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GENERALIZATION OF A THEOREM OF S. PICCARD

JAROSLAV SMITAL, LUBOMIR SNOHA, Bratislava

In 1942 S, Piccard has proved (see [5] ) a theorem, which
is a topologicel analogue of the classical theorem of Steinhauq
(see [6] ): If AcR is a seocond category Baire set, then the
set A + A contains an interval. .

In 1973 Z. Kominek in [3] attained more zZeneral result. He
has shown, that if f(x, y) is a function from R x R to R,
which is a homeomorphism with respect to each variable separately
and if A, B éR are second category Baire sets, then the set
f(A x B) contains an interval.

Kominek has inspirated by the paper M. E. Kuczma and M. Kucz-
ma [4] , which generalizeas the theorem of Steinhaus.

In the present note we give the following generalization of
the Kominek ‘s result:

Theorem, Let f(x, y) : RxR —R be a function, which
is continuous with respect to each variable separately and which is »

constant in no subinterval I of R. If A, Bc R are second

category Baire sets, then the set f(A x B) contains an interval.

Remark 1. The function f may be discontinuous, but in

the Kominek ‘s result the continuity of f is assumed.

f; (for every x ¢ R) we denote the function R—> R such, that

for every y e R is £.(y) = £(x, y). Similarly Y(x) = £(x, y)
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for every x &« R. Interval will be always a non-degenerate inter-

val.

Remark 2, The theorem does not hold if both the func-
tions fx' f! are continuous but only the functions 7 are assumed

to be non-constant everywhere, as is shown by the following example:

£f(x, y) = x
and

A=DB=J, where J is the set of irrational numbers.

Remark 3. Similar*y, the theorem does not hold if the
functions fx, Y are assumed to be non-constant everywhere but

only Y are continuous, as is shown by the following example:

x for rationel y
£(x,y) =
1l +x for irrational Yy

and

A=B=J, where J is the set of irrational numbers
For the proof of the theorem we shall need the following
auxiliary results.

emma 1, Let f(x, y) : RxR— R be a function such,
that for every x, y' the‘functions fx’ Y  are continuous. Then
there exist first category sets A, B of the type Fs 8such, that
the function f is continuous on the set (R x R) ~ (A x B).

Proof. See [1] or [2] , page 337.

Lemma 2, Let g : R—> R be a continuous function, let
I be an interval and let ve int g(I). Then there exists some
u € int I such, that g(u) = v and u is not a point of local

extreme of function g.

Proof . Let assumptions of the Lemma be fulfiled. Since

int g(I) is an open interval, there exist numbers Vis» Vo € int g(I)
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such, that V< V<V, Hence there exist numbers Uy, U, e I
such, that g(u) = v,, g(u2)=v2. Without loss of generality can
be assumed, that u, < u, (in the case u > u, the proof is
analogous).
Let

M= {ae <u, u,> : for every x€ < uy, a> is g(x) & v}.
Clearly the set M is non-empty and upper bounded. Let u be the
least upper bound of M. It is easy to verify that g(u) = v and

that g has no local extreme at u, q. e. d.

Lemma 3. Let f satisfy the assumptions of the theorems

Let I, J cR be closed intervals and let o = (u, v) be an
interior point of the interval I x J such, that f(x) = t. Let
at least one of functions f,_, £' has not local extreme in point

x, V

u?

Let A, B be nowhere dense sets. Then there exist closed in-
tervals I, ¢ I~ A, J;,©cJ\ B &and a point &, = (u, v,)e
€ int (I, x J;) such,that the function f is in the point «,
continuous, f£( 061) =1 and.at least one of functions fu" fvl

has not local extreme in 061 .

Proof . Without loss of generality cen be assumed, that
the function fu has not local extreme in the point & . Since .
vV € int J, there exist poiats ¢, d €J such, that £,(e) < t,
£,(d) > t. Without loss of generality can be assumed, that ¢ < d.
The functions £°, £9 are continuous and £%(u) < t, £3(u) > t,
hence there exists & > 0, such, that (u-€ , u+¢g)c I,

and £%(x) < t and fd(x)>t for all xe(u-e,,'u+s).

1/ The fact, that the function fu has not local extreme in point

o = (u, v), means, that f, hes not local extreme in point v.

Similarly for ;
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Since A is a nowhere dense set, there exists closed interval

L <(u-€,u+€&) NAcINA., For every xe I, put
M = {yece, a> : £.(y)> t}

Clearly de M, and c ¢ M. Thus for every x e I, there is
the éreateat. lower bound of M , inf M e (c, d). Moreover, one
can easily verify that for each x e I, we have

T (inf M) = ¢
Since the functions f¥ are constant on no interval there exist
numbers a, b € I, such, that inf M, # inf M, . Let e.g.
inf M, < inf My. From the definition of M, it follows, that
there exists a point from interval (inf Mg, inf M.b), where the
function f‘ has a value greater than t. But then there is an
interval J, c(inf M,, inf M) such, that fa(y) > t for each
y €eJ,. On the other hand, for 8ll y € < ¢, inf ub> we have
1, (y) LR Since f, is not constant in J, < (¢, inf M),
there is a subinterval J, of J, such that £,(y) < t for each
Yy e J_. Since the set B is nowhere dense, there exists a closed
interval J,c Jg \ B. Obviously J, € J \ B. According to the
lemma 1 the set of points of discontinuity of function £(x, y)
is a subset of Cartesian produkt Dx x Dy, where Dx’ Dy are first
category sets of the type Fgo . First category set, however,
contains no interval, thus there exists v, € int g N Dy.
As we know, t"(a) > t, £t (b)<t end £ is continuous function.
According to the lemma 2 thui there exists u; € int I, (note,
that a, b € I;) such, that f:t(u‘) =t and u; is not a point
of local extreme of function £ ‘. Thus the lemma has been proved,
because the point «, = (9, v;) & int (I, x J;) is a point of
continuity of the function f(x, y) (since v, £ Dy).
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Proof of the theoremi A, B ¢ R are by assumption a

second category Baire sets. Then

A= (Gl N Pl) v Ql

B = (G2 N P2) v Q,
for some non empty open sets G, eand Gy, where Py Q‘t’ Py, Q2
are of the first category. Let us denote by Io and J0 closed
intervals contained in G, and G,, respectively. It suffices
to prove, that f [(Io N Py) x (Jy \ P,)] contains en interval.
Let us take arbitrarily but fixed point u, € int Io. The function
f(x, y) maps interval Iy = {uy} x J, onto some interval Iy
because function fu is continuous and not constant on any in-
terval. Let I%= int L.
We shall show that

*

Icf [(IgN Py) x (Jg\ P,)]

Since Pl’ P2 are first category sets, we have

Py = 0 Pin
: n=1

. oo
Pa = n‘j,‘ Pon »

where Pl.n end P are nowhere dense sets.

2n
Let t e I* be an arbitrary but fixed point from I* . According
to the Lemma 2 there exista’"“io € int J,
and such, that Vo is not a point of local extreme of function

such, that fuo(vo) = t,

f o+ The point &, = ( v,) 1is interior point of the closed
uy 0* %o Yo P

rectangle F, = I, x J, such, that £ ( o) = t. The function
fuo has not local extreme in point Xqge The sets P,,, P,, are
nowhere dense. According to the lemma 3 thus there exist closed

intervels I c I, \ P, JycJdy\ P,, end point oy = (uy, v)e
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e int (I{ x J;), which is & point of continuity of the function

£ such, that f(Ct1) = ¢ and at least one of functions fu"
v
1

t hes not local extreme in Xy Since the function f is

continuous in the point %,, there exists closed rectangle
such that
«y = (u, vq) € int F,
and
for all (x, y) € F, is [f(x,y) -t <1

v
Moreover, f( m,) = t and at least one of functions fu‘, f-‘

has not local extreme in Xy

In & similar way we caﬁ find a closed rectangle Fz (= Ft = It x Jl
such that

F2 = (I2 x JZ) c (;‘ ~ Plz) x (JI N P22) c
and such that there is a point
o, = (uy, v,) € int F,

with the following properties: f(a,) = t, at least one of the

v
functions £ _ , f 2 hes not local extreme at x,, and

Ve
|£(x, y) = t | < 3~ for all (x, y) e F,

Into rectangle Fz similarly we inscribe rectangle F3, ete.
By the induction so we may construct a sequence of closed non

empty rectangles {F_}%_ . such that
: n’ n=t
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Fy>Fy>Fyoeee DF 2 oee (1)
F, < (I ~ 1&:1 Pyy) x (Jg N i(lJ; Pyydi k=1, 2,000 (2)
and
for every (x, y) € Fy is I£(x, y) - tl <« —lr;
k=1, 2,000 (3)

The rectangles Fn form a decreasing sequence of non empty com-

o0
pact sets. Hence there is a point «= (u, v) € N F

n=1 B

By (2) we have
a= (u, v) e (Ig\ Py) x (Jy \ Bp) (4)
By (3) '
| £(u, v) = t | <-1r for every k = 1, 2,...

hence
f(u, v) = t (5)

With respect to (4) and (5) we have t e £ [(Iy\ Py) x (Jy P,)]1.
The point t e I* has been chosen arbitrarily, hence

I*c £L(I,N Py) x (G Pp)l, q.e.d.

R-emark 4. The above Qquoted theorem is a special case
of the following more general result: Under the assumptions of the
theorem the set £ [ (@GN Py) x (G N P,)] . is an union of a coun-
table family of intervals. Moreover,
£ [(@ N Py) x (G, Py)] = £(G x Gy) \ S,
where S is a countable nowhere dense set.
The proof is more complicated, but involves the same ideas as the

proof of the theorem.
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SGHRN

ZOVSEOBEGCNENIE JEDNEJ VETY S: PICCARDOVEJ
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LuBoMfR SNOHA, BANSKA BYSTRICA

Nech f(x, y) Jje funkcia R x R—> R. Nech pre kaZdé x e R
si funkcie f£(x, -) a f(-, x) 8pojité a nekon3tantné na tiédnon
intervale. Nech A, B ¢ R 84 mnoZiny druhej Baireovej kategorie
s Baireovou vlastnostou. Potom mnofina f(A, B) obsahuje nejaky

interval.
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PESDNE

OBOBIMEHME OJHOA TEOPEMH C. NMMKAPJOBOR
SAPOCJIAB CMMTAJ, JOBOMMP CHOXA, BPATHCJIABA

Oycrs f(x, y) - ¢ymxuxs R x R—— R, [lycTs mas scaxoro
Xx e R oQyrxuux f£(x, -) = f(-, X) HempepMBEHNe XM NOCTOSENNG
HN HA xaxoM orpesxe, Illycrs A, B c R noxicua Bepa mTopok xare-
ropux Bépa. Toraa umeoxecTso f(A, B) comepxur xaxof-ExGyzr orpe-

80K,
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