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ON ALMOST CONTINUOUS FUNCTIONS

JAROSLAV SMITAL, EVA STANOVA, Bratislava

D. B. Smith [5] has shown thet a real function f : R— R
is continuous iff (a) it is almost continuous in the sense of
Husain, (b) it is almost continuous in the sense of Stallings,
and (c) it is not of the Cesaro type. He also gives examples
to show thet conditions (a) and (b) are not redundent. R. J.
Fleissner [1] has given an example to show that also the condit-
ion (e¢) is not redundant.

In the present note there are given some more general results.
It is shown that & function which is almost continuous in the‘sense
of Stallings and not of the Cesaro type, is cliquish (Theorem 1),
but not necessarily quesicontinuous (Theorem 2). Next result states
that a function which is cliquish and almost continuous in the
sense of ﬁusain, is continuous (Theorem 3). A3 a consequence we
obtain the Smith’s result quoted above. All results are Qtated in
& more general case fog functions from a topological space to the
set R of reals equipped with the usual topology.

First we recall definitions of the generalized types of
continuity which are involved in the-sequel. Here X and Y de-

note topological spaces.

Definition 1, Afunction £ : X—> Y is almost

continuous in the sense of Stellings iff any open set H <X x Y

containing the graph of f contains the graph of a continuous
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function g : X —Y (cf. [6] ).

Definition 2, A function £ : X— Y is elmost

continuous in the sense of Husain iff for each x e X, if Ve Y
is a neighbourhood of f(x) then £='(vV) is dense in & certain

neighbourhood of x (ef. [2] ).

Def inition 3. Afunction £ : X— Y is of the

Cesaro type iff there exist nonempty open sets, Uc X end Vc Y,
such that, for each y e V, ¢! (y) is dense in U (ef. [5]1 ).

Definition 4. A function f : X—Y is quasi-

continuous iff for each x € X, if Uc X and V < Y are neigh-

bourhoods of x end f(x), respectively, then there is a noriempty

open set G c U such that f£(G)c V (ef. [3] or [4] ).

Definition 5. Let (¥, p) be a metric space.

A function £ : X — Y is cliquish iff for each &3>0, every
nonempty open set Gc X cpntains a nonempty open set H such
that p(f(x), £(y)) <& whenever x, y € H (cf. [41 ).

! Clearly each function with values in a metric space, which
is quasicontinuous, is cliquish (ef. [4] ).

To prove Theorem 1 we need the following three lemmas.

Lemma 1. Let X bea T, topological space, let
£ : X—>R be continuous in the sense of Stallings. Assume that
there is a closed connected set Fc X and some a € R such that

a ¢ £(F). Then f is upper- or lower-bounded on F by a.

Proof . Assume that there exist b, c € F such that
f(b) <a and f(c)> a. Let P=F x {a} v {b}x[a,oc)u
uielx (-oo , @8] + Then clearly P is a closed subset of
X x R not intersecting the graph of f, hence G = Xx R\ P is
an open neighbourhood of the graph of f. Thus G contpins the
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greph of a continuous function g. Since g(F) is connedted and
e ¢ g(F), we have g(F) ¢ (- oo, a) or g(F)c (a, o), hence
fe} x{gle)} ¢ G or {b} x {g(b)} ¢ G, respectively, and

this is a contradiction.

.Lemma 2. Let X be a locally connected T3 Baire to-
pological space. Let f : X — R be almost continuous in the
sense of Stallings and not of the Cesaro type. Then each nonempty
open set G contains a nonempty open subset H such that f is

bounded on H.-

Proof . Let G#@ be an open set. Put

Ay = f'l'((-n, n)), forn=1,2, ... . Since Z!,An,_;x and
G is of the second category, there is some k and an open subset
H #¢ of G such that A  is dense in H;. Since f is not
of the Cesaro type and X is T3 and locally connected, there

is some p e (k, co) and a connected closed subset H, of H,
with nonempty interior such that p ¢ f(H,). Since A, is dense
in H, we have, by Lemma 1, f(t)< p for t e H,. Similarly
there is some q & (= oo, '-Y_) and a connected closed subset l-l3
of H, with nonempty interior such that £(t) > q for te Hy.

Now it suffices to put H = int Hy, q.e.d.

Lemma 3. Let X be a T3 locally connected topological
space, Let £ : X—>R be almost continuows in the sense of
Stallings eand not of the Cesaro type. Let G be a nonempty open
set such that [f(x) - £(y)|] <« K for x, y € G. Then there is
a nonempty open set Hc G such that [f(x) - £(y)| < —% K, for
X, ye H,

Proof ., Let G, f satisfy the assumptions. Then there
is some a & R such that f(x)e [ a - K/2, a + K/2] for each
X€G, Let I= (a~K/6, a+K/6), Since f is not of the
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‘Cesaro type there is some p e I, and a nonempty open Gy < G

such that p¢ f£(G,). Let F be a closed connected subset of

G, with nonempty interior. Then by Lemma 1, either
(1)/ £(x)> p, for each x e F, or
(2) f(x) < p, for each x e F,

In the case (1) we have f(x) € (a - K/6, a + K/2] , and hence
1£(x) = £(y) | < —%— K,

for each x,.y €F. The same is true if (2) holds. To finish the

proof it suffices to put H = int F.

Theorem I, Let X be a T3 locally connected Baire

topological space. Let f : X—R be almost continuous in the
sense of Stallings and not of the Ceséro type. Then f is cli-

quish.

Proof. Let ae X, let G be an open set containing
a, and let &> O. By Lemma 2, there is a nonempty open set
G, € G and some K >0 such that [f(x) - £(y)| < K for
X, ¥ € Gy Choose a positive integer n such that (2/3%k < € .
Now using n-times Lemma 3 we obtain a nonempty open subset H of
G, such that | £(x) - £(y) |<g for x, y € H, q.e.d.

The following theorem shows that in the preceeding theorem
the cliquishness cannot be replaced by the more strong quasi-

continuity.

Theorem 2. There is a function h : R—> R almost
pontinu@us in the sense of Stellings and not of the Cesaro type,
which is not quesicontinous.

First we introduce notation which will be used throughout
the proof. Let K, (n=1, 2, ...) be the intervals contiguous
to the Cantor set in the interval [0,1] , and put
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M= En u 10, 1Y , where A denotes as usually, the closure

1
of A. Let D be the set of all numbers of the form a + n

5 C8

where a€ M and n is an integer. Moreover, Bd A denotes the
boundary of a set A, and if A 1is a subset of the plane R x R
then Ay denotes its projection to the x-axis,

We begin the proof of our theorem with the following

Lemma 4. Let Gc Rx R be an open set such that
D x {0} ¢ G. Assume that G contains the graph of a function
f : R— R, eand that the cardinality of the set (Bd Gy n (R\ D)
is less then the cardinality of the continuum. Then G contains

the graph of a continuous function g : R—> R.

Proof of the lemma. If R x {0} ¢ G the Lemma is true.

Hence we may assume that there is some point ae€ R\ D such
that {a} x {0} ¢ G. Since G is open and f(a) € G there
are bounded open intervals I, end Ja in R such that

I, x {f(a)} ¢ G, end both 0 eJ, &and f(a) €J,. Put
F=(Bd G) n (I x Jdg)e Then FcBd G and F is a compact.
Hence Fy is a compact end therefore I~ fx is open. Denote
by 8, & the left - and right-hand end point of Io» respecti-
vely. Then (a;, &) N Fy; # # and (a, 8,) \ fx # g. Indeed, if
e.g. (ay, a) c Fy, then

(Ba @)y n (RND) > i?'xn (R~D) > (8, a)n (RN D)

has the power of the continuum by the well-known property of the
Cantor set (each point of R\ D is a bilateral point of conden-
sation of R\ D). Let L,(a), Ly(a) be open intervals such that
Ly(a) c (8, a) \ FX’ and Ly(a) < (&, 85) N FX' We may assume
that L, (a), L,(a) ¢ D. The rectanguler L,(a)x Jo does not

contain eny point of Bd G, hence there is a surjective non-
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decreasing continuous function (,: Iy (a) = [0, f£(a)] , whose
graph lies in @, _ Similarly we can find a surjective non-increasing
function y,: L,(a) —> [0, f(a)], whose graph lies in G. Now

let S, be the least open interval containing L,(a) and L,(a),
and let g, be a function sa—>[o, f(a)] such that ga(x) =

= cp.(x) for x &L, (a), g.(x) = ‘Pa(x) for x € Lz(a), and
g.(x) = f(a) otherwise. Clearly g'. is continuous.

If ae R is such a point that {a} x {0} € G 1let s,
be an open interval containing a such that Sa x {0Yc G, and
let g.(x) =0 for x e 3.. '

Now the intervals {S_, a € R} form an open cover of R
hence we may choose a sequence {an} ;,1 of r;al numbers such
that the corresponding intervals S‘n cover R and such, that
no three such intervals overlap. Let g : R—> R be defined as

follows: If there is only one S, containing x, 1let g(x) =
n

= gan(x), and if x & S.nn S.- let g(x) = max {ga. (x),gan(x)}.

It is easy to see that g is continuous and that its graph is
contained in G. '
Now we may proceed with

Proof of the theorem. For any two points u, ve R\ D, u<yv,
let H(u, v) = RXx RN ({u}y x (o0, 1] ulu, vIx{1}u {vix
x [1,00 )). Every such set is called spetial set (cf. [1] ).
Let (2 denote the first ordinal of the power of the continuum,
and let {Gq}m<n be a transfinite sequence of the open
sets in the plane which (a) contain D x {0}, (b) contain the
graph of a function R — R, and (c) do not contain the graph of
any continuous function R —> R. It is easy to see that each
spetial set occur in the sequence.

Using Lemma 4 we may define by the transfinite induction
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sequences {a, J, . and {b,l,..n such that, for

each ¢ , a, € R D, fa, } x {byx}eBdaG,, and 8, # a, for

a
o # . Moreover, since the spetial sets occur in the sequence,
we may assume that for some o y by =1,
Now let h(x) = b, if x = a, for some o , and let
h(x) = O otherwise. Clearly h is almost continuous in the sense
of Stallings since if an open set G contains the graph of h
then G # Gy, , for each o , hence G contains the graph of
a continuous function. Since h is zero in the whole R except
of a nowhere dense set, h is not of the Cesaro type. And finally,
it is easy to see that h is not quasicontinuous at any point, a,
for which h(a) # O and this finishes the proof of our theorem.
The following theorem is stated for functions with more
general range. May be it is known but we are not able to give

any references.

Theorem J. Let £: X—Y, where X is a topological
space, and Y a metric space with a metric o . Then f is
continuous iff f is both cliquish and almost continuous in the
sense of Husain.

From Theorems ¥ and 3 we obtain immediately

Corollary. Let X be a T3 locally connected
Baire topological space. A function f : X — R is continuous
iff it is almost continuous in the sense of Stallings, almost

continuous in the sense of Husain, and not of the Cesaro type.

Proof of Theorem 3, Let f be almost continuous in the sense

of Husain and not continuous at a point a, Choose €& > O such
that

lim sup o (f(x), £(a)) > 3¢ .
X—>8a
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Let V, be the & -ball centred at f(a); then the set 1w,
is dense in a certain neighbourhood G of a. Let be G such

that
e(£(a), £(b)) > 3¢ .

If V, is the ¢ -ball centred at f(b), then the set f'l(Vb)
is dense in a certain neighbourhood H < G of b, But in this
case osce(x) >¢ , for each x ¢ H, and hence £ is not cli-

quish, q.e.d.’

Author’s address: Jaroslav 3mital a Eva Stanové
Katedra tedrie pravdepodobnosti a matematickej
Statistiky PFUK,
Matematicky pavilon, Mlynské& dolina
816 31 Bratislave

Received: 22.9.1977

REFERENCES

[1] Fleissner, R.J.: An almost continuous function. Proc. Amer.
Math. Soc. 45 (1974), 346-348.

[2] Husain, T.: Almost continuous mappings. Ann. Soc. Math. Polon.
Commentationes Math, 10 (1966), 1-T7.

[3] Kempisty, S.: Sur les fonstions quasicontinues. Fund. Math.
19 (1932), 184-197.

[4] Mercus, S.: Sur les foncti ons quasicontinues. Fund. Math. 19
(1932), 184-197.

[5] Smith, B.D.: An alternative characterization of continuity.
Proc. ‘mero Math. Soco 30 (1973)) 318-3200

[61 Stallings, J.: Fixed point theorems for connectivity maps.
Fund. Math. 47 (1959), 249-263.



- 155 -

SGHEHRN

0 SKORO SPOJITYCH PUNKCIACH
JAROSLAV SMITAL A EVA STANOVA, BRATISLAVA

V préci sa skimaji vetahy medszi tymito typmi sovieobecnenej
spojitosti redlnych funkcif definovanfch na topologickyeh priesto-
roch: Spojitost, skoro spojitost v smysle Stallingsa, skoro spoji-
tost v zmysle Husaina, kvézispojitost a “cliquish" - spojitost.

PE3DNMNE

O NOYTM HEMPEPHBHHX &YHKLIMAX
SAPOCJAB CMHTAJ M EBA CTAHOBA, BPATHCJABA

B pa6oTe NCCAGAYDTCS HOXOTODHEG CBASE MOXXY CJICAYDENME THNAMNE
o6o6mexnolk EenpepusBmocTN CemecTBemHENX (yExumit ma TONOXOrNYeCKNX
npocTpaxcTsaxi HenmpepHBHOCTL, MOYUTN-NENPEPHNBEOCTL B cMmucxe Cra-
ANErCca, NOYTHN-HENPEePHBEOCTHL B cMEcxe Xycallma, xBasNHenpepMBEOCTH

X "xaNKBNE"-HENPEPEBEOCTH .
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