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ON THE CONSTRUCTION OF THE MEASURE FROM A CONTENT

BELOSLAYV RIECAN, MICHAL SABO, Bratislava

The method stated in the title is very well known (see e.g.
[51 , [6]1 , [7] ). We want to present bere @ generalization
of the method applicable also to integrals of the Daniell type.
Hence we shall consider functions J : S — R, where S is a
convenient lattice. If S is a lattice of sets then the classical
measure construction theorem can be obtained. If S is a lattice
of real-valued functions (on a compact space) then an analogy for
Deniell integral case is obtained.
Of course, similar lattice generalizations have appeared
(see [1] , [2] , 31 , 81 , (91 , [10] , (111 ,
(12] , [14]1 , [15] ) with various constructions. (A review
of the constructions is contained in [13] ). The construction
of the measure from a content uses the Carathéodory measurability
theorem. Hence we shall use the results of the paper [12] ,

where an abstract lattice generalization of this method is studied.

1. Content

We shall define here the generalized content, a function de-
fined on a sublattice of a given lattice H, First the aesnnptioia
stated on H: i

Let H be a lattice with the least element o and with a
binary operation + satisfying the following condition:
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l, If a.n/' a and bn/'b then an+_bn/'a+b and
an/\ bn/'a/\bo

Besides the usual ordering £ induced by the lattice operations,
there is given a relation < on H satisfying the following

conditions:

1]
o
L]

2. If a< b then a £

3. 0L o

4. If a<b end b= c then a<ec.

5 If a<b and ¢ <d then ave<bvd, aAanc<bad
and a +c¢c<b + 4.

Further let C, B be sublattices of H containing ¢+, clo-

sed under + and satisfying the following conditions:

6. If ‘byeB(n=1,2,...),b /b, then beB.

oo

T. To every b e B there are {cn}n___" {bh}::l 5
such that ¢ e C, b e B, bnécn<b and b /b,

8, If b, b, e<b,ceC,b eB(n=1,2,.,..), then

there is n, such that ¢ < bn .
0

Example 1. Let X be a locally compact Hausdorff
topological space satisfying the second axiom of countability,
4
H= Zx, C be the family of all compact sets, B be the family

of all open Borel sets, ¥ and < coincide with the inclusion.

Ex am 2‘ le 2, Let 'H be the set of all non-negative
real-valued functions defined on a compact set Q, C be the
family consisting ofall positive continuous functions and the zero
function, B ‘be the femily of corresponding lower semicontinuous
functions, ¥ usual ordering and f£~< g iff either f£(x) < g(x)
- for all xe Q or f(x) = g(x) s 0 for all x € Q. 7



- 159 -

Now, we can define a content:

Definition 1. A real-valued function A : C—~R is

called a content, if it satisfies the followiné conditions:

9. A (o)
10, If ¢ £ 4, then Ale)
11. A (e) + A ()

¢, d € C.

12, A(e+d) = A(e)+ A(d) for every c, d e C.

O.

n

A(d).
Aleyv d) + A (cA d) for every

nv

Definition 2, For every content A : C— R we

define a mapping Jg : B Ru {e} by the formula:
Jo(®) = sup { A(c); ¢ <b, ce C},

e C(ne1, 2, ...),

Lemma 1. Let b £c <b, b €B, ¢

b /' b, Then Jo(b) = lim ]L(cn).

n

Proof . Put ¢
c<b . Then ¢<b
I )

¢ < b. By (8) there is n, such that

e C,
= bn S cn—( b for every n z ng. Hence,

N

ity

(2) and (10) imply A (e)
A(e) § 1im inf A (cn)

A(cn) for n = n; end therefore

Jo(b).

Z

11N

lim sup A (c,)

Theorem 1, The mapping J0 has the following pro-

pérties:

13. Jy(e) =0
14, If u, ve B, u £ v, then Jo(u) £ Jolvle
15, Jy(u) + Jo(v) g Joluna v) + Jo(u v v) for every u, ve B.
16. Jy(ubv) £ Jy(u) + Jy(v) for every u, v e B.
17. If w e B (n+ 1,2, ...) end w, /' u, then
lim Jy(u ) = Jy(u).

Proof . If ¢~ o0, then c £ 0. Hence ¢ =0 and there-

fore Jo(o) = A (o) = 0. The property (13) is proved. The property
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(14) is evident. To prove (15) end (16) teke w , v e B, o), 4 € C
such that u, s e, iU, vy £ <Lv(n=1,2,..) end uu,
v,/ V. By Lemma 1 Jo(u) = lim A (ep), Jo(v) = 1im A (a,). (1)
and (5) imply: ‘

Un A Vn
Y V¥

wrv, e rd cutv,u tv Suty;

{113

Ch A G <L UATY, WAV, S UAY

(L[]8

°ann‘< uvy, v v, fuvy

hence by Lemma 1, (11) and (12)
Jo(u v v)+ Jo(u/\ v) = 1im A (°n" dn) + l.in A (cn/\ dn) g
lim A(ey) + lim A(q)) = Jy(w) + Jy(v),
Jolu + v) = Lim A (ey + dy) = lim A (ey) + lim A(dy) =
Jo(u) + Jo(v). ' '

Finally we prove (17). Let w e B, W, "4, ce C, ¢ <u. Then

(8) implies the existence of n, such that c¢< nno. Hence

Ale) 2 Jo(uy ) € lim Jy(w)) € Jy(u) and therefore Jy(u) &

% 1im Jgy(wy) & Jy(u).

2. Mempsurability

"First we define J': H—» R U {o} by the formula:
J¥x) = inf {Jy(); b3 x, be B},

The notion of the Carath;odory, measurability needs another binary
operation \ on H.

In Example 1 the operation ™\ can be understood as the set
theoretic difference, in Example 2 it can be defined by £ \ g =
. = £ < min(f, g).
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In the general case the following dafinitibn is possible:

Definition 3. An element x e H is called to be

measursble, if Jy(u) 2 Jlux x) + J*(u A x) for every ue B.
Denote by M the set of all measurable elements.

If we assume some properties of the operation \ and the
initial mapping Jo(in our case these properties of Jo are
satisfied - see Theorem 1), we obtain go.od properties of M (see

[12] ). Here we are interested in the inclusion C < M only,

Theorem 2. Let H satisfy (1) - (5), B and C
satisfy (6) - (8) and the following two conditions: ‘

18, If d<L{ u\ ¢, ue B, d, ¢ € C then unc fu~a.

19-If neB,ceC then u~e¢ e B.

Let A : C— R be a content satisfying the following condition

20.:’[: d<{uNxc,e<u\d;c,e, deC, ueB, then
e+d<u and A(e+d) = A (e) + A(d).

Then C c M,

Proof.Let ce C. Take e, de C and ue B satisfying
(20). Then Jyu) 2 A(e + ) = A(e) + A(d) ,
Hence 'Jo(u) Zoup { A(e); eLu~d} + A(d) = Jolu > d) + A (a) =
Muac) + A(4) by (18) end (19).
Since d< u\ ¢ was arbitrary, we obtain

Jo(u) 2 J¥(u A ) + Jo(u\ c) = J‘iu/\ e) + 3 (u~e)

3. Extendability

- Finelly we give a sufficient condition for the equality
J“e) = A(e) for every ¢ € C.
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"Theorem 3. Let A(e)=sup { A(d);j d<Lu#e,decC,
ueB} =inf {a(e);civ £e,ecC,ve B} for every ¢ e C.
Then A (¢) = J¥(c) for every ¢ e C.

Proof .If ufc¢c,uecB,ceC end d4 u, de C, then
d<c by (4). Hene A(d) £ A (e) by (2) end (10), and therefore

A (¢e).

"A

21. Jo(u) = sup { A(d); 4 L u}

To every € > 0 and ¢ & C there are e, d € C, u, ve B such

that d<ufe, c£vse and

22, A(e) - A(@<e , Ale) = A(e) < & .

Then (21) and (223 give

nw

3% e) 2 Jlw) = Jpw) 2 A (@) > Ale) - €
J¥(e) £ J%(v) = Jy(v) § X(e) & Ale) +& for every
£>0.
Hence J*(e) = A(e).
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S6HERN

O KONSTRUKCII MIERY Z OBJEMU
BELOSLAV RIEGAN - MICHAL SABO, BRATISLAVA

V préei sa 3tuduji zcbrezenia J : S—> R, kde S je vhodny
svs. V pripade, %e S je sviiz mno¥in, dostévame klasicki kon-
Strukciu l:lu'y' z objemu. V pripade, Ze S Jje gzviiz redlnych funk-
cif (na kompaktnej mnoZine), dostédvame analogiu tejto konXtrukcie
pre Daniellov integrdl.

PE3DMKE

O KOHCTPYKIIMM MEPH M3 OB:EMA
BEJIOCJIAB PHEYAH - MMXAJ MABO, BEPATMCJABA

B paGoTe nsyuaprcs oTofpamemns J : S — R, rxe 8 mnoxxo-
ASEAS CTPYETypa. ECAN B xavecTse S BT q‘rpynypy MHOXGCTB, T0
NOXYYAETCK KXACCNYEGCKAS KOHCTPYKINS MePM N8 ofzexa. B caywae, xor-
A2 S - crpyxrypa xeficrExrexrmux ¢ymxnxi (ma xounaxTmoM MEOXecTse),

noayseercs axmaxor erolk EOENCTPYRONE Zas xmTerpaxa Jammesa,
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