
tion there is a point re l2, such that ri’1, rfaé E. But then‘
there is an m-n walk mf1rf2n in G-L. So, we have dg_L(m, n)< 4
a contradiction.
2, There are two points y, zell1 such that for every point
t€M,, {ty, tz} ¢ E. By the Lemma 6 there is & point peN;(q)
such that from dG-L(m’ n)>4 it follows m, nélla. where L =
= {xy, Xz, pq}. In accordance with Lemma 1 there are two m-n
paths Qq, Q, such that A(Qq) = A(Qy) = 4, and (Q1f\ L)g =
- (9}, @NL) = {x3).
Denote S = {rs€E |re{y, zy, s€{m, n}) . Obviously |s|< 2,
If |S| = 0, then by the definition of (ni} there are two points
£40 £, €My, £,, 2,4 {y, 2}, £, 4 £, such that mf,, nf,EE.
Then we have dG_L(m, n)< 4, a contradiction. Let |S| = 1. If
my€ E, (or nycE), then /\(Q2)> 4, a contradiction. If mz<€E
(or nzé4E), then 7\(Q1)> 4, a contradiction. So, (S| = 2. Then
my, nz€E (or mz; ny€E, which is a symmetric case). If
dg(m, M.-{y, z}) = dg(n, l1—{y, z}) = 1, then we have dg_;(m,n)€
£4, a contradiction, If dg(m, M,-{y, z})> 2, then A (Q,)>4,
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Lemma 7. Let G = (V, E) be a k-critical graph with the
diameter d>4, and k>2, Let x, q€V, de(x. q) = d. Then there
exists a 2d-inglo in G which is an induced subgraph of G and

contains the points x, q.

Proof. (Fig. 7)

o o oo o o M,
; E : ° o M;
: : 44
P‘ o -:- o o oMJ."
g o o . e o ° o My

Fig. 7

Let {li} be the distance decomposition of V from the point
x. Since degy(x)> k and deg;(q)>k, there exists a subset MCE,
|M| = k, such that the following holds:
1. Every line from M is incident with x or q.
2, There are y€M,, pEN.(q) such that {xy, Pqjc M.
3. dg_y(x, q) = 4,

Because G is a k-critical graph, there are two points
m, n€V, with dg . (m, n)>d. If m€N,, nélJ. 1€1, j<d, then
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by the Lemma 3 and Corollary 3 we have dG(n. n) =1+ J=4d,
Since m, nfld, then i>1, j€<d-1. We assume i<j (the case
JS i ocan be proved analogically). In accordance with Lemma‘1
there are m-n paths P, Q of the length A(P) = A(Q) = 4,
such that (P/\M) = (=}, (@M, = {pq}. Obviously A (P(m-x)) =
a1, A(P(x-n)) = J, A(Q(m-q)) = a - i, A(Q(q=n)) = d - j. We
will show for P, Q to be point disjoint.

Let P, Q have the common point t, t€EM, 0€h<d. If h<i

then t#Q. a contradiction. If h>J, then t¢P, a contradictiqn.
If h=3i, then t = m, a contradiction.

If h=Jj then t = n, a contradiction. So, we have i<h<]j.
Since t€P(x-n), t 4 x, n, the next inequality holds:

A(P(t=n)) < A(P(x-n)) = h = j = h

Analogically t€Q(m-q), t # m, q, and we have

A(Q(m-t)) € A(Q(m-q)) ~d +h =ah =1

By the concatenation of Q(m-t) and P(t-n) we get an m-n walk
Y of the length A(Y)<j - 1<d. Since qdY, x¢Y we have
dG_u(m. n)< d, a contradiction. So, P, Q are point-disjoint paths,
By the concatenmation of P and Q"1 we get the required 2d4-
-angle C, We will show that C is an induced subgraph of G.
Let veM,, weENM,, 0<h, r<d such that wveE, w, vE€C,
and wv¢ C. If veP(m-x), wEP(x-n) or vEQ(m-q), wEQ(q-n),
then we have dG(m’ n)<d, a contradiction, If ve&P(x-n), v &
€Q(g-n) or ve&P(m-x), weQ(m-q), then dy(x, q)<d, a contra-
diction., We will distinguish tho‘next cases:
1. v€Q(q-n), weP(m-x). By the concatenation of P(m-w), wv, and
Q(v-n) we get an m-n walk Y of the length A (Y) = i-r+1+h-j.
Since h - r<1 and eq, x¢!. we have A (Y)<2+41-3<2, and
also dg_p(m, n)< 2, a contradiction.
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2., v € P(x-n), w€Q(m-q). By the concatenation of Q(m-w), wv,
and P(v-n) we get an m-n walk Y of the length A(Y) =
mr-31+1+J)-nh, Since r - h<1, 121, we have A (Y)<d.

w 4 q, because in the opposite case w€Q(q-n), a contradiction,
But then q¢ Q(m-w). Obviously q#P(x-n). So, q#Y. Analogously
x#!. Then dG NS €d, a contradiction. This completes the proof.

Lemma 8, Let k, d=>22, be natural numbers, Let G =

= (V, E) be a k-critical graph with the diameter d. Let x, ye&
€V, Let 50:""(::, y) = {M|MCE ana (M| =k Ad;y(x, y)>dj.

Then Iffk’d (x, y)l <d¥,
G
Proof, Let @w(c) = {P1, P2. oowp Pn} (n is a natural

number), be the set of all x-y paths in G of the length
A(P)sd for 1 =1,2, ..., 0.
We will prove the lemma by induction on k.

/
Let k = 1. If Ef1 »d (x, y) = p , then the assertion of lemma

trivially holds. Let 3’1 ¢ (x, y) # f. Then ff‘ 4 (x, y) =
= (ﬂ Pi) and we have ff’ 14 (x, y)‘
Let k2, If ‘j’k »d (x, y) = §, the assertion of lemma holds.
Let f¥% (x, y) 4 0. Let R R (6) (since 4(G) = 4,
G Yy
00 (G) 1is nonempty set). For every Méyk’d #x, y) there is
X G

a line e€E, such that e €(M/)R), (because in the opposite case
do_y(xs y)<d, a contradiction).
Let M= {e€E!e€R, and there is such Mé‘fk *d (x, y) that
e €M},
Obviously Imlé d. For every line e 6'm we define:
?e = (Hé‘ffz’d (x, y)l eel(} . Then ?ecfz'd (x, ¥)
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~

Since for every set M €F_ we have M - {JegE-1d (x, ¥
. G-e
and |(fk'1'd (x, y)lé k-1 (by the induction assumption), we get
G-e
|Fel< a1 . Then

— ~
pk,d % < -1 k=1 k
: NES L lf‘l-/\(R).d <€ 4.4 = d
50 mle 21,

This completes the proof.

Theorem 5, Let k, d22 be natural numbers., Let G =

= (V, E) be a k-critical graph with the diameter d. Then

(i‘)é(g) a¥ - ma® 4+ ma¥?

where m = |E(, n = |V|,

Proof. Let y(k, d) = U Y4 (x, y). since
X, yEV G

(‘by the Lemma 8) \':fz’d (x, y)té dk, we have lm/G(k, d)‘é(g) ak,
But simultaneously @/G(k, d) = {MCEI (M| = k). So we have
@)<(B) d, since G - xy is & (k-1)-critical graph with the

diameter d, the inequality l\fkq’d (x, y)'é a¥=1 holds for
G=-xy

every line xy€E. Then also ‘ffk'd (x, p|<€ a1 for every
G

xy€E. So, (;‘)‘(g) a¥ - ma¥

Lemma 9. Let k, 4 be natural numbers, k>d =10, Then

+ ma¥<1

« This completes the proof.
there is no k-critical graph with the diameter d.

Pr oo f, We will prove the lemma for the case k = d. The
assertion of lemma then immediately follows from the Corollary 2,
ket G = (V, E) be a k-critical graph with the diameter k=>10.

Denote IVl = n, |E| = m, Then from the Teorem 5 we have

k
) <3k (1
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Since (by the Assertion 2), n.ék—zn- » the next inequality is true:

nk(%--1)--- (-‘%‘--k-o-‘l )€ n(n-1)k! k¥ (2)

)

Then also
nk ( %‘-— -k + 1 )5V ¢ kin(a-1)Kk

For k>2 we have -n—;—>n>k-1 « Hence

ok ( %“- - n )< kin(n-1)x*

and also i
n 2 < k""
o5 < x prEp)
k=1 k-1
Since nf2 . B— < E __ | we have
n n-1

k-2 2k k-1
n k! (k-z)

Because (by the Lemma 7), n >2k, the next inequality holds:

(k)62 < xy ( =2k k=1
: k-2
o
and also
k! 2k
< —— (3)
(k - 2)k-’

For k = 10 the inequality (3) does not hold. We will show that

the right side of the inequality (3), is not increasing in k.

Por k=210, the next inequality is true:

1 -1)2 A
2(1 + k-z)(k 12 (1 + k)(k + 1) (4)

becausge it is equivalent with the inequality k3 - 4.1:2 + 5% + 220,
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and for k210 we have k> - 4k2 + 5k + 2>0. Simultaneously,
for k210 we obtain

1 _)k-2 5 1,8 >
Mgtz 2 (1e 5> 2 (5)
since the left side of the inequaltty (5) is increasing functfon
in k. Then also

1 k=1 ;o _ 1y > 1 _
(1+x_2) (k- 1) 2 2(1 + k_aﬂk 1) (6)

From (6) and (4) then we have

(1 + === (k= 1) 2> (3 +—;-)(x +1)

k=2
and also
2
k k + 1
R 5 | 2 -(——21‘-
(k - 2)*° (k - 1)
Hence

2k k! 2(k + D(k + 1!
(k- 2F 1> e (k)f 1)k

So we have a contradiction, because the inequality (3) does
not hold for k=10. We have proved that for k = d=>10, there is
no k-critical graph with the diameter k. This completes the proof
of lemma,

Theorem 6, Let k, d be natural numbers, k>4 =>2,
Then there is no k-critical graph with the diameter d.

Pr oo f. The assertion of theorem for d = 2, 3, 4 follows
from Theorems 2, 3, 4.

For d=210 the assertion follows from Lemma 9, From the in-
equality (2) (Lemma 9) it follows:
1. if k=5 then n<13
2,if k=6 then n<13
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3, 1f k=7 then n<13
4, if k = 8 then n<16
5. if k = 9 then n <18,

Let 58k = d<9. Let G = (V, E) be a k-critical graph
with the diameter d. By the Lemma 7 there is a 2k-angle in G,
which is an induced subgraph of G, Denote the points of this
2k-angle by Xqs Xpy seey Xy = X4

Since 2k-angle is 1-critical graph there must be |V| = n>
> 2k, This excludes the cases 3, 4, 5.

By the Assertion 2, dogG(xi)?-k for 1 =1, 2, ..., 2k. This
oxciudos the cases 1, 2,

So, there is no k-critical graph with the diameter d, for
5<€k = ds9.. By the Corollary 2 then there is no k-critical graph
with the diameter d for k=>d and 54d<9.

One can see from the table in the Fié. 8 that the following
cases remain open:

1. d25 and 2<k<d
2. k=2 and d = 4.

We conjecture that there is no k-critjcal graph with the
diameter d, for k=2 and d=>2,

The symbol "E" indicates that there exists a k-critical
graph with the diameter d. The symbol "-" indicates the

opposite case,
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Nl a |23 #|5]6
4 |E |E |E |E |E |E :
ol = =1~
E20 [ R I
A U R I ..
sl=1=1-1]=1]-
P2 [ P I I N
Fig 8
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Sdihrn
k-KRITICKE GRAPY S DANYM PRIEMEROM

Peter Ky&, Bratislava

Autor sa v prédci zaoberd kritickymi grafmi, vzhladom na prie-
mer grafu., VySetruje otdzky existencie k-kritickych grafov s da-
nym priemerom, t.j. grafov (neorientovanych, bez sludiek a ndsob-

nych hrén), v ktorych vynechnim IubovoInej podmnoZiny hrin grafu
déstaneme graf s tym 1stim‘priomerom ako mal p8vodny graf préve
vtedy, ked |M|<k. Je vyslovend hypotéza, ¥e pre k>2 také gra-
fy neexistuji. Platnost hypotézy je v prdci dokdzand pribliZne

pre polovicu vietkych moZnych pripadov. Otédzku existencie k-kri-
tickych grafov v ostatnych pripadoch autor nwgdza ako otvorénj
problém, i
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Peapowme
IVMAMETPAJILHO k-KPUTUUYECKNE TPASH
Merep Kwm, Bparucrepa

ABTOp B pafoTe 3aHMMESETCHS KDMTHUeckuMu rpadaMm no IaMeMeTpy.

OH 3aHMMEEeTCH BONDPOCEMU CYMEeCTBOBAHHS TAK HB3NBAEMNX K-KDNTHYECKAX
rpadoB. X-KDHUTMUECKUM HasHpaercs rped /neopmeRTHpoBaHENl, Ges me-
TeAb ¥ KpeTHHX peGep/, B KOTODOM MocCJse yZA8JAeHHs ADOOro NoaMHOXE-
crBa M umHOxmecTBE pefep, noxyums rped c AuaMeTPOM PEBHHM IAN8MeT-
Py ocHoBHoro rpeda rorze M TOJABKO TOorma, Koraa \M\'<x. pnGansx-
TeAbLHO IAf ONHON NMONOBMHH BCEX BO3MOXHNX CAy4YeeB XOKE88HO, WTO
Taxne rpadH HecymecTBYDOT. OTKDHTHM SBASETCSH BONDPOC cymecTBOBRHNS

rpedoB IJNA OCTBABHNX CJay4aeB.






- 87 -

UNIVERSITAS COMENIANA
ACTA MATHEMATICA UNIVERSITATIS COMENIANAE
XXXVIII - 1981

OB OJHON KBASWOPTOINOHANbHOW CUCTEME BEKTOPOB
B TEOPUU A3ETA-dYHHUUU PUMAHA

AH MO3EP, Bpatucnasa

1. Oycrs ( [4] , cTp. 94 )

i
Zz@wy=e X )d;(-,{- +it) “)

rae ( [4], cTp. 383 )
19,({)-.-.--;‘--&,%1: + :J/_rnr'(-‘,;+1"—if)=

4 + _ 4 4 4. '
=gttt -Lt-Lw+0(f). @

lycTs, .n;am.me,{'tv} 0603HAYAET NOCJAELOBATEJbLHOCTDL SHAYEHMH ompe-

A
AeJeHHHX COOTHOMEeHUEeM

()= 1y, ‘ (¢)]
rge ¥ — Leaoe MOJOXMTEIbHOE .
B pa6ore [2] , mcxoma mas dopumysm Pumana-3ureas ( [3] , crp.
60, [4], cTp. 94 )
- A _corn(D-tom i
z(f)_zz mco»:( m) +0(+ ™), (1)

e

MH M3yudaJaum CeMeicTBO CyMM

E(tiT. H)= Z ZE)NZ(E,+T), TH0, (5)
T<£t,«T+H
rae
A=VT ¢(T), (6)

[ W(T) - croap yronHo MefJeHHO BoSpacTapmag K + 00  (QYHKIUS ]
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Npoxoxxas Msyuenue cyud (5), MH OOHApPYXMJAN OLHY 38KOHOMEDHO-
CTh, KACADMYDCH COBOKYNMHOCTHM BSHAUEHMI ¢yuﬁhuu Z (t) , orsocurexs-
HO OTpesKa ompejeneHHON apudpMeTuyeckolt MoCAEZOBATEALHOCTH .,

A uMeHHO, MMeeT MecTO

Teopewma , CooTHomeHue

Z(g)~2 g;)4 {Z(% +'rp) +Z(35-Tp)},

=4 (%)

£
L~{gdM}y, 0<ecA,

rae
_ X {____ _Z[) (8)
Yo=ty+ " Tp= )=
P o on o3

nuee'r MEeCTO IJA KOJMYEeCTBa 3HA4YeHHi g»é(T T 4U» nopaaxa
N-—— HAenT.

ConepxaHue 3TO/A TEOPEeMH BHpDAa3MM eme C TOYKM 3PEHUA MHTepnosd-
uuu ( B cayyae PaBHOOTCTOSIMX Y3JOB ), VIMEHHO, eCJayu CUMTATH SHaue-
HUS - _ L
{Z(svi"rp)}?:,'
usBeCTHHMM, To ( BooGme roeops ) 3HaudeHue Z (9») Xopomo npubanEa-
eTca dopumyaoi (7). Iipm oTom sameTum ( cm. (8) ), UTO COBOKYNHOCTH

= L
{9”1 TP}pad
npeAcTaBAfeT OTPESOK OMpeAeJeHHON apudMeTHMUeCKOR NoCaeLOBATENBHOC-
™,

2., B 6 yacTu 5Toii paboTH MH NOKaxeM, YTO ¥MeeT MECTO

;:T) L 0< & , mo,(T'HTY,

lewuma , B T,T'=0

S Z+IZ )=
T£+t,4T+H
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_ 4 am[@ -SR] =, 2 X
H Ry Y Hn* L+ O(VT £n2T),

2 Zl(‘tv+ T'):-)%ﬁn"{,}-r- +O(\/?,&-3-T),

T£t,4T+H

raoe P°=\/I7% .
Heanomuuu ( [1] , (23) ), uro
Q=Q(T,A) = }: 4=-—-HMT+O<H)
T£t,£T+H

T.e, B cuay (6),

u, TOJOXKUM
2%
n L

Teneps, B cuay (9), (12),(p=p'),
Z Z(t,+TR)Z (1, +Tp)=0(VT.0n* T),

T&t,4T+H
n, B cuay (10),

Tp= P, P=-L+4,...,-4,0,4,---, L

.Z z(Jtv*r'tr.=,)=—-ﬂn‘T+0( T n2T).
TE£t,4T+H
CnenoBarearno, B cuay (5), (11), (13), (14), ( cM, (8) ),
4 » »*
e z _Z(4,+T)Z (ty+Tp) =
T£1,4T+H

1+D(‘$‘) ' r= P‘ '

o(&) p+r.

C))

(10)

(41

(12)

“3

Gw)

“s)
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COBOKYNHOCTL SHAYEHUN

2% . _
Z(t), T£€t,4T+H,
HaBOBEM BEKTOPOM. ’

DNpuumeua uue 1,

B cuny (15) ecTecTBeHHO HasBaTh
CHCTeMy BeKTOpPOB

»
Z(t,+Tp), T%t,4€T+H
v P/ v ' @46)
P'—"L“\")“’n"‘nol‘,n""l—-!
xaaanoproronaabnoﬁ.

llnay usaoxeHus TakoB: B yYacTaxX 3 - 5 , npeAnonaras JeMMmy LoO-

KasaHHOM, MH SaBepWMM LOKASATEJNLCTBO TEOPEMH, B 6 HACTH MH HoXa-
xXeM JeMMYy .

3. B oToit wacTM Mu noayuum "xosdpdmuuenTn dypre" BexTopa
R
0 0 o
Z(t,+7%) =X, T< +,¢T+H. a%)
v

llpexge Bcero sameTuM, uTo ( cm, (12) )

T -fr°=;£2!1_2235 x\_4__ |
p s (vp-Z e “8)

Am[(’l’p T0) _2on Po] X -4)FH4 . “9)
(Tp-T)hnP, 2 2p_4

CxenoBareabHo, B cuay (11), (19)

Ap=L D ZCt+TZ (4=

% 201 " o) o

pXuMeuaHue 2 ,Beanumns Ap ecTeCTBEHHO HASBATH

”
xosdduunenramn dypre BexTopa Z (t,+ ), T < t,«T+H

, OT=
HOCMTEAbHO cMcPeMu BexTopoB (16). UYucaxaa
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p+4
< _2 &N
Ap=—— 24
"X 2p 7 (24)
HasOBEeM ACHMNTOTHYECKHMKM xoa¢¢unueuménx dypne.
3ameTHM, uTo M8 (21) noaywaeTcs COOTHOmEHME
K)=*= K-p-m‘ (22)
Hakomen, ( mcrnoamsys (22) ) noJoxu
L
" I
PZL[Z(’t'v+T°)]=Z APZ<tp+TP)=
Pp=-L+4
L L
—_— — *
= ApZ('tv"'TP)"'Z A,_,,Z(-t,,+‘r,,_,,)=
pP=1 P=1
L '
_— o ® *
=Z Ap{Z(tv-"Tp) +Z ('l'\,-l- Tq-p)}':
. p=4 '
N L (.4)p4“ 2 2%
=7Z 1p_7 {Z,+7p)+Z (%, +T4-p)}- 23)
‘P:'f
4, E oToli yacTH MH BHYUMCAMM CpeJHEKBAaIPATHUYHOE YKJIOHEHMEe
2 4 »* 2
é -y Z {Z @ 4T)-Py )} )
T£+,£T+H

llpexne Bcero

* »*
52-:‘5‘2 Zz(‘tv'*'ro)"é' Z Z(tv""to) P’.L +
(ty) ' (+y)

+%Z (Pu_)z = W, +W, +Wj. (29)
%)
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B cuay (10), (11), .
W4= 1 +0(—:£')| (16)

zaapme, B cuay (20), (23),

L
» — »*
Wl:“%z Z (1, +7% E ApZ (t,+Tp)=
(+) Pp=-L+1

(+, +‘T°)i (+,+ Tp)=

:—22 KP AP’ (2?)

M
_u)"l
ol
M
N

L
Wy = ) ‘8— Z Z(+, +Tp)Z(‘L‘ +Tg)=
P g=-L# -t
L L
= *2(4. 4 4 e =
Z Ap (4 *O{E‘})*‘O(T;Z |Ap Az’)- 28)
P=-L+1 PiQ=-L#
P+4
Tax kax ( uaBecTHwi# pan Ditzepa ) _
= .
4
=— 2
> Gp1* 8 @9
p=A |
To, B cmay (21), (22), ( mamommum, uro L ~ Y€ )

L

_LZ K,,A,,:-zi 7\,': +O($§L: 4)=

P=-L+4 P=-L+ p=-L+4
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L :
—-z}: AL +o( 1 ) | (30)
p e

p=-L+4
i ()
L) As=ofE> Ap)-ofF) - 6
p=-L+1 =1
L oo |
> 1R Esl=0(> AS)=ow), (32)
Pig=-L+1 p=A

M, HaKoHel
L L
Z Az:-_-—l—*- .._i__:._g_ _:'_._-_-:
P x - (2m- P % €] m-4)"
. Pp=-L+ p:_[_44 P:“'

ad
S-S gl @

sz“'

B cuay npuBeZeHHOr'o BHImE,

= 4 - 4
et o) e +0fie)
Teneps, u3 (25), B cuay (26), (34) wmu mnoaydaes
F<A . (35)
wﬁ

5. lycrs R oGosmauaer koanuecTso snauennt t,€ £ T,

T+H > , &aa KOTOPHX )
*
|2 (%, +79) - aL[2<¥,+T°>]1;1‘—E,;- (36)
VimeeT MecTO

R=o(H.nT). (3%)
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HelicTBuTearHo. IlycTs

R>AHUT. (38)
Torga, B cuay (24), (35), (36), (38), (11),
A 4 * . * a 2
——e>-—-z {Z(‘tv-*"f)—pz‘_[Z(:Fu +7T )]} >
VAT

AH T 4 A
v ) (39)
Q - i g »

>

uTo nporuaopéuuao. CaenoBaTeabno, B cuay (23), (36), (37), mas
KOAMYECTBA SHAUEHHM t, € LT, T+H> nopanxawﬁ(—ﬁ,@nT, MMeeT
MecTo

L
p+1
2 0) 2 o“n
Z(t,+T) ~ g 2p-4

Pp=1
P |
+Z(t,+ T4-p)} - (40)

{2 (t,+ Tp) +

Haxonen, noxaras

_(@p-)% _ =
= = P

'tv+'f°? %v N Tp‘ To
: 2w

: (44)
o__(@p- )} ¢ -

Thp-T = —;b—n—z -:EP'
2%
noxyqaerca (7).
' 6. Teneph MH NOKAXeM, YTO MMEET MECTO JeMMa, NpMBefeHHaS
HaMu B yacTR 2 sToli paGoTH,., Jag aTOro AOCTATOYHO NMPMBECTH BleCh

COOTHOMEeHMS, POACTBEHHHe MPHBEXEHHHM B paboTe [2].

lpexme Bcero, BMécTo cooTEomenus [2] , (51) mm nueen

Z(t,4m)=260 ) Amcon(t, bl lnbe)s

m

m<£P,
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+0{T™(nT) W}, HEVT (T, =YL (a2)

"[COI‘BOIKTQJB \P £ B O = 4YJeHe MNPOMCXOAMT OT YCJAOBMSA JAEMMH

Tz O( ) , KOTOpoe Tenepb MCHOXbLSYyeTCH BMECTO coo'rnome-

i T'=0 T) s cp. [2] 3 (11)] , WM, 8HAJOrMYHOE COOTHOmEe-

HMe naa Z (‘fu+ ") . J.‘la.n#me, suecto [2] , (54), wmu mueen

Z Z(t,+TVZ(+,+T")=
T £1,6T+H

=% ZZ\/—

(mym) ()

~* P e 1+
+2 ZZ\/____Z cos {1, L L2 - ' S e P° +

(M‘lm) ('tv)
+ 7" fn T }+0{HT (,en'r) ¢£}=

29+1
=S, +sl+o{'r T wEl. (k%)

Teneps, Buectro [2], (55), o
Si(m=m=4)=2 Z cos[(T"+ T ).ln P ] =
(t)
= O(HLTY=O{VT (T}, W
euectro [2], (56), )

Sa(m=m)= 2-Z Zcoa[('t -~y m Lo ]--
| ST
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.-.-2_2 4.2—::co—s[('r"-'c‘),8np—n:]. (1s)

(ty,) (m)
n, caemosareasno, (cp.[2] , (80))
sim[ ("~ onP,
Sa.(""= "‘)’=;ﬁf “‘{f ; ]
(x*-x).lnP,

+O{VT (B~T)*"")

2T
H.én 7=+

(x¢)
[lpumensas MmeTon BaH nep Kopnyra-TurTumapma ( [5],[2], (62))
noayuaercs
Se(m=m> 1), Sy (m=+m), S, (m=* m)=0(VT &nT) (%)

Co6Mpas nepeuHMCJeHHHE COOTHOWEHMS MNpK H= YT q‘<'r) s § P

2=1

), moayyaercs yreepxzexue (9),
Haxonelu, mepexoss B cooTHomeHuu (9) K npegexny " —y'T',

(uro, B cuay (43) - (47) Aonycruio ), mu moxayuaem (10),
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CSihrn
0 JEDNEJ KVAZIORTOGONLLNEJ SOSTAVE VEKTOROV V TESRII RIEMANNOVEJ

DZETA-FUNKCIE

Jédn Moser, Bratislava

i)

Nech Z(D)=e  &(E+it) ww=Eom L -L£-Tao(F

e {t,} oznaduje postupnost definovani vztahom SE)=N» ,/v-
prirodzené &islo/. V tejto prdci, vychddzajic z Riemann-Siegelov-

ho vzorca

Z#)=2 Z Lcor(8-thnm)+ o™y,

”‘§V§§;

zavédzame istd kvaziortogondlnu sistavu vektorov v tedrii §(a).

Summary _
ON CERTAIN QUASIORTOGONAL SYSTEM OF VECTORS IN THE THEORY OF THE
RIEMANN ZETA-FUNCTION

Jén Moser, Bratislava
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(G .
Let Z(#)= € ¢ )c;(%,«u) . ‘“*)=%'3"zix _t_x +0(%)

end {t,} denotes the seqence defined with the relation A (t,)=
™y ,/ ¥ is an positive integer/. In this paper with respect to

Riemann-Siegel formula

Zw=2) T cor (-t oam) o),

M§V—I
2x
we define certain quasiorthogonal system of vectors in the the-

ory &(A).
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