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ON MEASURABILITY OF BINARY RELATIONS

VLADIMIR TOMA. Bratislava

In this paper two generalization of Theorem 6.2 of the paper
(1] are given. We prove measurability of a relation defined from
a function of two variables which is measurable in one varisble
and quasigbntinuous or regular with respect to a P-system in the

other one.

DEFINITIONS AND BASIC PROPERTIES

Throughout this paper we consider a binary relation F as
a subset of T x X (notation F : T—»X), F being called & relation

from T to X. For a relation F and any set M

FM)= {x| 3teM : (t,x)€EF}.

1

Instead of F [{t}] we shall write F(t). If F~' is the inverse

relation to F then
F M) = {te TIF()N M4 D).

Let ZM be the family of all subsets of M. The following definition

generalizes measurability of functions.

Definition 1. Consider a relation F : T —*X,

Mc 2T, Hc2X. F is said to be oM - A -measurable relation iff
VYEEH: F [E]E M

If the family o (or 4" ) is fixed we say simply that F is



- 54 -

AN -measureble (or M -measurable, respectively).
In the following we shall call attention to the special case
‘when a structure of a measurable space is given by means of a
G -algebra Ac 2T covering T and topological structure is
deffned on X,

Definition 2, Let #& bea & -algebra on T and X

a topological space, The relation F : T—»X is said to be measur-
able (weakly measurable, B-measurable) iff F'1 (Me A for every

closed (open, Borel) subset M of X.

Remark 1, Since for any sets A, B the inclusions

F'ansl c a1 N F'e), Favs) o F AN ' [B)

are in general strict, three types of measurability introduced
above need not coicide., Some connections are shown by the next

theorem.

‘

Theorem 1., Let F : T—>»X be a relation. Then B-measur-

ability of F implies both measurability and weak measurability.
If in X every open set is of the type ‘;-;_, then measurability

implies weak measurability.

Proof. Let ¥, G B be the family of all closed,
open, Borel subsets of the topological space X, respectively. The
first part of the theorem follows from ?, g C B. When O eg is

a fﬁ; -set in X and F is meagpurable, then

(- -]
o= U a ALE %
n=1

n’ n

and therefore »0

-1 -1

F'[0] = U F fa]
n=1
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The example given below indicates that in general other
implications are not true.

Example. Let ot # 2T be a ¢ -algebra on T and

(X, T) a topological space. If {a}C X is closed and not open
we can define a relation F : T—»X as follows, Choose a non-

measurable set N € ZT and put

F-1 (a) = N

For any open set O C X we define a relation R(0) = T x 0 in
the case a ¢ 0. If a€O0, then we put R(0) = T x {p}, where
peEON{a} . If we define

P =N x{alUU{RO): 0€T},

then F 1is weakly measurable since the inverse imﬁge of any open.
set is the set TE A. As {a} is closed and NE& &, F fails
to be measurable.

If we demand, in the preceding example, {a} to ve open and
not closed and O to be closed, then we obyain the relation which
is measurable but is not weakly measurable., Summarizing this
example and Theorem 1 we have that weak measurability does not
imply B-measurability and measurability fails to imply B-measur-
ability either. A more interesting example is given in [1] p. 58
which shows that measurability fails to imply B-measurability even
if X 1is a topological T1-space. .

Remark 2, If F 1is a function, these three types of
measurability are equivalent since the inclusions in Remark 1

become equalities.



- 56 =

SPECIAL TYPES OF RELATIONS

In this section we are going to consider some special fela-
tions defined from a function of two variables. Let f : T x X —>
—> Y be a function whose domain is the whole set T x X. For each
t €T, we define the t-section of f as a function ft : X—Y,
xr—vtt(x) = f(t, x) apd, for each x € X, the x-section is a
function *f : T—Y, t—»X£(t) = £(t, x). In case that Y
is a topological space we may fix an open set O in Y and define

the relation F : T—»X such that

F(t) = {xe X : £(t, x) e‘o}.

The last type of relation is discussed in the following theorem
proved in [1] p. 65.

Theorem 2, If X is a separable metric space, Xt 18
measurable for each x€X, ft is continuous for each t€ T, then
P 1is a measurable relation from T to X,

This theorem can be generalized assuming only ft to be quasi-
continuous, We recall the definition of quasicontinuity ([3]),
since the notion is less known than that of continuity.

Definition 3. A function f which maps a topologioc-
al space X 1into a topological spaéo Y is said to be quasi-
continuous at a point xOE x' iff for every open set Vaf(xo)

and every open set U3 x, there exists a nonempty set GC U with

ffelcv.
f 1is said to be quasicontinuous iff it is quasicontinuous at

every point of the domain of f,

Theorem 3. Let X be a separable topological space,
Y be a topological space in which an open set O 1is fixed and
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let T be a measurable space, If f : T x X—Y is such a function
that *f 4is measurable (x€X) and f, is quasicontinuous (te?)
then the relation

P(t) = r;‘ (ol

is weakly measurable.
Proof. Choosing UC X open, U is separable due to the
separability of X and there exists a countable dense subset H

in U, We have to prove the measurability of the set

Fl[u)l={teT I F(t)NU 4 0}.

We shall provec the equivalence F(t)NU # &> F(t)NH £ P. Since
F(t)NU # P, there exists xEU with f£(t, x)€ 0 and hence there
is x€U with ft(x)e 0. Making use of quasicontinuity of £,

there exists an open set GC U, G # .0 such that ft[G] C 0. As
H is dense in U, G N H # 0 which implies the existence of a
ZEG N H. For the point 2z we have ft(z)eo. z€H 1. e.
Zz€PF(t) N H, Now as the implication F(t)NH £ p=> F(t)NU £ 9

is obvious, we have

F(U) = {teT |PE)NHE A P} = {teT] Jz€H : zEF(t) ]} =

- U {terlr(z)ec} = U %' (o] -
z€H z€H

The last set is measurable as a countable union of measurable sets.
To prove another generalization of Theorem 2 we introduce the
notion of a P-system. (See [2] pp. 149-150.)
Definition 4., Let (X, M) be a measurable space

and let for each positive integer k€N an at most countable

covering Pk of the set X be given, which consists only of non-
empty measurable sets. Then = {PIPgc P %, keN} is called

a P-gystem on X,
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We shall always consider the P-system acr a two-indexed system

P = {Pf € M\{(B)}|kEN, nEN}

where Nk is a subset of the set N of all positive integers.
Definition 5. If on a measurable space (X,osM )

a P-system 9) is given and (Y, 9 ) is a topological space, we

shall say that & function f : X—Y is regular at a point xOEx
with respect to ? iff for any neighbourhood G of f(xo) there
is kOEI such that for k>k° and every nEHk. x(’EP]l‘1 implies

f[Pﬁ] C G. A function is said to be regular iff it is regular at
any point of its domain.

Definition 6. AP-system % on a measurable space
g

(X,M ) 1is said to be regular relative to a topology
iff the identity mapping

on X

" i: X—X

is regular with respect to 9) .

If on a measurable space a P-system is given then the cover-
ings of which this P-system consists, need not be partitions of
the underlying set. However, the following lemma is true.

Lemma, If P = U{?k | k€EN} is a P-system on a measur-
able space (X,cM ) which is regular relative to a topology ¥y
on X and f : X—Y 418 a function regular with respect to the
P-system 5 then there exists a P-system P =U{PX | k€N}
regular relative to the topology ¥ and such that ; K are
measurable p:rtitiona of X, whereby f remains regular with
respect to 9) .

Proof. Let be PX -{P:Edl(,| nEllk}. Form new sets

;‘!‘l.r“\Ur'i‘ (n€N)

n i<“
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As M is a 6 -ring, for every (k, n)€EN x N we have P:EJK.
and these sets are pairwise disjoint and cover again the set X.

Dropping out the empty set we obtain a measurable partition of X,

P o (= € MN{p}IneX,}

where ’;k c lk . The only thing which has to~ ‘be pre:ed is regular-
ity of f with respect to the P-gystem P U{PXlxe ¥},
As a special case we obtain the regularity~ot 9) relative to ¥ v
Since for every (k, n)€N x';k we have P: c Pl; , 1t follows

-~
f[Pi] =g f[Prkll .
~
It is clear now that f remains regular also with respect to P o

We make use of this lemma when proving the following theorem.
Theorem 4. Suppose (T, of), (X,sM ) are measurable

spaces, and ? is a P-system on X regular relative to the

topology ¥ on X. Let (Y, ) be a topological space and

£+ TxX—>Y such a function that every Xf 1is measurable and

every ft is regular with respect to P . ¥When we fix an open set

0CY then

F: T—X, t—»F(t) ={xeX : £(t, x)e€0}

is an k- 2X-measurable relation.

Proof, If MCX then

FUM) = {t 1 P(6)NM A P}={t] IxeM : £(t, x) €O} =
= {t) 3xeM: st 01} = U{"'[0) | xeM},

We prove that the last. union can be written as a countable union _
of measurable sets in T. Supported by Lemma we can suppose

Pn {Pﬁefjl(\ {9} I(x, n)eN x Hk} to be such a P-gystem on X



- 60 -

that for every k€N PK . P: | n€N,  1is a measurable partition

of X and f, 1s regular with respect to P . For every pair
(k, n)EN x N form the set

%-IQP:.

The system ’m,k = {l: 01 nell;} » where N];C N, 1is a partition

of M [ lll; =fp 1ff M = P). Choosing a point { in each set
I‘: we obtain a countable set of representatives

R={x5€k | (k, n) €N x N }.
We prove the equation

U * 1ol = Y X! o
€M x€ R .

The inclueion "> " is true because M O R, Since
xr-1
te U [0 3x€NM : rtgx)eo
x€M
0 1is an open neighbourhood of f,(x) and due to the regularity
of f, with respect to 7 1t is true that
I, €N ¥k>k 1 xePk=r [P]co.

However, Yk € N 3n € llk' : x€ I];C P§ and therefore the. repre-

sentative i € l: and we have

ft(;i) € rt[l’;lc t,[PX1co.

This implies t € { r"[o] » which proves the required equation.
Considering measurability of each Xf we obtain the claimed
measurability of ¥~ '[M].
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Remark 3. There exists a class of objects which fulfil
the assumption of Theorem 4. In the paper [2] (Lemma 4.2) it is
proved that in every topological space (X,Y) with a countable
base of ¥ there is a P-system regular relative to the topology
¥ if it is measurable i. e« Y C M . In such a case every
continuous function is regular with respect to the P-system, °

Remark 4. It follows from Remark 3 and from the fact
that every continuous function is quasicgntinuous that Theorem 2

ia a special case of Theorem 4.
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Sdhrn

O MBRATEINOSTI BINARNYCH RELACIf
Vliadimir Toma, Bratislava

V prdci si dokdzané dve vety o merateInych reldcidch. Nech
P Je bindrna reldcia z merateIného priestoru T do topologické-
ho priestoru X definovand pomocou funkcie dvoch premennych
(¢, x), ktord zobrazhje T x X do topologického- priestoru Y.
Je dokdzand slabd meraternost F, ked f je meraternd v t
a kvdzispojitd v x. V pripade, Ye¢ f Je merateInd v t a regu-

ldérna vehladom k P-systému v premennej x, Je dokédzand meraternost
reldcie T,

Peawowue

0B M3MEPUMOCTY BMHAPHHX OTHOMEHWUM

Basaumup Toma, Bparucaema

B aroft crarse npuBeneHN nBe TeOpeMH 06 NBMEDMMHX OTHOMEHMAX.
[Iycre F oTHOmeHMe us maMepumorc mpoctpaHcTsa T B Tomosoruuec-
Koe npocTpaHcTBO X, KOTOpOe ONpeneneHo Npu nomomm GYHKUMM ABYX
nepeMennnx f(t, x) oro6pamapmetr T x X B Tomomormyeckoe npo-
crpaHcTBo Y. LokaawBaercs cxabag umamepumocts F xorma f uame-
pume B t u xBasunenpepurHa B Xx. Horaa f wuomepumsa B t u pe-
rynspHa no oTHOmeHMD k P-cemelfcTBy B mepemerunoit x, Toras nokaau-

BaeTcs usMepuMmocTs F,
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