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SOME PROPERTIES OF TRIANGLES IN THE HERMITIAN PLANE

VALENT ZATKO, Bratislava

It is assummed that readers of this paper are familiar with
the terms, notation and results given im [2] and [3] . However,
the symbols used in [2] to denote certain facts are again used in
[3] for different facts to emphasize an analogy between the results
of the both papers.As the resulte of [2] and [3] are now studied
together it was necessary to change a part of the previously used
notation. For that reason the results of [2] and [3] will be recal-
led first.
Let 2. be a triangle in the Hermitian plane H, with vertices
'A°, Al, AZ. All points and vectors of the plane Hz are deterained
by homogeneous barycentric coordinates with respect to the triangle
2. . The veetors d o» 91» I, defined by the conditions:
a/!d‘°+d‘l+d‘2=o '
b/ for all ie N= {0, 1, 2} the vectors: Jj’ J fom
@ biorthogonal basis associated with the basis (')' = Ad - A
’)"k=Ak Al s Where j, ke Nand i ¥ j ¥ k ¥ 1.
ére called direction vectors of external normals of the triangle
5 . By meens of them numbers g, i" (d g d’j) are defined whieh
are called g-norms of the triengle . .,
If the number
- (sii-g'_i)z  oxne = 84 854 ' ’
855 833
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is positive, then the triangle 2. = (0)57 = (" Loy be
included into two sequences of triangles {(‘)Z }_: and
{3 }: . It is characteristiec for the first of them that
edges of its arb:ltrary. term lie on the symmetry lines of edges of
the preceding one. ' ’

The vertices of its terms are as follows:
1l (1 1 (1)._3 1
( )AJ = [ )li = = 37 8;48ki» )ag =33 (sijgki +8kjsik)]

(2m))d a g4 (- q)R[ad-s]; 2™Ld a4 (- [(l)Aj -s1,

8::(8:*8s) =
where S = [.1 2 - -%%Fgﬁﬁ—] is the centre of a circle with

the minimal radius circumscribed to the triangle 2. and consequ-
eatly to all other terms of the sequence {(n) 2. }_: « The
pointe (2-)‘3, m=0, :l, -"-'2,... are now colinear for each

J € N and the corresponding lines p'i pass through the point S.
The points (2"1)13, m=0, :1, - 2, ¢oo 1lie on a line qj per-
pendicular to the line pj through the point S. The g-norms of
the triangle (n)Z’ are comnested with the g-norms of the triangle

P by the relations:

(.)815 = -1 84 for n even and

qn

(‘)‘ij = 1 g5y for m odd

ql

(n)

so that (R)g = —- G, qQ=q.
: q

The second sequence has the property that the edges of its
arbitrary term lie on the altitudes of the preceding one. Vertices

of its terms are as follows:

(I)BJ = [(l)bi = -é— 85 ;8xq> (l)bg = % 8idgkj]
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(2m)gd 2 g4 (-n)® [ad =gl , @i g4 ()™ [Apd - u]

where h = 4q end H= [h; = %ﬁ%& ] « The vertices of all its
terms, similarly to the preceding case, lie on the three pairs of
perpendicular lines passing through the point H. Sometimes this
point is ealled orthocentre of the triangle >. . The g-morms of
the triangle (R)5* gre:

X ¥
(n)gij = ;%- 5ij for n even and (‘)gij = !FI"— 854 for n odd

80 that (n)G* = ;%; G and (‘)h*a h.

It follows from the above facts that the samd }roofﬁ.eiontl q
eand h belong to all triangles of both the aequonée. {(n) 3~ 3.: ,
{‘"’Z*}: . Moreover, (‘)gij = 4“”51’3 ana (R)g = 420(R)gx
for every integer n.

~ .The purpose of the present paper is to investigate properties

of -éentrel'. of circumeircles with minimal radius, orthocentres and
cenf.rea of gravity of triengles belonging to the sequences
'{(n)Z‘L: and {(n) Z‘}_: . Let us first consider a triple
of points S, T, H where T is the centre of gravity of the
triangle >. . The mutual position of those points is shown by
the following examples. \

The triangle Jt = {4° = (0,0,1), A} = - (144, 1-i, 2),

2 . -%— (1-i, =1+i, 2)} has g-norms:

A

Boo ™ 6 811 = 8 ™ 2, 8y) * -3-1, gyp = =3%1, g1, = 1~
'becalll. mo = (-2, -1-1, 0), (x'l = (1,1’0). 0(2(1,1,0) .r.
the direction veetors of its extsrmal normals. It follows from the
above relations that the points s* , 1t > H® have the following
barycentrie esoordinates with respeet to the triangle /A :

[-1,1,0] , =5 [1,1,1] , = [5, -(2+21), -1#2i] so that
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st= (1,0,1) , T = 2-(1,0,3), B® = X (1,-2-24,3).
3 =3

As the point H" does not lie on the lime 3, = O those points
ere linearly independent i.e. they form a triangle. The orthosentre,
the centre of the cireume¢ircle with minimal radius, and the centre

of gravity of the triangle 'rA deseribed in [2] have the same

property.
The case of the triangle 48 = {B° = (0,0,1), Bl = (0,i,1),

B = (1,-i,1)} is somewhat d_ifferent. The point1 s8 ’ Tb N : L

have barycentric coordinates with respeet to_ 8 .
1 1 ] 1
T'["‘5v4|3 ] ’ T [1,1,1 ’ [60"30'2

because the g-morms of the triamgle B nhave the values:

Boo = 51 811 =2, 8pp = 1, 8y) = 8y, = =3, Bgp ¥ 8y, = -2
82 = 8 = 1.

Then:
s® = 3 (3,i,2), 18 = 4 (1,0,3), B® = (-2,-1,1).

It can be easily proved that the points lie on ome line and it
holds:

3r® - 2s® - 56 =0,

In the triangle of the next example the orthocentre, centre of
gravity, and centre of cireumeircle with minimal radius ecoineide:

€ = {C® = (1-1,-1+4, Dyct = F- (3-21,-3+24,2), €% = —3-(3-21,-2+1,2)}.
Its g-norms are given by the relations:

Boo ™ B11 ™ B2 T 41 Byy T Byp < 8y, * 2421, 85 8y " 8y ¢

= -2-2i.

Before the general theory will be discussed let us imtroduce the
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notion of the degree of generality of a triamngle. Every triple of
different eollinear points is considered to be a triangle with the
degree of gemerality equal O. Degree of generality of triangles
isometrie with real triangles is considered to be ome. To a triplej
of coineident points degree of generality zero or one is assigned.
All other triangles in the plane Hz have degree of generality
two. However, the triangle > . is assumed to have the degree of
generality greater or equal to one.

"Sinee for eaeh triple of different indices i, j, k€ N there
is |ad -ad| = -%— 8y (see the relatiom (27) in [2] ), tﬁo
tr¥angle >. is equilateral if and only if

800 = 811 < 822°
Now, 8,3 * &3 * &3 = Bjo* 8y * 8 =0 forall ie X
8o that the above condition may be replased by any of the following

ones:

801 = 812 T 8, TeBP. 8y, T 8 * &10°
‘It may be shown by mechanical but somewhat complicated calculation
that the determinant the rows of which are formed by barycentrie

eoordinates of the points S, T, H is equal to:

( - )R
p =212~ &

» Where (1)
12G6°(1+q) (1+h)

B (gol + slo)(goz * 820)(812 * 521) * 800811822
Further it follows that the points S, T, H are collinear (1ineariy
dependent) if and only if at least one of the following two equa-
tions is satisfied: 815 = 83> R = 0. The condition 85 * 8
wes proved in [2] to be a necessary amd sufficiemt condition for
the triengle >. to be isometrie with a real triangle, e.g. to ﬂave
degree of generality equal to one. It may be easily shown that in
this ease the points S, T, H satisfy the condition: 31 - 2s -H = 0,
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Using the relation (7) from [2] it may be proved that
s-8l= (w5 =g Veg» @

IT - H| = 3%- v Igi

The verifivation of these relations is again rather complicated
technieally.

From (2) it follows that the points S, T, H coincide if and
only if R = 0. Besides, it follows from (2) that two those points
eannot ocoincide with the third being different from them.

Further, a connection between equilaterality of the triangle
2. and the value R will be shown. If we assume the triangle >.
to be equilateral it follows that 8ij + 855 = = Bgo = ~ 811 = - 83
for any two different indieces i, je N 8o that R must be equal
to zero. Om the other hand it follows from the assumption R = 0O
that for exampie H=T, It is obvious from the last equality that
all barycentrie coordina;ea of the point H are equal and real so
that hi = 50 &y = gjkfrsp.ror any two different indices i, je N
where ke N - {i, j}. The last equality may be modified as:

&; * sjj -vhat leads to the concluéion that the triangle 2. is
equilateral. We have thus proved the following theorem.

Theorem 1l. For the points S, T, H exactly the fol-
lowing cases may oceur:

1/S=1T = H;

2/SET¥H¥S end 3T - 25 - H= 0

3/ S, T, H are linearly independent, i.e. they form a triangle.
The first ease takes place if and omly if the triangle >. is
equilateral, i.e. R = 0 or three of the following equations are
fulfilled: 8o = 811 * 821 &y ™ 812 = B4 The seeond case takes
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place if and only if 3. has the degree of generality equal to one
and is not equilateral., The necessary and sufficient condition for
the case three is that the triangle :Z: is not equilateral and has

the degree of generality equal to two.

Remark. In the case of an equilateral triangle 2. the
point S =T = H will be called centre of the triasngle 2, and
denoted by S. This name and naotation will be naturally used for

other equilateral triangles, too.

Theorem 2, If 77 is an equilateral triangle with the

degree of generality equal to two then all triangles of the sequen-
ces {(n)z: }::, {(n)zz*}:: are equilateral and their centres
coincide with the centre of the triangle 2. . For every integer
n # 0, the triangle (n)}::' is homothetic with the triangle

(n):E: . The point S is the centre of this homothety and the
n ’ n-1

number :2 is the coefficient for n even, the number -2.4

for n odd.

Proof . Since for each pair of indices i, je& N

(n) =1 =1 = (n) (n) * _ 1 )

8ii = n &ii T Tn- 8y €530 811 " m B " 85T

q q

= (n)gg the triengles (B2 | (377 are equilateral, i.e.
(")s = ?n)T = (n)H and (n)s*, (n)T*s (n)Hf Because of the rela-
tions (n)S =S and (n)H'= H the first part of assertion is ob-
vious. If n is even then the poiints (n)Aj, (n)Bj lie on the line
523 = 513 and we have

n n

(ad = s +(-)Z [ad =51, ®aI =5+ (cn)? [a - 51,

Then ' n

(mpd _ 5= 42 [d o517, (3)
For n odd the points (n)‘j’ (P)Bj lie on the line passing through
the point S perpendicular to the line '513 and we have
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n-1

n-1
(n)A:j =S + (_q)T[ (l)AJ _S] - (n)BJ =S + (_h)T [(l)Bj-_ s ] .
On the other hand it follows from the equality

(1),J 1 . 1 = (1).3 1
bg i i T (385.18.'1:] g 81i8;3; + 28ijgji) = -2 [ !g - TJ

valid for each i # j that
(Wpd _ g =2 [WI_gT,

Then:
. n-l *
(R)gd _ g-o 2.4 2 [ (m,d _ g ]. (4)

The second part of the theorem follows immediately from (3) and (4).

Theorem 3. If h=2, i.e. q= -%— in an equilateral

triangle >. then
('n)z*' —~ (n)z end (-‘)Z = (n)z*

for every positive integer n.

Proof . The assertion is obvious as there holds for each

J € N, n even:

(-5 aie aA9 1,3 0,51 @l
Rpd = 5 + (-2) [49 -s] =s+ (-5)° [ad-5] = :

_ A n .
R es e h TLad-s] =se? (W3- sle @,

and for n odd:

. - htl . ntl
(-B)gd o g+ (-2) 2 [MWgI_5] =s-2 (- HZ[W-s] -

n-1
s+ (-3) 2 [Wyd_g] o W3

- atl . ’ n+l

n-1
s+ (-2) 2 [ (gd _ g = (ngJ,

Some properties of equilateral triangles were shown im the
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above theorems. The next part will be devoted to nonequilateral
tri;nglee.

Lemma 1. Direction vectors of external normals in a
triangle with vertices Pi = izi:O pg'AJ, i=o0,1,2 a}'e‘ given by -

the relations:

A wil P S SR (5)
i B ko k -
where Pi is the cofactar of the element pi in the determinant
=Ippl. ‘
Its g-norms are. )
» .
) 1 =i 53
8i: = Z} Py P§ 8y q¢ (6)
1§ " \p1? Ks=0 K “". :

Pr-eof . As Z{ pj-'-lfori--o 1, 2, P has the same
value as the deterhinant wlth all elements in one column equal to
one and in all other columns the seme as in the determinant P. If
we expand the determinant with respect to this unit column, say

i-th, we obtain:

—

pspg+,_r}+1>§or%(ri+r1

"'Pi) 1 for eachi-o 1, 2.

Then:

Boasl S ImE 14, 0 4y -0
i=0 . P k=0 i= k=0

From the relation (6) of [2] it follows:

! - P, 2 éo (pi - p)Pl = 1 ana
*oap -4 32 ok - pe

for each i, j, ke N; i # j#Kk ¥ i.
By that we have proved that <4y, Ak> is biorthogonal basis
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to < P1 - Pj, l"k - P;i ? « The second part of the assertion is
obvious, Let now > be a triangle with degree of generality equal
to two. Its points S, T, H form a triangle‘zl g=-norms of whigh

€s3:(g:+th )
may be found acecording to Lemma 1. If we put pg = - ,: hk ’
& 3 .
pi = .%- , pi" Tf%§§5 where i, j, keN; i ¥ j ¥k #1i them
P =D,

Cofastors of the elements of the given determinant are:
-

o 1
Dy = orT+hy (818x; = &j518ky)

1'_2'_—1 ; a - BBz +
"k 40°(1+q) (1+h) [siisiJskJ(sak &3’ 8;5i8;38ki 84 8y) ]

2
Dy = I!G%I?ET (84 - 855)(855 + 855)

where (0, 1, 2) and all its eyclie permutations should be substi-
tuted for (k, k, j). If the values Di- are substituted into (6)

for Pi we obtain:

oo = 4(1*QM , g)) = g/ = 6M , g, = &g = (2-MM , g; = 9N,

8]:2 & Q'l ' -3M ’ 82'2 = (1+h)M (7)

2
where M = g _(1+ 1+h

The calculation is rather long and complicated and not of much
interest for the reader as only adding and multiplying of polynomials
is wsed.

There exists another way how to obtain the re.sults of (7).

From the equations of .edgea of the triesngle {S, T, H} we deter-
mine baryeentrie ecoordinates of veetors perpendicular to them
using lemma 1 from [3] . After multiplying the vedtors by conve-
nient sealars we get direetion veetors of external normals of the
triangle {S, T, H} . Their sealar produsts obtained by using
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(7) from [2] are the g-norms in the triengle {S, T, H} . This
way we used to check the correctness of the result (7).

The next theorem follows from the above:

Theorem 4. If ). is a triangle with degree of gene-

rality o« e€N; = {1, 2 } then the points S, T, H form e triangle
z:' with degree of generslity o -1, For &= 2 the triangle 23"

has the orthocentre H'= 3%r- [2(h=2) S + 6T + (h=-2)H] and centre

of its circumeircle is the point S’= 3-11;- [ 2(1+q)S + 3(2q-1) T +

+ (1+h)H]. The point T'-32—- s+ %— H® is the centre of gravity of
the triangle >.’. I &«=h=2 then the triangle > is restan-
gular at the vertex T. .

Let us now consider that the triangle > haes the degree of
generality equal to two. We shall characterize in more detail the
sequences of triangles {(n)zj }::, {(°>ZZ*}f: . It is obvious
that all terms of both the sequences have degree of generality
equal to two. The point S is the centre of cirtumcircle with
the minimel raedius for all terms of the first sequence,i.e. (nlg = g
for each n = 0, tl, t2, «ee o Likewise the point H belongs to all

(n)H

terms of the second sequence, i.e. = H for each

n=0, tl, Z 2, ¢es o« Let us first consider the triengles (1)23
and (1)22* .

Triple of points (1’5 = 8, (l)T, (L

H forming a triangle
with the degree of generality equal to one belongs to the triangle
(1)

The barycentric coordinates of the point (l)H with respect to

the triangle (15> are as follows:
(L, ()

8ii G _ &ijfix .7,
(1+h) (1)g (1+h)G +

and its barycentric coordinates with respect to the triangle 2. are:
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(1 S (1) ar Uﬂmgi Eix
n = 2. iy, = 26 (858 * Busbyc) 20 118
8. 8,38
i®ik 1 ki k j 2
‘t¥RYs - 7o L1i8k 7 (811858x; *

(1+H)G

.1 _ 2
+ 8;38ix8;i8cj * 8138ikBikBxi) = TUTHEIG (8ii8ji ~ &ij *

2 2
_ 1 833845 * 853845 = Bij = &4 _
* £1585 + 833853 = 3 Sl
18151:1
Thus
(1) 1 i _1
H=g 2. O -noat=31- 38 (8)

i

For the point “)T, we have

Wy 3 1 2;5 Wy« 3 Z [ Z W] -1 I Z(l)ai] Al .

1 i
= 8q f{ (8538x; * Bxi8jk = 81i8kj ~ Bi18jx)A" =

1 2 i_
= =% Zi (28118;” + giisij'_"' giisji + giigjj - gijgji + Bji+giigji)A =

+ 6 = (2+n)any Al = % (1+q)s + 3 T - } (1+h)H.

The triamgle with the vertices (g« " (D , (Vg xa g belonging
to the triangle (1)}:’.* has the degree of generality one too.
The barycentriec coordinates of the point (1) S¥* with respeet to

the triangle (1) 2. % are as follows:

(l) k ((l) x (1) *) Bii(g s )
} 4(1+q)‘d-ﬁ )
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Consequently, its barycentric coordinates with respect to the

triangle 32’ are:

Mg = (e, . _} 8ij&ntepy) 83381, *8yg)
| ? Lb‘isa:_ -8 gjigki —4-(‘-%(]—.,3_‘]_ -3 8ijgki —J'in?-q-m-— -

)

1 Byy(855*855) 1 ‘
g 8ix8ji — TTHES YT [ 2558;1(@y5 + 855).

(B35 * 851 * 28550 * &13855(835 * 8552855 + 855 *+ 84) -

2 -
- (gijgji g gji) (3ii + 8ij + g,ji * 8JJ)(gll + gl‘))] =

1 2 2 2 )
- . Y-S P Y - W . Y - P . : . P
T(ira)as [2EuiB;i85; * £4385i8;;5 * 281185855 28;48; 85855

2 - 2 - 2 _,2 .2 _ _
* 813835855 ~ 2811813855 ~ 2833833835 ~ 2813855 3%58,51

_ : SRS _ _ _ 2
815855 1 = UTFG- [ 2811815 - 2841855 - 2843853 - Bij -

2 - 1
= Sji] = TF0 [ 4G(1+q) - 2giigij = 28:11831 = 48iigjj] »

Sii(g‘k + gk')

+1+2——4nl+—m_ﬂ_=1-231,

Thus
(Lgx o S;I (1 - 284t -= 37 - 2s. (9)
Por the poiat ‘1)7%*  we nave
E’t)r*-% SJ;‘.‘”B-" -%- 'jZ [ 2;_'. ‘”biﬂ]-% Z’E [ %:(l)bi]Ai =
i .
= 3% 2;-[33131:1 * 8yj8ky * 8iy8j3 J A" = - 3% 5% Legyey +

CTRENCTEL RS LR 2 [yl
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i
+ &34 + ZSjJ) - 28118.-” + 2813851 + 331(311 + Bji)J A" =

3w 1
=-33 2 [-eyy(e + gey) - 20 - gjum, ] A7 -
' {
= - % Zi [4(1+q)§1 -2 - (1+h)hiJ al=o § (1+q)s + 2T +

+ 3 (1+h)E, |
The following theorem is a certain gemeralization of the well-known
theorem about the centre 6f gravity, the centre of circumeirele and
the orthocemtre of a triangle from the Euclidean geometry.

Theorem 5. The triples [(I)AJ, (I)Bj, 1], §=0,1, 2
[Wg, 1, 0], s, Vs*, 27, (Do, Wo* 17 in the set of
vertices of the trisngles (1’3 : (1)S"* and the points s, T, H,
(1)3, (l)T, (I)S*, (I)T* are collinear and their affine ratios in

the given sequence are - % .

Pr ) f . The equality G = =- 3iigkj'+ 5ijgki may be

written as

: I 1 1_ .2 (1), (1)

1=2 [- o3 81185 ] + g 558 or 5= -5 Wal + ],

Consequently,

T=3 @, % (gd  £or e11 j e N. (10)
Further, if we multiply the first of the above proved equations:

Ly . £ (1+qJs + $T-3 (e

(L)px. _ % (1+q)S + 2T + %- (1+h)H

by % » the second by %, the sum of them is the equality

T=2 (g , %- (L)p*, (11)
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él‘he assertion follows im;nediately from the relations (8), (9),
£10), (11). ' |

Theoremb6, The triangle >. = {S, T, H} is orthogonal
to both triangles (MX' o tQ)g (g (Mg gpq
Wz, {(1)8*, (l)T*, (L)g# , @.8. its edges are perpendicular
to the corresponding edges of these triangles.

Proof , Using Lemma 1, we obtain from [ 3]
(8o *+ 851T + 8H) L HT, (g] S + g11T + g1,H) L BS,
8505 + 85T + g3,H) L ST.
The assertion of the theorem follows then from the following re-

lations:

e g 2 [ Wp o W] =1 [40re)s - 67 + (2-mE] =
= -3 (865 + 8T+ H ]

(l)s*-a=2[ Mg -5 =.gs+31'.[-1=33-‘i [8i03+gilT+8£QHJ

Wpr. Wgr. 2 [ Wp_s] =3 [(2ms-30+ Q+mE]=

=gk (855 + 8T + 850 ] .

Remesrk. Itis obvious from the preceding - theorems that
the triangle (1)2 * ig the image of the triangle (1)2  in the
homothety with the centre T and the coefficient -2. '

The following theorems concern mutual positions of the centres
of eireumeircles with minimal radius, orthocentres, end cemtres of

gravity of the sequences {(‘)Z }_o.: ’ ‘[(‘) Z*}_o,: .

Theor em 7. Orthocentres of all the triangles (2m) 5- "

where m = O, :1, t2, eee, and the centres of circles with the
_lininal radiuc circumseribed to the triangles (2m) Z* lie on the
line SH. The| orthocentres of the triangles (20+1)5* 146 on the
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line perpendicular to SH through the point S. The centres of
eircles with the minimal radiuc circumseribed to the triangles
(2m+1) > ¥ 1ie on the perpendicular to the line SH through the
point H. |

Proof . Regarding that the barycentrie coordinates of the
(2m)y o itn respect to the trisngle (257  gre [hy] , its
baryeentrie soordinates with respeet to the triangle > are the
numbers:

xy s 3 BV S1 ot dipr [1- Co® Tog)ngs

= (=)™ + [1- (-] gy

8o that

(28)g w («Q)® H+[1-(-)®] S=5+ ()" [E=-8]. (12)

The barycentric eoordinates of the point (2m+ l)H with respect to
the trdangle (2""1)2 are [Ei] . Consequently, its barycentris
coordimates with respeet to the triangle > . are the numbers:

v = (2m+1) T o= - (1) o _ =
s 3D R - T e 0 [y - 0,0} Ry
= '1 + (’Q)-[ % (l).{“';“/- 'i] = 'i + (-q). [ (l)hi -‘i]

Thus
mlgas+ (@* [Mr-s], ('3)

Purther it is obvious that the barycentrie coordinates of the point

(')8* with respeet to the triangle (‘)Z"‘ are ['1] regardless

whether n is even or odd. Thea:
5 = ozb: (2-)b? s = ;{ (-n)® cfm+ [1- (-h).]hi} LR

= (-m)" sy + [2- (<™ ]ny
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are the barycentrie coordinates of the point (2')8* and
tg= 32 0py 5 2 30 { () Y [1-(-0)®] by} 8y =
= (-0 (% g 4 [1-(-0)"]ny = (0™ Ve s [1-(-m)* ] n,

are the barycentric soordimates of the point (2E*llg¥

to the triangle &s o
Thus

with respeect

(2m)g* 2 g+ (-0)"[S-H] and (14)

(2""‘1?3”% H+ (-h)‘[(l)s*- H] . (15)
The statement of the theorem follows immediately from the relatioms
(22), (13), (14), (15) and Theorem 6.

Iheorem 8 The sentres of gravity of all terms of the
sequence {(‘)Z}_: lie om the two perpendiculer limes TS and
(I)E. The ecentres of gravity of the even terms lie on the first,
centres of gravity of the odd terms on the latter of these lines.
Also the centers of gravity of the sequence { (37 *}_: lie on
two p.erpondiculars, namely on the lime TH for eveam terms, oa the

line (l)ﬁ for odd terms.
Proof . The theorem is verified by the following relatioms:
)y % }}’ (2m))d . '} %_: [s+ (-"d-5)] = «6)
=3 %’» [s+ (™Pud-5)] ws+ (- [V -5]
(zm)p% Zji (2mlgd o 3 ST+ (wwd-m] -
J "

FH+ (-n)*{T-H]
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(2ml) = 1 533 2mllgi = [+ (0™ -] =
i .

= H + (-h). [(l)r*- n] .

Theorem S. For any nonzero integer 'n the triamgle
(R) S7%4{q homothetie to the triengle ™32 | For n = 2m,
n= :1, :2, ees the centre of this homothety is the point
QLu = 11—‘ {-4" [ 1-(-Q)® Is +[1-(-n)® ] H} and the ecoefficient

equals 4™, For n = 2m+l (n integer) the centre is the point

g2-+1 = 1+: = {2.4'5 +H+ (-n)®[37 - 25 - H]} and the coefficient

1-» -2.4",

Proof . It may be easily shown by substituting for (")A'i,
(‘)B'i and using (10) that for each m = 0, :1, 32, eee &8and je N

B S U L IR CPYS
(17)
Upsy = 1+214' [ 2.4m(2m1), 5, (2m+1)55 ] |

Modifying them we obtain the relations:

(2-)Bj - Qz- - ‘. [ (2-)‘5 - Q2-] 5

(2.‘"1)35 - Q2.+1 = -2-4. [ (2-+1)AJ = QZI"IJ 4

from whieh the statement of the theorem is obvious.

Corollary 1. The affine ratio of the point Qp With
respest to the pair of points (2®xd (2m)pJ 4 gqual to 4—: .
The point Q2n+1 has the affine ratio with respeet to the pair

of points (Z“I)AJ, (2'_""1)83 equal - ——214. .

Corollary 2, For any nonzero intéger m the point
Qyy lies on the line determined by the points S, H. Its affine




=" 2T =

n
ratio with respeet to these points is equal to ‘—: ——(—)—i"('h)‘ "
-(-q

Corollary 3., If in the triangle 2> :

1/ @ = 1, then all points Q.2n+1 lie on two perpendicular

lines HT and H(l) T%; or more exactly for every integer p,
£ (L) *
Q4p+l € HT and Q4p+3€ H™T7
' am . (1)
2/ h = 1, then _Q4p+le ST and Q4p"'3 € S*~'T L ST.

3/ h = 2, then all points Q... (m integer) lie om the
cireumeircle to the triangle >. = {S, T, H } .

Proof , Let us consider the case q = 1, i.e. h = 4. Then
Lgx %— [-8S + 6T + 5H ] , consequently the lines ‘ar, B
have the following equations in the barycentric eoordinates with
respect to the triangle Z': x, = 0, resp. 3x° + 411 = 0,

The first is satisfied by the triple [0,3.42p, 1-42P ] , the
second by the triple [4_42p+1’ -3.42P*1 1442P*1 ] of homogeneous
baryeentrie coordinates of the points Q4p+1,' Q4p+3 with respect

to the triangle Zl « That proves the first statement. The second

statement is proved enalogically. Equations of the lines ﬁ, Sj(—l—);
with respect to the triamgle >. for h = 1 are the followinmg:

x, =0, 2xl +,3x2 = 0, respectively. The homogeneous barycentric
coordimates of the points Q4p+1, Q4p+3, (1)'1: are the following:
[264%P7), 43,07, [20+?Ph), 3,27 ,[ 2, %, -3 ] . Using
(8) from [2] we may prove easily that the numbers:

s . 1tk s ’ +h
1 * RN ‘oz‘sﬁ ’ '12';“

are the nonzero e-norms of the triangle 2! . The circumcircle k

to >I' has the equation:
2

> e;:z;%, =0, resp.
90 1T
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(1+h)(soil+?°sl) + 9(:02260-2) + (4+h)(sliz+ils2) =0 (18)

in the barycentric coordinates with respect to >. .
If h=2 in the triangle 3  , them the poiat Q,_,, (m integer)
has therfollowing homogenous barycentric coordinates with respect
to X'

so=2 [4% (2" ], 5 =3(-2", 5, = 2- (-2)",
It may be easily showa that this triple of numbers satisfies the
equation (18), so that Qp+) € ko The proof is complete.

TheorenmlOo. For every monsero htegqr n the point
Q. is an intersection point of the limes determined by the pairs
of points [ (Mg (lgx] = [(a-l)y (a=L)p*] 1i4 gprine ratio
being the same with respect to the both pairs is equal to the affine
ratio of the point Q. with respect to the pairs of points
(m))d  (m)gd , Where j is am arbitrary imdex from the set N.

Proof, The assertion follows from (17) amd the following

relations:

Ly = 1 [_‘1(2-1), + (Zl-l)rf] = 1 [_41(2-).1. +(2l)1.*],

1-4" 1-4"
m#O .
1 m(2m) (2m)p 1 n(2m+l)
= 2.4 T+ T*]= 2.4 T+
S v 4 J T2m L

Their validity can be easily verified by means of (11) amd (16).
In the last part we shall describe in.-more detail the sequence
of triangles with the terns (37’ = { (Mg . g (Wg (a)p
ena (RISTw { (‘)s’,’ (I)T’* (R)g* g}
Let us denote the homothety with the centre S and doefficiemt -q
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by ¢ and the homothety with the ceatre H and coefficient <h
by p .

Then the following theorem holds:

Theorem 11, The triangle (R)s~1 34 similar either
to the triangle X' or L5y , according to whether m is eveam
or 0dd. The coefficient of similarity is (-q)® for both n = 2m
and n = 2m+l. Analogously, the triangle (R)5* j4 gimilar to

(l)}:*’

the triangle .  for n evea amd to for n o0dd. These

similarities have the same coefficieat (-h)® for both n = 2am

)and n = 2m+l, More exactly:
(2m) Zl - {'P.( Z') , (2m+1) Z' = (Pl((ll) 2')’
(2m) 37 p mesTy (2m+1) 57 %1 ” m((l)z*i
(m, n integers).

Pr oof , The theorem is obvious by relations (12), (13),
(14), (15) eand (16).

Corollary. Each of the triangles (n)Z' ~ (n)z*;’
n # 0 is perpendicular to both triangles (n*+1k1 gna (n*l)Z*'.

Theorem 12, For every n # O the triangle (n)Z*'

is homothetic to the triangle (n)Z " . Centre of th&e homothety

is the point %n and the coefficient is equal to 4 Z for n
~ .

even, -2.4 ¢ for n odd.

P roof . The statement of Theorem 12 follows from Theorem

9, the relations (17), (19) and the following relationms:

CE ;_:—Il [_4n(2m)s + (2!)3*] = ;i._m [ _41(211)3 + (2m)g » ]

- 1 m(2m+l) (2m+1)
Q = 2.4 S + S¥*|=
2m+l 1*2.41 [ ]
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: 3 m(2m+l); , (2m+1) x
m [2.4 H + B .]

Their validity is obvious from the definitions of the points

Qps Ypey 8and relations (12) - (15).

REFERENCES

[1] Fiedler M.: Geometrie simplexu v E, {prvé dst)
"8asopis pro pest. mat., 79, (1954), 279-320.

[2] Zatko V.: On circumcircles to triangles in the Hermitian
plane.
Acta F.R.N., Univ. Comen. - Mathematica XXIV - 1970, 101-128.

[31 Zatko V.: On altitudes of trianglee in the Hermitian plame
Acta F.R.N. Univ, Comen. - Mathematica XXV - 1971 (1-14).
Author ‘s address: Valent Zatko, Katedra geometrie PFUK,

Matematicky pavilon - Mlynskd dolina
816 31 Bratislava

Received: February 2., 1971

SUHRN
NIEKTORE VLASTNOSTI TROJUHOLNIKOV HERMITOVSKEJ ROV INY

Valent Zatko, Bratislava

V tejto préci sa zistuje vzdjomnd poloha vyznadnych bodov
trojuholnika Hermitovskej roviny i niektorych nim urdenfch postup-
nosti trojuholnikov, ktoré boli zavedené v précach [2] a [3] .
Dosiahnuté vysledky su zov3eobecnenim zndmych viet z geometrie
trojﬁholnika Euklidovskej roviny.



PE3DNMNE
HEKOTOPHE CBOACTBA TPEVI'OJIEHMKOB ILUIOCKOCTHM SPMATA

Baxenr 3arTrxo, Bparxcaasa

B eToit paGoTe paccMaTpNBaeTCs BB8ANMHOE DACHOXOXEGHNE saMeva-
TEeABHHX TOYEK TPEYroAbHNKA, NPNHAZXEXAMEro NAOCKOCTN OPMNTa, N He-
KOTODHX MM ONMpeZeXeHHMX NocJiezosaTelbHocTel TPeyroXpENKOB, XKOTODHE
Ouax BePeneEH B pabGorax [2] x [3] , MNoayuemHEMe pesyabTaTH SABAS~-
pTCS 0CGOCMEHMSMM MBBECTHHX TeopPeM M8 reoMeTpPEN TPeyroAbENKa eBKKAN-

ROBO# NMAOCKOCTN,
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