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DIAMETER STRONGLY CRITICAL GRAPHS

PETER KYS, Bratislava

Under a graph we mean throughout the paper an undirected
finite graph without loops and multiple lines. This paper presents
the continuation of the series of papers [2] - [T7] about
e-criticel graphs. A graph G is said to be e-éritical if the
deleting of an mrbitrary line from G increases ita diameter.
Meny results of these papers were formulated for the graphs of the
diameter d 2 2 with a girth at least d + 2 called dh-graphs.
The claess of diameter strongly critical graphs examined in this
paper is a subclass of the class of e;critical graphs,

Our terminology as well as denotation is based on [l] except
for the given here. A greph G = (V, E) has the point set V = V(G)
and the set of lines E = E(G). By dg(x, y) we denote the distance
between two points x, y € V(G). If v e V(G), then by Nz(v) we
denote the'neigborhood of v (i.e. NG(V) = {u/dG(u, v) =1}).
The lenght of a walk P we denote by A(P). Let k be a natural

number. Let for i =1, 2, ..., k P; bea vni-l - vni walk in G
with the points vni-l’ vni-1+l’ AL vni. The concatenation of
Py (in a given ordering) we define as the V. ~ o walk with

(¢] k

the points vno, vn°+1, "f' vnl, ceey Voo 4py eeey vnk. Let

k-1
-1

P be a Vo = ¥, Walk with points Vor Vis eeey Vpe By P we

denote the Y= Y walk with the points Yt Vo=t o0 Voo
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Further, for any integers k, m with 1 £k ¥ m 2 n we denote
by P(vy-v.) the Vy~Vy 8ubwalk of P with the points

'k' 'k"’" eoey 'no

Definition 1, Agraph G = (V, E) is said to be
diameter strongly critical (in the next strongly critical oniy)
with the diemeter d, if the following holds:

1/ 4(G) = A<+ o0
2/ for every line xy e E(G) and every two points t, s € V(G)
tyo inequality dG_xy(t,a) > d holds if and only if ts E xy,.

In Fig. i we have shown two examples of strongly critical
graphs with diemeter two.

Fig. 1

The next three assertions follow immediately from the de-
finition 1,
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Assertion 1, The complete graph xn, nza2, is

atrongly critical v1th the diameter one.

Assert i on 2. Every strongly critical graph with a
diemeter 4 22 is a Ja-graph.

Asser tion 3. The only strongly critical graph with

an endpoint is the complete graph K.
In the next theorem we introduce an operation for extending
of strongly critical graphs with the diameter two by one point.

Theorem 1. Let G =(V, E) be strongly critical graph
with the diameter two. Let x e V(3), y ¢ V(G). Then the graph
Gy = (Vy, Ey), where V; =V u {y} end E, = E v {yt/t e Ny(x)}
is strongly eritical with diameter two.

P roof . Let us denote Kg(x) = $ty, ty, eeey t.3
(rig. 2).

Fig. 2

By the assertion 3 we have Xk 2 2. Obviously 4(G) = 4(G,) and

G, is a Jd,-graph. Thus for every line uv e E, we have

dGI_W(n,v) > 2. For every two points m,n e V, with 45 (m,n) = 2
. 1
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we shall prove that d (m,n) £ 2, Clearly d (m,n) £ 2

Gy-uv Gl-uv
for every two points m, ne€ V, because G is strongly criticel
with the diameter two. Let me V, n =y, m £ No(x), m # x. As
d3(m,x) = 2, there exists i such that 1 2 i% k and mt;e E.
From the properties of G we have dg_mt_(m,x) = 2. Hence there
exists j with i# j, 154, j2k ans mt; & E. Therefore
(x,y) = 2, because

a (m,y) =2, If m=x, we have 4

G, -uv Gy-uv
k & 2, Hence G, is strongly critical with the diameter two.
Further we bring out some necessary and sufficient conditions

for a graph to be strongly critical.

Theorem 2. Let G=(V, E) bea . dy-graph (4 z 2),

Let for every two points x, y € V with dG(x,y) > 1 there be

WA
[« 7]

two line-disjoint x-y paths P;, P, in G such that A(P;) =
for i =1, 2. Then G is strongly critical graph with the dia-

meter d.

Proof. Le¢ uve E. Then d;_,.(u,v) >4, Dbecause G is
a d’d-graph. Let t,qeV, t#q, {t,a} #¥ {uyv} . If
dG(t,q) = 1, then also dG_uv(t,q) = 1. Let dj(t,q) > 1. By the
assumption, there are two t-q paths P, Py of the length

A(P;) $a for i =1, 2. Therefore d, . (t,q) Sd end G
i

G-uv
is strongly critical graph. Hence the theorem holds.

Corollary 1. Let G=(V, E) be a dh-graph. Let

for every two points x, y € V with dG(x,y) > 1 there be a cycle
C containing x and y such that A(C) £4d + dg(x,y). Then G
is a strongly critical graph.

Proof . There are two line disjoint paths C(x-y) and
C(y-x) in G both of the length less than or equal to d. The

proof immediately follows from the theorem 2.
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Theorem 3., Let G be a strongly critical graph with
a diameter d Z 2. Then for every two points x, y € V with
dG(x,y) > 1 there are at least two point-disjoint x - y paths
Pyy P, of the length not exceeding 4.

Proof. Let x, ye€ V with dG(x,y) > 1, Put

h = dG(x,y). There is an x-y path X of the length h., We
denote the points of this path by x = Xyy Xyy ooy Xp_ g4y X =¥
(Fig. 3). Further by /# is denoted the set of all x-y paths
with length not exceeding d and not containing the line xx, .
Anelogously by XA we denote the set of all y-x paths of the
length not exceeding d and not containing the line XY As
G is a Jd-graph we have dG-xxl(x’y) £ 4 eand also

dG-xh_]y (x,y) €d. Hence # #@, A #@. Let P be a

shortest path from # end Q be a shortest path from & .

Let us denote the points of P by Py = Xy Pys Pps «eey Py = ¥;5
the points of Q by Qy = Vs Q4 9oy ooy Qp = Xo Certainly

n, m S d. Let s be the minimal index such that s >0 and

Pg € X. To prove the theorem in the case 8 = n it is sufficient
to set P, =X, P, = P. Analogously let r be the minimel index
such that 9. € X and r >O0. For the proof of the theorem in
the case r = m it is enough to set P, = Q! P, = X. Let
O<s<n and 0<r < m There must exist the hatural numbers
i, § 1 £ i, § % h such that Pg = X3 and qr=xj. We will

distinguish two cases:

A/ q, ¢ P(x-pg), for every c¢ < r, (Fig. 3).
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Fig. 3

By the concatenation of Q(y-q,) eand X(xj-y) we get a cycle.
Since G is a tfd-graph, we have:

r+h-j2d+2 (1)

Analogously by the concatenation of P(x-pa) and X'T(xi-xo)

we get a cycle. Hence

s+iZa+2 (2)

If n-s<h-=-3i then the concatenation X(x-ps) and P(ps-y)
is an x-y walk of the length i + n -8 <h, which is a
contradiction. Thus .
| n-s2h-i (3)
If m~-r <j, then the concatenation of Q"(qm-qr) and
X(qr-y) ‘is an x-y walk of the length m - r + h - j <h, which
is a contradiction. Hence

- j+rémfa (4)
Summing up (1) and (2), (3) end (4) we get two inequalities which
immediately give i 2 j+ 2. We have A(Py)=s +h -1 £ntaq
by (3) and A(P,) = j+r €43 by (4). To prove'the theorem in
this cese, it is sufficient to put the concatenation of P(x-p,)
and X(p,-y) for P;, the concatenation of x(x-xj) and Q-l(qr-y)
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for Pz.

B/ There is8 ¢, ¢ <« r, such that. q, & P(x-ps), (Fig. 4).

1 L7 LR

Yp-4 1 B Yy

Fig. 4

Let k be the minimal index for which q € P(x-ps). There is t
-such that 0 < t < s and Py = Q-

First we show that Q(x-qk) does not contain the line xx,.
Let the opposite be true. Then xx; = q.q, ¢, 8nd xx; ¢ Q(qk’qm-l)'
From the properties of P follows xx; ¢ R(x-pe). The concatena-
tion of Q(qk-xl), xx, end P(x-qk) is a closed walk of the
length m - k + t. Then there exists a cycle F containing xx,

such thet A(F) S m - k + t. Hence
m-k+t 2 4a+2 (5)

because G is a d'q-greph. The concetenation of Q(y-q),
P(qy-p,) and X(p,-y) is a cycle, and we have also

k+s-t+h=-31 2 a+2 (6)

The inequality (3) holds in this case too. A comparison of (3)
and the sum of (5) and (6) gives m £ 4 + 4, a contradiction.
Thu" n] ¢ Q-

If m-k<t, then the concatenation of Q"(qm-qk) and
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P(qkfy) is an x-y walk U of the length A (U) = m - k +
*n-t<n, Evidently xx; ¢ U. Then there is an x-y path

Z in G such that A (Z) < n and xx; #£ 2. This path belongs
to P , @ contradiction. Hence m 2 k + t. The concatenation of
P(x-p,) and Q"(qk-qo) is an x-y path W, The paths X and
W are point-disjoint. The length of W is AW) =k +t £

£ m% 4. For the proof in this case it is sufficient to put

P1 =W and P2 = X.

This completes the proof.

Corollary 2. Every strongly critical graph has no

cutpoint.

Corollary 3. Agraph G = (V, E) with a diameter

d is strongly critical if and only if G is a dh-graph and
for every two points x,y € V with dG(x,y) > 1 there are at
least two line-disjoint x-y paths 1 2) P, in G such that

A (By)

(1N

d for i=1, 2.

Proof . The proof immediately follows from the Theorems

2 and 3.

Theorem 4. Let G= (V, E) bea ofd-graph with

2% 3d%4, Then G is strongly critical if and only if for every
two points x,y € V with dG(x,y) > 1 there is a cycle C such
that x,y € C and  A(C) £ 4 + d4(x,y).

Proof . The sufficient condition follows immediately
from the Corollary 1.
Let dG(x,y) =h, 2% h%3, There is an x-y path X of the
length h in G. Because G is strongly critical, there exists
a y-x path Q, with A(Q) = d, which does not contain
Xp-1Y. As G cennot contain a cycle of the length less than

d + 2, the concatenation of Q and X form the required cycle C.
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The existence of C in the case h = 4 follows from the Theorem 3.

Theorem 5, Lt G=(V, E) bea J‘z-graph. Then

there exists a strongly critical graph F = (U, W) with the dia-

meter two, containing G as an induced subgraph.

Proof, Let [Vl =n,V= {x,x,, ...,xn}. Let

S= {¥ Yo evey ¥y } Dbe a set, for which S n V = @. We define
the graph F as follows:

U=V:S, W=EuE]uE2, where

E, = 121 {yixj | x1xj€E for j=1,2, «se,n }.

E2= {yiyj\xixjeE for i,j=l, 2’ ..o,n}o

By this definition, G is an induced subgraph of F, and G
does not contain any cycle of the length 3. Let p,qe U, pq ¢ W.
We shall show, that in F there exists a cycle of the length 4,
which contains p and q. It is sufficient to consider the fol-
lowing cases:

1/peV,q<;V,p=xi,q=xj ,i#3,1%4,j%n,
Then dG(xi’x:j) = dl-‘(xi’xj) =2 and there is x e V, k # i, §
such that x;x, € E and x‘]-xk € E. Then also X4 € E;
ykxj I3 E1 , and xiykxjxkxi is the required cyocle.

2/peU—v,qev,p=yi,q=xj,réi,jén.
If i=Jj, then there exists x, €V, x, #x; such that
X; € E. Then also YiXy € E,. Simultaneously Y3y € E2 and
YX; € Et by definition of F. So, X XV Y5 Xy is the required
cyecle.
If i# j, then dG(xi'xj) = 2 because in the opposite case
we have Y;X; € E; which is a contrediction. Hence, there is a

J

point X eV, xp # xi,x;j such that x.x, € E and x;x € E.

J
Then also y;y, < E;+ As x;x € E, there must be y;y, € E,.
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Simultaneously, ’kxj € E;. Thus xjxkyiyk‘j is the required
cycle. '

The proof follows from the Corollary 1.

Theorem 6. Let G= (V, E) be a graph without

triangles. Then there exists a strongly critical graph with the
diameter two, eontaining G as an induced subgraph.

Proof . By the Theorem 1 from the paper [ 7] there is
a anz-graph G, = (V,, E;), containing G as an induced sub-
graph. The proof then follows from the Theorem 5.

Further we are going to present two constructions of strongly

eritical graphs with the diameter four.

Construction 1. (Fig. 5).

Fig. 5

Let K, -(Un, H)) be the complete graph, with lUnI Z 4.
Let U = {x,, Xy eeey xn} « To construct a strongly critical
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greph G with the diameter four, we insert into every line 5% 5
from Hj (i # j) exactly one new point yij(yij = ¥4 Vij ¢ Un).
So, we get a greph G with the diameter four. As every two line
of H, must be in some 3 or 4-angle in K,» the assumptions
of the Theorem 4 for G are satisfied. So, G is a strongly

eritical graph.

Construction 2. (Fig. 6).

Fig. 6

Let K .4 , m¥l = (V, E) be a complete bigraph. There are the

m
sets V, = { x , X1, eeey X} 5 Vo = {¥y ¥y eeey Y} such that
V=V,u V,, V; nV, =@ end E={xiyj/i=0,l,...,n;

J
into every line X33 5 with i=1,2, e, n; j=1, 2, ¢ooy m of

0y, 1, ooy m} . To construct the greph G in Fig. 6 we insert

the greph K ,, ,m#l = XY, exactly one new point zij/zij = 254,
%5 ¢ V/. It is eesy to verify, that the assumptions of the
Theorem 4 are satisfied and d(G) = 4. So, G is strongly critical

with the diameter four.



We have presented some constructions of strongly critical
graphs with the diameter two and four. In the isolated cases we
know examples of strongly critical graphs with another diameters.
For example in Fig. 7 there are two strongly critical graphs,
first with the diameter three and the second with the diameter

six,

Fig. 7

We conjecture that for every natural number d 2 2 there

is a strongly critical graph with the diameter d.
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SUHRN
SILNE KRITICKE GRAFY S DANYM PRIEMEROM

PETER KYS, BRATISLAVA

Autor v préci skuma grafy, ktorfch priemer sa zvH&31, ked od-
strénime TubovoXnd hranu, priZom jedinou dvojicou vrcholov, ktorych
vzdialencs t bude v#¥¥ia ako priemer p8vodného grafu, je dvojica vr-
cholov incidentnych s vynechanou hranou. SY dané niektoré vlastnosti
tejto triedy grafov, nutné a postadujice podmienky na to, aby graf
patril do tejto triedy, eko aj niektoré konStrukcie takychto grafov.
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PE3DME
. CWJIBHO KPHTMHECKME I'PA¢H IAHHOI'O IMAMETPA

TIETEP KHIl, BPATHCJABA

B paGoTe mccaenyorcs rpadH, ZmaMeTp KOTOPHX yBeauunsBaeTcsa
ynaaue avb6oe pebpo, npudeM eZMHCTBeHHOR mnapoil BepmmH, KOTOPHX
paccTosHMe CTaHeT GOXLNMM AMaMeTpa OCHOBHoro rpada, G6yzeT napa
BepIINE MEUMAEHTHHX C YJAAJeHHHM pe6poM. [JaHH HeKOTOpHe cBoitcTBa
¥ KOHCTDYRUMEM BTMUX rpados, xax u HeoOXooMMMe M XOCTATOYHHE yCJaOo-

BN OIS Toro, YToON rpad NpuHALJAeXas K STOMH KJaccy rpados.
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