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CALCULATION OF DERIVATIVES OF SOLUTIONS OF THE
n-th ORDER ORDINARY DIFFERENTIAL EQUATION

JAN STEK AUER, Bratislava

At the numerical treatment of a differential equation

Y(n)=f(x.yoy'----.}'m-1)

) it is often necessary to determine
derivatives of y(x) up to (n+k)-th order for some natural number
k as a function of f(x,y.y',...,y(n'l)). In this paper
the recurrence relation which enables to calculate the {n+k)-th
derivative of y(x) Jsing derivatives of lower order is proved.

1. Preliminary. Let k be a natural number. Let a function
yix), whiéh is the solution of

y(n’=f(x,y.y'....;y(n-1b (1.1)

has all derivatives up to the (n+k)-th order.

Let us define differential operators Din' i=1,2,..0,k ¢

L a L4 a
Dlnf (?a: + g;y + 3y-7y +toeoot W(n))f (1.2)

Dipt = (y W Aoy G v Sy (rmtye | is2 3,
dy dy dy
(1.3)
For simplicity we write f instead of B(X, Yoy seee,y Py,

The product of two operators Diln'nian: il'iz=1’2""'k' we

understand the operator Di D. which is the formal product
1t ipn
(as polynomials) of Di % and D, o In this formal product.
1 igt

a product of partial derivatives means mixed second order
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rartial derivative and total derivatives of y(x) we multiply
in usual way. Analogically we can define product DilnDign...oipn
for some natural p 2 > 2; 1],10.....1p-1,~....,k.

when 11—10=...=1 =i for some natural p, we shall talk about

p
- - . p e . 0

the p-th power of Din and write Din e In addition we define Din

as the identical cperator,

Temark:Itis evident, that Df ¢ # (0, 1)P for p 2 .

Lemma: Lot r,i;2 2 (3=2,3,...,1),p5 (j=1,2,...,r) be

natural numbers., Then

r r
z 1 p. p,-1
d_,.P1 P Py* j 1" P
L ot TT 03 ) =0 T 0,3 £+ p,0 D D.J £+
dx'“ln j=2 1M in jma 1jm 1"In "2n j=2 1jn
) ol
p
L p Dijn
1 j=2 *j
+ z=2 PsDin b, Dis+1'“ £ (1.4)

&t emar k : The expression in the sum in (1.4) means that

the s~th term has the form

Py Py Poy ps'l Pgs1 p

&

Dy D.% ...D; : - . ; "
PsY1n i,n ig_penign "i+l,nig .0 in

Proof : If we write out all operators on the left-hand side
(1.1) according to the definition, we have

4_(o;1 1;T ni £) = g_[T_X Z ('IT k) A (TT B,)]

A

r
(1.5)
where _
pI! p.! i
By = 5——— (18), xy = —b— j=2,3,....,r (1.7)
TT(p1q?) JIRCPD
My = {ygrPryeeeeipyy) - :/:; p1i=p1} (1.8)
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n
“J = {(leopjg.o-..l)jn) » 1z=1 pj]-:p,]} » j=2.3.-.o.r (1.9)
L
)= 2 0 ¢ : (1.10)
L L, L
axgloay la(y') 2 . %,(n-l)) n
- 5
Lo = iE=1 Pi . (1.11) R im1 plj ’ j=1,2,..0,n (1.12)
s\ P
Bl = (y(1‘) 1i (1.13’
i=1
L i +s-1) p.
Ry ™ T )P e, (1.14)
s=1

Differentiation of the right-hand side (1.5) as a product of

functions gives

-

r r
L ..o <T=l'1 Kj)‘(g-;A) (;[J; B) +

N, M,
r
) T s,
fﬂt E .._%(Ex A (g s) (j=2BJ)+

r r

a_

g% - E (;\;\’l k) A (Gx Bg) (;gl B;) (1.15)
s

Now let us consider the first term in (1.15) . After short

calculation we have

ZE Z (TH)(EA) (Tru)

MW, M =l

‘:{{: R e A 2! 1%

p p -1). P
ax 109y M, 3¢yt Tin

x,} (Tl; nd )} ¢ = b, D)l (‘W b, and this is the first
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term on the right-hand side (1.4) .

In the second term in (1.15) is

2 4 Pyi-1 P
Z P1y (y @) {i (1+1) Tr (y (J)) 13 and then
J#i

\ s :
n
d "B.) = )
% e Tk s 8y (J_U2 Bj)-[gli;xl Py X

My Mo =1

Q..IQ-

51

oy Pys-l . = P
x 2 —— . (y W) P1i y(;+1)'[|'1 (),
ax 103y 11...3(y(n°1)) in j#i'

xTrn e = {[T = L x

= g Tr; (t]q!) ax*1°ayt“...a(y(“"1’) “1n
q= ‘

1
<

% 'IT (yd)) IJ](: _(_:1_)_ y(i*l))} ;l;,; Dlj £ =

p,-1 P
=p D 1 D ]7_ Di%n f » and this is the second term

=2 7j
on the right-hand side (1.4) « In the last derivation

2n

the substitution pli'1=tli 5 p1j=tlj’ J#i for all i=1,2,...,n
n

was used, Mi={(t10,t11,...,t1n). 2[; t); = pl-l} o
i=

Analogously to that we can show for every 8=2,3,...,1 that

. r
ZE...Z(IIK)A(“B)(HB)-
W og=1 J dx “s j=1 3
& ’ j#s

M, M,

p n ;
= pg D, 1 j_%___J— Dis+1.n f and summing through all s we have

the third term on the right-hand side (1.4), what completes

the proof,
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2. Recurrence relation,

Theorem: Let k be a natural number. Let
. K .
Pk = {(pl,pa,...pk).pi - non-negative integers, g;; ipi = k}

and let function y(x) satisfy assumptions from the previous

section. Then

Koo
L (T iy (2.1)

z: k!
P T, Taan® 3
i=1 i=1

Remar k : From the definition of Pk follows, that if

y(n+k) =

(PysPyseessP)E Py , then pp=1 if (p,Pgseee,p,_;) = (0,0,...,0),
or pk=0 otherwise,

Proof : We shall accomplish the proof using ‘iduction

with respect to k.

I. Let k=1. Differentiation of (1.1) with respect to x gives

(n+1) _ (8L , 3£ .-, ~  , of (M) -p ¢ 2.2
y (ax+5;v+ Ty 1n Lt

The same result we shall get from {2.1), because P, = {(1)} .
II. Let the theorem holds for m = 1,2,...,ke Let now m = k+l,
The proof of this part we shall accomplish in two steps.

1, e shall show that, if we do not take coefficients into

(n+k+1)

consideration, then all terms of y have the form

k+1

(;D: Dzi)f (2.3)

Really, differentiatihg of every term in (2.1) without respect

to coefficients we have (according to lemma )

K K p i
P, +1 . P, zf: - in
%;[(311 D,}) t] = (Dgi JJ; D,l) g+ L Py( i ; Diry,n) ¢
- . jn
P ;70
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Denoting in the first term on the right-hand side (2.4)
(tl.tz....,tk.tk+1) = (p1+1.p2.p3....,pk,0) and in ;he second

term (tl'tg"."tk'tki-l) = (plupzn n-.Pj_l-Pj'l’Pj+1+1.PJ+2.o-oo
pk,O) ggy 3=1,2,000,k=1 and (t;,ty,eee,ty,ty ) =(0,0,...,0,1)
for j=k (the last expression arised from (P1-P0-°"-Pk) =

= (0,0,...,0,1) ), it is easy to see, that in every case is
(tl,t2....,tkf1)€ P,y @and that the differentiation of every term

of y(n+k) gives terms of the form (2.3) . And because every term

(n+k+1) {n+k)

of y we can get only by differentiation of y

(n+k+1) .

, there
are no terms of other form in y
2. We shall show that the term of the form (2.3)has the
coefficient

(k+1) ! 1
k+1 k+1 (2.5)

Ty Tan™
i=1 i=1

Let (pl.pz.....pk+1)€ Pk+l . There are two alternatives :

a/ Prsy = 0.

k
Then 2:: ip; = k+1 and according to lemma we can term (2.2) set

from these terms of y(n+k):
k.
py-1 Py
Din 33; Djn £ (2.6)

which contribution to the coefficient of (2.3)is
k!k 14?
-1 Pl
(py-1)! ]T;(Pi!) o™ Y
1=

i=2

(2.7)

and
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K
Pjer-! L T )
i#j,i#j+1

which contribution is for every j

X1 pi+1

k p.+l p.+1-1 k P.
(AU -t gy Gy 3 [eng 317 T
J Jrl i=1 1 i=1
i#j,i#j+1 ifj,i# j+1
(2.9)
Summing (2.9) through all j = 1,2,...,k-1 and adding (2.7)

we have

k! 1 (k+1)! 1
k k Py [Z (4-ﬂ| p] k+1 k+1 p.
T(p.y T in'i Moy TWanti
i=1 * i=1 x

i=1 i=1

] (2.10)
and this is (2.5) .
It is still necessary to consider that it can be p.=0 for somec j.
0f course, there is no term of the form (2.8)in y(n+k) for such j
and also the corresponding term in the square bracket on the
left-hand side (2.10) is missing. But this fact has no influence
neither upon the value of this bracket{ nor upon the final
expression.

b/ Pre1 = 1.,

Then p; =0, i=1,2,...,k , and (2.3)has the form

Dysr,n T (2.11)
which we can get according to lemma only differentiating
the term D, f of y(n+k) and this one has coefficient J
kn
k! 1 _, k+1 1
IT kT iE?TTT (2,12)
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what is again (2.5). This completes the proof of the theorem.
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Sihrn

Vfpolet derivdcif rie3enia diferencidlnej rovnice obyZajnej

n-tého réddu

Jén Stekauer

Pni vySetrovani obyajnej diferenciélnej rovnice
y(n) = P(Xy ¥y F 'y eoes y(n-1)) Je Zasto potrebné urdit derivécie
funkcie y(x) a% do rédu n+k pre nejaké prirodzené &islc k ako
funkciu pravej strany tejto diferencidlnej rovnice.
V &lénku je dokézany rekurentny vztah pre vypolet (n+k)-tej deri-

vécie funkcie y(x) pomocou niZ3ich derivédcii tejto funkcie.

Pesvoue

Buuncaenme NPOMEBOARNX pemeHns OCNXHOBEHROTO AnddepeHNUBIBHOrO
YPeBHEEMa N -TOTrc Nopsanka
filr Nlrexayep

?accnarpnaaa o6uxHOBeRHOe IuddepeHumarbLHOE ypPeBHEHME y(n)=

= P(X, Jy ¥y sees y(n-l)) YacTO HANO ONpeleJHTh NPOMSBOIHHE
dysxomx y(x) mo (n+k)-roro nopszre nxs ;%!OPO—HHGynb HaTypexb-
HOro uxcasa k xax ¢yRKnmD npaBoit CTOPOEH 3TOro ypdBHeHMs. B crarTne
JoxasaHa pexypenTHas PopMyaa Ira BHuUMCAeHus npomssoxHoR (n+k)-roro

nopaaxa dymrxumm y(x) npm nomMomm HMSNMX NPOMSBOAHNX 3aToR dyHKnMUH.

.
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