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UNIVERSITAS COMENIANA
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXXVI — 1980

REMARKS ON THE THEORY OF REAL FUNCTIONS

P. Kostyrko, T. Neubrunn, T. Saladt, J. Smital, Bratislava

ADDITIVE FUNCTIONS BOUNDED AS FUNCTIONS OF INTERVAL AND
UNBOUNDED AS FUNCTIONS OF ELEMENTARY FIGURES

It ka1, Ek denotes Euklidean k-dimensional space. The notions
additive function of interval, elementary figure, and additive
function of elementary figure are used in the same sense as in [1].
Interval means closed non-degenerate interval, Let us remind that
an elementary figure is a union of finite number of intervals
without common interior points. The symbol J stands for the set
of all intervals in Ek and & for the set of all elementary figures.
Any additive function ¢ defined on J may be uniquely extended to
an additive function defined on & ([1] p. 358). If ¢ is an addi-
tive funct.on on & then <p"'. P' are defined on & as follows:
i1f Re &

@* (R) = sup {p (3): RoSe R}
@~ (R) = ~inf {p (S): koSe &}

The functions ?*, (p' are called upper and lower variations of
the fuaction @ , respectively.

\n additive function @ may be bounded on J and unbounded
on & .
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Lemma 1., For any k21 there exists an acditive function @

defin=a on & such that P is bounded on J and unbounded on & ,

Proof . To avoid complicated notion we shall give the
proof only for k = 1. Define ¢ on J , If IeJ , I =<a, b7,
then

1 -
p (1) = »nkg(a,b) (-0 1"1(1

where the sum is taken over all positive integers belonging to

{a, b)., The additivity of @ 1is obvious, the boundedness follows
from the converg:ance of E: (-1)"”n'1. The function ¢ is un-
bounded on & ., In fact, :;11( is any positive number it is suffi-
clent to choose R = (271, 3.27')> u ¢5.277, 7.27H>u ... u<(4n+1)2}]

(4u+3)2’1> and if n is sufficiently large we have @(R)>K.

Lemma 2. An additive function @ is bounded on & if and
only if @ is of bounded variation.

Proof . If ¢ is bounded on R tnen <p"', ¢~ are boun-
ded on & , hence @ 1is of bounded variation. If @ is not bounded
on & then at least one of <p"' » <p' is unbounded on & , hence
their sum which is the variation of P is unbounded.

Denote by M(Y ), M(R) the set of additive functions bounded
on J , R s respectively, We omit the proof of the following simp-

le lemma.

Lemma 3. If ¢ ¢ M(R) and K # 0 is a real number, then
Kpg M(R). If ¢ M(R) and @, e M(R), then @ + Po ¢ M(R).
A metric © may be introduced on M(J ) as
. = | I) -9 (I)I
elp.y) ;uepJ{ P (D) =p(D) 1}

Since (M(J), p) is the well-known space of bounded real functions

which are defined on an index set J , with the supremum metric,



the convergence in M(J ) means the uniform convergence and the spa-

ce M(J ) is complete.

Theorem 1. M(R) is of first category in M(J ).

Proof. Forn=1,2, ... put  ={p: peM(AR),
©co
guzp&{l P (R)I} £ n}. We have M(R) = nLi1nn’ We show that M ,
na=1l, 2, o0y are nowhere dense in M(J ).
Let us show at first that ln i8s closed. Let Py € I%. i=1,
8
» 2y00¢y and let lim @ i" P .Choose Re & .We have R ",#11,1 where IJ..

i—>oco

J=1, 2,...y 8, are non-overlapping. Since lim ¢ (I,) = ?(I )
{90 1 J J

we get

8 8
lin @ (R) = lim 3 @ (I,) = ;;199(13) =p(R)£n

i1—00 i»c0 J=1

Since R is arbitrary, we have @€ %. Hence lln. ns=1, 2, ... is
closed. Now it is sufficient to prove that the complement of Ilu
is dense in M(J ), Let P, € M(J ) and € > 0, Let s(?o,e) be
a sphere with the center @ and radius €. If @ ¢ M, then
the existence of an element in S(¢ o? € ) belonging to the comple-
ment of M is proved. So let @ € M . Choose § such that
PeM(I), P ¢ M(R) (Lemma 1). Let K be a real number such that
[ (I)/KI<e /2 for every IeJ ., Put ¢, = P /K. Evidently

Pq€ M), but @, ¢ M( R) (Lemma 3)., Moreover, (again by Lemmg
3) ot Py M(R). Hence @ + @, ¢ M. Put 9= @+ @,.
Then for any IeJ [¢ (I) "Pou)"l?lu)‘< €/2. Thus
;:%‘Ucp(l) - P (D IlcE .50 peslyp,, el

Corollary « The set of all functions ¢ such that
@ € M(J) and @ ¢ M(R) is a residual set in M(J ),

Proof., It follows from Theorem 1 and from the fact
that M(J ) is a complete space,

Corollary 2. The set of all additive functions P
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which are bounded but of unbounded variation is a residual set

in ll(.'J )'

Proof, It follows from Corollary 1 and Lemma 2,

A REMARK TO AN ADDITIVE SET FUNCTION

In the next text we shall deal with an example of the mono=-
graph [1] (p. 376, ex. 20). An additive set function defined on
the smallest set algebra X , which contains all left closed and
right open intervals in <a, b> (a, be E,), will be investiga-
ted. Obviously the algebra J¢ will be the class of all finite
unions of sets of the form (¢, d), (¢, D) (a<c<d<b), and of
the set {b} . We shall deal with an additive rfunction 17;P defi-
ned on X , generated by a real function P {a, b)— l‘:1 such
that Jp (<o, ) = @ (Q) =@ (e)y Yp(Key bY) = @ (D) = Pe)
and 1"P({b }) = o0,

In the mentioned example a sufficient condition is given
warranting that the function t"? is not € -additive ( ¢ conti-
nuous, @ is not a function of finite variation on {a, b)> ), This
condition is not true, It is shown in the following example.

Example, Let (a, b)) = <0, 1> and sp(x)-xainx"'

for xe (0, 1), P (0) = 0, The function @ is continuous on (0, 17
and it is not a function of finite variation on <0, 1) (see[2],
p. 161). But ¢ is O -additive on X .

Let ;U B.e X ., Let B;]”Bk =P for J # k and let ¢>0 exists
such that ,1(-'-’13.1C <e, 1) . Suppose li‘1 -(cj. dj) (j =1, 2,
s eeo)e The continuous function P is of finite variation on {c, 1),
hence it can be expressed as the difference of two continuo"%s non-

decreasing functions, @ = Pq- 92’. But 1’7, . (39133) r ,1Z=:1 ‘%‘;1(33)
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holds for nondecreasing function (Pi (1 =1, 2). This can be ve-
rified e,g. by the method used in monograph (3], p. 35. Conse=-

auently, using the equality 17,%, = 1)‘?4 - \}?,2 » it follows
00

25 -
=1 Y = sy
Let jU1BJe X , and let Bjn B, = § for J # k. It can be suppo-

sed that sets Bde X (J =1, 2,..4) are connected with respect to
the usual topology. Let Jo ana J1 be indices of sets BJwith the

rroperty Oijo, e B (if sets with these properties are in the

Jj1
sum). If B = U{B: § ={1, 2, .o }=1{3,, 3y}}e X, then the
cualities ( JU, 2= Y 3+ U3y + D B) = LBy
+ Jp (By,) +3T{p (By): g e{1 2,...} - {.10. 311} - i:, (3 )
hold according to the proved facts.

Further a sufficient condition to the non-o& -additivity of

the function 1?1, will be given.

Theorem 2, Let X be an algebra and 'QP be a function
of the introduced meaning. Let xe(a, b)> be a point in which the
function ¢ 1is continuous on the left and let @ be the function
of non-finite variation on each interval ¢ x; x ) (c{a, b)), Then
1}? is not 0 -additive.

Remark. The above mentioned Example shows that proper-
ties of the function P in Theorem 2 ure essential to the non- 0 -

-additivity of 1, .

P roof of Theorem 2, From assumptions of Theorem 2 it
follows the existence of a sequence {5}“1’. ’h< Xne1? xn—ox = such

that 1)51 l? (xn+1) -9 (x )| = +c0., Hence the series :1 (B )

(B, ={ Xp» xn+1)) is not absolutely convergent and if t‘ is a euitab—
le permutation of the set of positive integers then Z 1) (B t(n) )¢
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TWO NOTES ON THE ALMOST UNIFORM CUNVERGENCE

Let X be a metric space and denote by C(X) the set of all
continuous real-valued functions on X. It is well known that tiie aluost
uniform convergence in C(X) is metrisable provided X is a separable
locally compact metric space (see e.g. [1], p. 158). We show that

each of the two properties is substantial,

PTheorem 3. Let (X,0 ) be a non-separable metric space,

Then the almost uniform convergence in C(X) is not metrisable,

Proof ., Let Dc X be an uncountable set such that for
a suitable & > O there is o (x, y)> € for all x, yeD, x 4 y.
Let F be the system of all real-valued functions defined on D, To
each fc F assigne a function e C(X) defined as follows: Let
£%(x) = f*(a) . dist(x, X - S(a,&)) if xe S(a, £ ) for some ael,
and let f£(x) = O for x¢ S(D, £) (here S(a, € ), or S(A, &) denote
as usually the open g -neighbourhood of the point a, or of the set
A, respectively). Put F* = {£¥ : reF}. Clearly the mapping £+ £*
between F and F* is one-to-one, and a seguence { fnf: from F
converges pointwise to a function f if and only if the sequence
{ f;};° converges alomost uniformly to t* ., This follows from the
fact, that for every compact AcX there is only finite number of
points a from D with the property An S(a, €) 4 . But the pointwise
convergence in F is non-metrisable, since the corresponding conver-
gence topology is the product topology for T]'£1, which does not
satisfy the first axiom of countability if D is uncountable (see
(7], p. 92), q.e.d.

The following theorem shows that the local compactnes of X

cannot be omitted,

Theorem 4. There is a separable metric space X such
that the almoet uniform convergence is not metrisable even in the

space C*(X) of all bounded continuous real-valued functions on X,
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Proof . Let X be the set of all irrational numbers between
0 and 1, with the usual topology. Let {sk§:1 be a sequence of
4
all rational numbers from the open interval (0, 1). ror every posi-
tive integers m, n define a function fm n ¢ x——»E1 as follows:
»
n -
fm,n(X) =0 if x>g , and fm’n(x) = (1 +x =~ s,)" if x< s . Each

fh.n 18 clearly continuous and bounded, and for each m
’

lim £ (x) = O almost uniformly ()
’
n—»oco
Assume that is a metric @ on c*(X) such that for every f, £, e

oo
n=1

converges almost uniforml& to f. From (#) it follows that for each

e ¢*(X), 1im @E (f_, f) = O if and only 1f the sequence {f_}
Nn—-oco n n

m there is some n(m) such that P(fm,n(m)’ 0)< m~! whenever

n2n(m)., This means that 1lim M
m-so0 ’

A contradiction arises when we find a sequence g = Tn(k),n(m(k))
’ L]

n(m)(x)= U almost uniformly in X,

k=12, ..., and a point ye X such that gk(y) 2 2°1 for every k.

Put m(1) = 1 and choose ¥yq€ X such that ¥4< 8, and such that

&q4(t) 2 2=1 for each te(y s 8,). Assume by induction that we have
-1

defined m(k) and yi€ X such that y, < 8y (k) &nd gely) 2 2. Let

m(k + 1) be the least integer with the property that 81 (k+1) e

€ (¥ am(k))’ Choose y,  , € (yk. “m(k+1))” X such that

Beaq(8) 2 27

{9} °k°=1 is an increasing bounded sequence. Let y be its limit.

for te (y , q9» 8m(k+1)) n X, It is easy to verify trat

Since for each positive integer k, Bk¢ (ykn, Bm(k+1))’ we have

1 for each k, q.e.d.

yeX, and g (y) 2 27
In connection with the two above quoted theorems the following
open problem arises:
Problem 1. Let X be a separable metric space such that
the almost uniform in C(X) (or in C*¥(X)) ie metrisable, Must be X

necessarily locally compact?
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ON SETS OF POINTS OF SYMMETRIC LISCONTINUITY

Let C{®) be the set of all points of symmetric cantinuity of
a function £: E,—E, and let D{®) = £, - c{®), 5, Marcus has
shown (see [4 1) that for each F, set Ac E, there exists a func-
tion f:1 E,—E, such that D$®) « 4,

In the next text it will be shown that the set D$®) can be
Lebesgue non-measurable, Let T be a Lebesgue non-measurable sub-

field of the field E;. The existence of T is proved in [5].

Theorem 5. Let XT be the characteristic function of
the field T. Then (%}, = o

Proof . Let X, € T, If x, + he T, then he T and also

x, - heT. Hence XT(xo +h) = Aaplx, -h) =0, If x, +h ¢ 7T
then h£T and also x, - h¢ T, Again XT(xo +h) = Zp(x, = h) = 0.
Consequently 11120 (Xp(x, +h) = Xp(x, = h)) =0, x € c(a%T .

Let x ¢ T and d> 0. Let r be a rational number such that
O<r-x°<J +Put her=-x. Thenx +hs=rel, X,l.(xo +h) =1,

Since x) = h = x - (r = x)) = 2x, -~ r¢T we have Xp(x, = h) = O,

- - (8)
Consequently t1:!_.1::0 sup IZT(xo + h) XT(xO h)] =1, C 2p< Ty

and Theorem 5 is proved.

ON CLASSES OF FUNCTIONS DETERMINED BY DENSE SETS

Let us raise a problem in the connection with the paper [6].
It is proved in this paper that the class F of all functions
f: {0, 1> —> E,, which are uniform limits of approximately deri-

vable functions, is determined by dense sets.

Theorem 6., Let ¥ be the family of all classes
S(sucl‘o") ) of functions determined by dense sets. Then the family

¥ partially ordered by the inclusion has a maximal member.
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Problem 2. Is the class F defined in the paper [6]
maximal ?

Proof of Theorem 6, We show that for each chain ¥*in ¥
there is a member of ¥ which contains every member of the chain
P* Let 8" = U{S : Se P*}. We prove s*e ¥ . Let £i0 T, €
€ s* and let f.l(x) = f2(x) hold for xeD (L - dense set in
<0, 17). Obviously f,e S;, f,€8S,, where S,, 5, € $*. Without
loss of generality we can suppose 81c Sos i.e. f1, f2e Sy Since
8, is a class determined by dense sets f,(x) = fz(x) holds for
each x €<0, 1.

A REMARK ON FOURIER SERIES

In the monograph [9 ] (p. 197) the following result is con-
tained:
(A) If the sequence of arithmetic means of the partial sums

of the trigonometric series

oo i
a°/2 + kZ-:1 (akoos kx + bkain kx) (1)

converges uniformly, then the series (1) is a Fourier series of
a certain continuous periodic function.

In connection with the result (A) we prove the following:

Theorem 7. Denote by s,(x) the n-th partial sum of
the trigonometric series (1). Let us suppose that there exists
a function h: £, —k,, which is Lebesgue inte.rable on <0, 27X

and such that for each x e 51

lﬂn(x)l .-é h(x) (n = 1, 2’ 0-0) (2)

holds .

Let the series (1) be summable by a regular matrix A = (ank)
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(for each erq) to a (finite) number (= g(x)). Then the function
g€ 1is periodic (with the period 22 ), Lebesgue integrable on

{0, 2 ) and the series (1) is the Fourier series or the func-
tion g.

Proof ., According to the assumption each of the series
ol
tn(x) = kZ.1anksk(x) (n = 1’ 2' ooo) (3)

converges (for each x€E, ) and 1im ¢ (x) = g(x) (for each xe i, )e
nNn—>oco0
On account of the regularity of the matrix A there exists

a K> 0 such that for each n = 1, 2,..

l< K 4
:Z_;unk (4)

holds ( [8], p. 8).
We get from (2) - (4) (for each xek;) |t (x)l Kh(x)
(n=12, .,..) and from this by n —>co

| g(x) | £ Kh(x) (5)

The function g 1is evidently periodic (with the period 2« ),
measurable and (beacause of (5)) Lebesgue integrable on <0, 22X ).

We shall show that

x
? g(x) cos lxdx--‘n'al (£=0,1,...) (a)
°

According to the Lebesgue a dominated convergence theorem (C11],

. t I = lm =
p. 295) we ge m § tn(x) coslx dx !111_13 ? (F,anksk(x)
cos Lx) dx. By the repeated application of the mentioned Lebesgue s
theorem we get

j (?1ank'k(X) cos £ x) dx = ;lni_T“S(k 180k 5k (X) cos Ix) ax (6)

Let us notice that S (E1ank'k(x) cos Ix) dx =
o



m 29v l
= k};‘ank g sk(x) cos L x dx

2
Ifk< L , then § s.(x) coslxdx=0.1Ifk 24, then
o

2%
§ 8 (x) cos kx dx = Xau, .

¢ 2% m m
Thus for m = f we have ‘5, (18,8 (X) cos Lx) dax =Za, E:nk.
Hence according to (6) we get
£-1
2:( 00 (-]
g (E1anksk(x) cos £x) ax =Za, Etank =8 , (An - k§1ank)’
00
2-4
But An—ﬂ (n — oo ) and }:’m“ E1°nk = 0 according to well-known
properties of regular matrices ( [8], p. 8).
Now (a) follows at once from (6) and (7).
Analogously it can be proved that
2x
{ &(x) sin Lx dx = o, (L=1, 2, ...) (b)

o

The proof is finished.

ON THE CARDINALITY OF REAL FUNCTIONS F: E,—~E,
WITH COUNTABLY MANY DISCONTINUITY POINTS

Denote by D, the set of all discontinuity points of the func-
tion f: E,—~E,. The cardinality of the set M will be denoted by i.
Theorem 8, Denote by F the class of all functions
f: E;—<, for which D, is a countable set. Then we have F=o (c is

the power of the continuum).

Proof ., Evidently we have F2>c. Therefore it sufficies
to prove that

£c (8)
8).

~ N

we shall give two proofs of
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Proof I, Each function from ¥ is in the tirst 3aire
( [10], p. 384). Therefore F does not exceed the cardinality of

all Baire functions, hence (8) is true,

Proof II. Let AcE, be a countable set, Lenote by F(A)
the class of all such functions f: 81—»51 for which Df = A, Bach
function £ from F(A) can be expressed in the form

T = (2/A)u (L/Ey - A) (9)

Obviously f | A€ E} and £ | (B, - A)e C(E, - &) (C(M) denotes the
set of all continuous functions on llcE,). Since E?ié.c. ()(E1 - A)
< ¢, (ef. [11], p. 75), we get from (9) the inequality

F(A) < ¢ (10)
Furher we have
F= UP(A), (11)

the union of sets on the right-hand side being taken over all
countable subsets A of the set E,. On account of (10), (11), (cf.
(111, p. 177 - 178) we get (8).

Remark. Since the set of discontinuity points of each
monotone function f: E,—*E1 is countable, it follows from the pre-
vious theorem that the class of all monotone functions f: Ef—vE1

has power of the continuum,

TYPES OF METRIC AND TOPOLOGICAL SPACES OF A GIVEN CARDINALITY

We shall deal with the question if there exist metric or topo-
logical spaces of certain type (e.g. second countable spaces, com
pact spaces, connected spaces) of arbitrary given cardinality.

In case of some types the situation is very simple, If a is

any cardinal number, then it is sufficient to choose a set X the
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cardinal number of which is a and to define the trivial metric on
X. We get a complete metric space of the cardinality a.

It is a well-known fact that the power of any separable metric
space is at most c. Thus there are not separable metric spaces of
greater cardinalitfr than ¢, To each cardinal number a< ¢ there
exists a separable metric space of the cardinality a (arbitrary
subspace X of the space B1 such that f = a may serve as an emple);

There exist second countable topological spaces of arbitrary
cardinality. If a is an arbitrary cardinal number, choose a set X
sucﬁ that X = a and the topology T on X such that T = {p, X }.

Then (X, T) is a topological second countable space of the cardi-
nality a.

A similar consideration shows that there exist compact or
connected topological spaces of arbitrary cardinality.

A qﬁestion arises if there exist connected metric spaces of
arbitrary cardinality., The answer is negative for cardinal numbers

a greater than 1 and less than c.

Theorem 9.Lt a be a cardinal number, 24a<c, Let
(X, o) be a metric space, X = a. Then X is totally disconnected

metric space.

Proof . Letp, qeX, p # q. Put v = o(p, q)>0. Since
X = a< ¢, the set H of all numbers ©(p, x), xeX, has the. comple-
ment dense in E,. Thus number d, 0<d < v, exists such that
d ¢ H, Then 9 £ S(p, ') G X. The set S(p, d') is open. We show
that it is a closed set, too. Let y e S(p, d) (=1, 2, ece)
yn-»yex. Then we prove that

y € s(p, d) (12)

According to the assumption o (p, yo)<d  and since p is conti-



nuous we have 0 (py, y) = }xi_n;”g(p. yn) <d . since d ¢ B, we
have @ (p, y)< d. Thus (12) holds and X = S(p, d )u (X - S(p,d"))
is a decomposition of X into two nonempty open sets with pe S(p,d ),
qeX - S(p, d). The theorem is proved,

Theorem 10, For arbitrary cardinal number a2 ¢ exists

n connected metric space of the cardinality a.
Proof . Let A be a set of the cardinality a and I =
= {0, 1>, We show that the set

X= U {Z}XI (13)
Z€EA

(identifying all points of the form (z, 0)) provided with a suitab-
le metric has asked properties.

Really, since azc, X = a. ¢ = a, The function e ((z, x),
(z°y x7)) = Ix| + Ix"| for z 4 2" and o ((z, x), (2, x7)) =
=|x = x'| 18 a metric on X,
It follows, from the expression (13), that X is the union of fa-
mily of connected sets, no two members of which are separated.

Hence (see [7], p. 54) X is a connected metric space.

Theorem 11. Every compact metric space is either

countable or of the cardinality c.

Proof . Ifan uncountable metric space is compact then
it is a complette separable one., Thus, according to Alexandrov -
- Hausdorff Theorem (see [12], p. 459), its cardinality is c. On
the other hand for any countable cardinal number & or a = ¢

obviously there is a compact subset A of the real line such that

=

A =g,
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POZNAMKY 0 TEORII REALNYCH FUNKCIf
P. Kostyrko, T. Neubrunn, J, Smital, T. Sal4t

Bratislava

V préci sa riesia problémy tykajice sa viacerych oblasti
teorie redlnych funkcifi. Napriklad, skima sa mohutnost systému
vSetkych redlnych funkcii{ redlnej premennej so spoditateTnou mno-
Zinou bodov nespojitosti; uvddza sa priklad ohranidenej aditivnmej
funkcie intervalu, ktord nie je ohranilenou funkciou elementédrne]
figury; dokazuje sa, Ze skoro-rovnomernd konvergencia reélnych
funkcii definovanych na neseparabilnom metrickom priestore nie je
metrizovatelnd; poukazuje sa na skutodnost, ¥e mnoZina vietkych
bodov symetrickej nespojitosti redlnej funkcie redlnej premenne}

md%Ze byt lebesgueovsky nemeratelnd,

Pespoue
3AMETKM O TEOPYWM BENECTBEHHHX &VHKIMA
. Kocrwpxo, T. Hot6pym, f. Cunreax, T. Mexer

EpaTucaesa

B pafoTe pemeHN HEeKOTOPNEe MPOGJEeMH KOcCApmMecHs HEeCKOABKMX 00—
necrelt Teopun BemecTBeRHNx Oynkuult. Henpumep, peccuMaTpuBeeTCs MOIi-
ROCTE CMCTEMH BCex BemecTBeHHHX (ymknmit pemecTBenHO! nepemeruoft
MHOXECTBO TOYEK DE8DHES KOTODHX CuY¥THOe; naercs NpuMep OrpeHmuYeH-
soft annurusnolt ¢yuxumu Opyca, KOTOpas He gBASETCH OrpaHUUeRrol}
dyuxune#t xomeunoro o6benmHeHus 6pPycoB; AOKA®BHO, HTO NOUTM-PABHO-

MepHeg CXORKMMOCTh BemecTBeHHNX Qynkmult onpesen¥mnux He Hecemnspa-



6eJBHOM METPHYECKOM NPOCTPEHCTBE HE ueTpusyeMa; INOKA3BHO, UYTO MHO-
XecTBO BCeX ToOueK cmn(e'rpmlecxoﬂ PE8spPHBHOCTH pemecTBeHHOMN nepeMeH-

Hoit mMoxeT OHTHL HE MSMEPHMO.
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UNIVERSITAS COMENIANA
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXXVI — 1980

PRECHOD CHODCOV CEZ CESTU

Radko Mesiar, Bratislava

Model: Po ceste prichddzaji k prechodu a cezeii vozidld s ne-
jakym rozdelenim Zasovych medzier medzi sebou. Po chodniku priché-
dzaji k prechodu chodci nezévisle od seba a od situdcie na ceste,
Zakaji na dasovi medzeru vhodnej dff:y, poas ktorej prechddzaji
cez cestu bez toho, #fe by vplyvali jeden na druhého.

Na prechod potrebuje kaZdy chodec uréity déas, ktory nazveme
kritickym dasom. Uvafujme o dvoch pripadoch: a/ kriticky cas je
pre kaf¥dého chodoca konstanta; b/ kriticky das je pre kaZdého chod-
ca néhodné premennd. V pripade a/ budeme uvaZovat o sibore chodcov,
ktor{ maji rézne kritické dasy. Ich rozdelenie v tomto sibore popi-
sujeme kritickou éasovou funkciou p/t/, ktori definyujeme ako dis-
tribudni funkciu kritickych &asov. V pripade b/ uvaZujeme o sibore
chodcov 8 rovnakymi ndhodnymi kritickymi dasmi popisanymi distri-
budnou funkciou k/t/. Oba tieto pripady si motivované praxou. Py-
tame sa na priemerné gdrianie v jednotlivych pripadoch. Dalej sa
pytame, aky je vztah medzi tymito zdrZfaniami v pripade k/t/ = p/t/.
Pri rieden{ danej tlohy predpokladéme Statisticki rovnovdhu celé-
ho systému.,

A. KONSTANTNY KRITICKY AS

Nech je rozdelenie Zasovych medzier medzi vozidlemi na ceste
popisané distribudnou funkciou F/t/. Potom za danych predpokladov
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podra [1] md rozdelenie prvej fasovej medzery, t.j. &asu, ktory
uplynie od prichodu IubovoIného nezévislého chodea k prechodu po

prichod prvého vozidla po fiom, hustotu pravdepodobnosti
1 - F/t/

E/t/
kde E/t/ je strednd &asovd medzera medzi vozidlami,

£y /t/ =

Urdime najprv priemerné zdrZfanie chodca s konStantnym kritickym
Gasom T. Podas prve] medzery neprejde s pravdepodobnostou FO/T/,

takfe jeho priemerné zdrZanie Je
o
kde Lg je strednd hodnota prvych asovych medzier kratdich ako T,
o
Ly = g te /t/ dat s F /T/
Dy Je priemerné zdrfanie uvaZovaného chodca za predpokladu, Ze pri-
de k prechodu zdroved s nejakym vozidlom /za predpokladu Statistic-
kej rovnovéhy je to teda priemerné zdrianie rétané od prejazdu Iu-

bovoIného vozidla/. KedZe daldie Sasové medzery medzi vozidlami
si popisané funkciou F/t/, méme

kde Lp je strednd hodnota Zasovych medzier krat&ich ako T,
Lp = ? t aF/t/ : F/T/
(0]

Takto sme Uplne dokdzali nasledujicu vetu:
Veta 1. Priemerné zdrZanie chodca s kondtantnym kritic-
kym dasom T v uvedenom modele pri rozdeleni Sasovych medzier medzi

vozidlami na ceste popisanom distribudnou funkciou F/t/ je

1= F/t/ R,/T/
't. t. dat +
E/t/ 1-F1T
UvaZujme teraz o skupine chodcov s kohitantnim kritickym Ga-

- g t dP/t/
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som, jeho rozdelenie v tejto skupine nech je urcené distribuénou
funkciou p/t/. Za predpokladu, Ze prechod cez cestu je pre kaZdé-
ho jednotlivca nez#ivisly na inych chodcoch, dostdvame pre priemer-
né zdrzanie tejto skupiny:

Veta 2, Priemerné zdrZfanie skupiny chodcov s kon3tant-

nym kritickym Sasom popisanej kritickou Zasovou funkciou p/t/ je
o0

wy = E/w/ = % w, dap/t/
kde w, je priemerné zdrZanie chodca s kon3tantnym kritickym Casom
t /podTa Vety 1./.

Poznémka . Vo vietkych doterajsich pripadoch ako aj
dalej, ak nebude povedané inak, predpokladéme, fe pravdepodobnost
prechodu pre uvafovanych chodcov je nenulovd /v opadnom pripade
by bolo priemerné zdrZfanie chodcov s nulovou pravdepodobnostou
prechodu triviélne nekone¥né/. Veta 1, je sformulovand aj v [2],
ale jej ddkaz je omnoho komplikovanejsi.

Priklady:

1. V literatire najdastejiie poufivané rozdelenia &asovych
medzier medzi vozidlami:

a/ pre riedku premdvku exponenciélﬁs rozdelenie,

dr/t
£/t = - do

= q . exp/-qt/, t 3 0
' 1

E/t/
b/ nakoTko prvy pripad pripista aj nulové medzery medzi

kde q je prid vogidiel, &iZe strednd Casovd hustota, q =

vozidlami, o je v praxi nemoZné, zavddza sa ako presnejiie pre
pripad riedkej premdvky posunuté exponencidlne rozdelenie, berice
do Uvahy minimdlny odstup medzi vozidlami Z,

t/t/ = q'. exp/-q'/t - 2//, t > 2

kde q je relativny prud vozidiel,
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1
E/t/ - 2

¢/ v pripade hustejsej premdvky dast vozidiel jazdi v "ko-

4
=

lone", t.j. s minimdlnym odstupom Z, dast je relativme volnd., Oznad-
me jej podiel a. Pre takyto pripad sa zavddza modifikované exponen-

cidlne rozdelenie
t/t/ = /1 -a/ . J'z/t/ +aq" . exp/=q"/t -2/ /, t ? 2

kde Z/t/ Je Jednobodové rozdelenie pravdepodobnosti v bode Z,

q" Je relativny prid voInych vozidiel, q” = -%— . E7$7l:15

2. V literatire najlastej¥ie uvafované kritické Zasové funkcie:
/1/ schodové kritickd Sasovd funkcia, kde vietci chodei maji rov-
naky kriticky das

0 t<?
p/t/ = .
<::1 T<£t
/11/ lichobe¥nikovd kritickd Zasovd funkcia
0 t < To
t -T7T T « t £7
p/t/ - A (¢ o 1
T1 - To T1 L t

/111/ exponencidlna kritickd Sasové funkcia

R T4t

3. priemerné zdrZfanie a/i, t.j. pre exponenciflne rozdelenie
Sasovych medzier medzi vozidlami a schodowi kriticki Sasovi funkciu
Wy = = . /exp/ql/ ~ qT - 1/ .

4. priemerné zdrianie c¢/iii, t.j. pre modifikované exponen-
ciélne rozdelenie &asovyjch medzier medzi vozidlami a exponencidl-

nu kritickd Easowii funkciu za predpokladu s Ze minimdlna medze-
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ra 7 nestadi siadnemu chodcovi na prechod, vychddzajuc z literati-

ry, podla ktorej je b Qe
2

Z Z 1
w4=-q——-/1-a/. 2 + —_—
2 q q
Jexp/d/T - 2/ / -/m»,_’_-_“_,
. P/ q .a/b-q'/ q. o q”

B. KRITICKY 3AS AKO NAHODNA PREMENNK

Majme teraz chodca s ndhodnym kritickym casom s distribuénou
funkciou k/t/. Obdobnymi dvahami ako v predchddzajicom pripade

.dostdvame pre priemerné zdrianie tohoto chodca

[- =]

wy = é Fo/t/ . /D + LY/ dk/t/

kde Lg je strednd hodnota prvych Casovych medzier kratsich ako t,
D je priemerné zdrianie uvaZovaného chodca za predpokladu, %Ze pri-
de ku prechodu zdrovei s nejakym vozidlom,
D= :S: F/t/ . /D + Ly/ dk/t/

kde L, je strednd hodnota Casovych meczier kratsich ako t. Tymto
méme urdené priemerné zdrianie uvafovaného chodca a zdroved dokd=-
zani daldiu vetu:

Veta 3 .Priemerné zdrZanie chodcov zo skupiny s rovnaky-
mi ndhodnymi kritickymi dasmi popisanymi distribuénou funkciou k/t/
v uvedenom modele pri rozdeleni &asovych medzier medzi vozidlami

na ceste popisanom distribudnou funkciou F/t/ Je

oo t o
wm § §xe/x ax awst/ + § Rt akivs
0 o 0
oo t oo
S xawrw awses /011 = § Bivs axivr g
o 0 0
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C. POROVNANIE PHRIEMERNYCH ZDRZANT

Uvedme najprv krdtky priklad. kiajme skupinu chodcov A s kon=-

Stantnymi kritickymi dasmi popisani distribudnou funkciou

0 t < 4 sec
p/t/ =4/2 4 sec ¢ t < 6 sec
1 6 sec & t

Dalej majme skupinu chodcov B s rovnakymi néhodnymi kritickymi
dasmi s distribuénou funkciou k/t/=mp/t/.

Nech jJe na ceste konstantny prid vozidiel q = 0,2 gec™!

s teJ. vo-
zidld jazdia v konstantnych Sasovych medzerdch 5 sec. Za tychto
predpokladov je priemerné zdrZanie skupiny A nekonedné, lebo jej
polovica nikdy neprejde, zatial &o priemerné zdrZanie skupiny B je
konedné /pozrime sa napr. na D v tomto pripade - chodci prejdi iba
prvi medzeru medzi vozidlami s pravdepodobnostou 1/2, t.j. D =

= 1/2 . /5 sec + D/, teda D = 5 sec/.

Pytame sa, &i tento vztah /wk 2 wb/ medzi priemernymi zdrZaniami
plati aj vo vSeobecnosti. Na tito otdzku ndm ddva odpoved nasledu-
jica veta:

Veta 4. Majme skupinu chodcov A s konStantnymi kritic=-
kymi dasmi popisani kritickou &asovou funkciou p/t/ a skupinu chod-
cov B s rovnakymi ndhodnymi kritickymi cdasmi s distribudnou funkeciou
k/t/ = p/t/. Potom pre kazdé rozdelenie dasovych medzier medzi vo-
zidlami na cesta zapredpokladu StatistickeJ] rovnmovéhy systému pre
Jjednotlivé priemerné zdrZania plati

L/

Dokaz . Podla Vety 2. a 3. vieme urdit priemerné zdrZania
W, & wg. DokédZme najprv dve lemmy.

Lemma 1. Nech je p/t/ distribuénd funkcia, m_ miera fou

P
indukovand, Potom pre kaZzdi distribudni funkeciu G/t < 1 /mp 8eVe/

plati nasledujici vztah:
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=) oD
1 ¢ §/1-06/%/ aprtl . § ap/t/
—~0 -0 1 = G/t/
D3k agz . Ivirdenie lemmy je evidentné ak
o0
(' /ts oo
1 - G/t/

-0
V pripade, Ze uvazovany integrdl je konedny, je tvrdenie désledkom
Cauchy - Buiijakovského nerovnosti.

Lemma 2 . Nech je my pravdepodobnostnd miera, g/t/ nech
je m, kvédziintegrovateInd neklesajica funkcia, pre ktori plati

1¢ Se/v ap/v/, 1 ap/ti = am st/
(o)

Potom pre kaZdi borelovsky merateIni nezdporni neklesajicu funkciu
h/t/ plati

P - -]

{ wts ap/ts € § wes et/ apres

(V] (0]

DSkaz . Za predpokladov lemmy je bud g/t/ 3 1 /mp 8.V./,

alebo existuje bod M tak, Ze g/M - 0/ £ 1< g/M + 0/. V prvom pri-
pade je dokazovany vztah trividlny. Nech teda existuje bod M uva-

Zovanych vlastnosti, potom
M oo
0¢§ /1 -a/t// apsei < § 1ervs - A/ apits
0 M
KedZe podTa predpokladov je h/t/ neklesajica a nezdpornd, plati

M M
§ w/t//1 = e/v// ap/vl & § W/ - &1t/ ap/el &
0o 0

o0 ’ oo
< Cnmreres - v apies < §weireres - 1 apres
M M

odkiaX uZ dostdvame poZadovany vztah.



Vrétme sa teraz k ddkazu Vety 4. Podla Lemmy 1, méme pre dis-
tribudni funkciu fasovych medzier medzi vozidlami splHajicu pred-
poklady tejto lemmy, t,j. F/t/ < 1 /mp 8.v./

(-] r 1
1€\ /1 - F/t// dap/t/ o §\ =———— dp/t/
g o 1=-¥¢/

1 ©0
Funkcie g/t/ = ———— . §/1 - B/t// ap/t/ na supporte ap/t/

(inak mimo tejto mnoZiny g/t/ mdfeme vhodne dodefinovat, pripista-
jic aj nekonedno ako moimi hodnotu), Po/t/ vyhovuji predpokladom
Lemmy 2,, takZe

- RN Id
Sro/t/ dp/t/ £ S —— dp/t/ . S/1 - ¥t// ap/t/

Obdobne funkcie

o0 0
S v wsir aorss « 1S3 80 aprvs
0 l 0

h/t/ = (S) x dF/x/ vyhovuji predpokladom Lemmy 2., takZe

t °0 t

’olt/
§ x ar/x/ ap/t/ eS o § x ar/x ap/es .
0 o1 - ¥t/ 0

o8 ovng .

(-]
11 - ®ts apits s 1 Bt aprvs
0

et
Po lUprave nerovnosti a pripoditani SS xfolx/ dx dp/t/ k obom
00
strandm nerovnosti dostévame
A "
V pripade, Ze neplati F/t/ <1 /% 8.V./ sme vlastne v situdcii,
ked 3ast chodcov skupiny A nikdy neprejde, t.J. w, Je nekone&né,
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Vtedy ale dokazovany vztah plati trividlne, Tym je dokaz plne ukon-

éenyo
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Resunmn é
THE PASSENGERS ARE CROSSING THE STREET

Radko Mesiar, Bratislava

The vehicles arrive to the cross with distribution function
of time gaps F/t/. Passengers arrive independently to the cross
and they are waiting for a convenient gap. The mean waiting time
of the group A of passengers with constant critical gap described
by distribution p/t/ is w,. The mean waiting time of the group
B of passengers with the same random critical time gap with distri-
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bution function k/t/ 1is wg. In the occasion p/t/ == k/t/ there
is always W) 3 Wg.

Peawvoue
TTBMEXONH MPOXOLAT YJMIYY

Panxko Mecsp, Bpa™ncaese

K nepexony npmxoxaT 2BTOMOGMAN C pasieieHNEM NMPOMEXYTOK Bpe-
uenn PF/t/. K nepexonmy npuxomaT HeseBUCHMO NemeXOonMd, OHK XAYT NDO-
MexyTKAa TORHOrO IAS Nepexoxns.

Cpeznnas ssjepxKe r'pynnH A NMemexonOB C KOHCTAHTHHM KDMTHMECKUM
NPOMeXyTKON BPEMEHM omnpereiaseHro?t paspenenmem p/t/ aBrgeTca w,.
Cpenuas aazepxka rpynnu B nemexozos ¢ OAMHAKOBHMM cayualftmwummu npo-
MexXyTKaMK BPEeMEeHN ¢ pasmexenueM k/t/ sgBasgercs v - B cayuae

p/t/=k/t/ Bcerza w,3wg .
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ON A CERTAIN TYPE OF CONVERGENCE

Tibor $alat, Jozef Draveokf ¥, Bratislava

1. INTRODUCTION

S. ZERUOS has defined in (1], with reference to U. DINI, the
simple uniform convergence of a sequence of functions by the follo-
wing definition in which N and R stand for the sets of all positive
integers and of ail real numbers, respectively, and (a, b) denotes

an interval in R which may but need not contain its endpoints a,b.

Definition. A sequence {?n} neN ©f functions

Pn (a, b)—» R 1is said to converge in the simple un:lform' way to
a function ¢ : (a, b) —>R if it converges to ® peointwise and if
for every >0 and every A,€N there exists A&, > Ay (R;eN)
such that for all xe(a, b) we have IsoA,(X) - p(x) I<E€.

Let us remark that the pointwise convergence of {?n}nGN ;
to ¢ 1s missing 4n the definition of simple uniform convergence
in (1], However, in the proof of Theoréme in [1] we read that
"la convergence uniforme simple entralne la convergence simple"
(pp. 458-359). If the pointwise convergences were omitted from the
definition, uniqueness of the 1limit function could not be asserted.
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2., ZERUOS THEOREM

The tain result of the paper [1] by S.ZZRUOS is the proof of

the following
Theorem A, Let {fn}n‘

) X be a sequence of functions
t S (a, b) =R converging pointwise to a function f : (a, b)—R,

let the functions fn be differentiable on (a, b). If the sequence
{fn}ns
p: (a, b)— R, then f is differentiable on (a, b), for all

§ converges in the simple ‘uniform way to a function

xe(a, b) we have £°(x) = p(x), and {fn} converges in the

neN
simple uniform way to £,
Observe that the definition of the simple uniform convergence

immediately implies the following

Lemma 1, A sequence ”’n}nsn converges to ¢ on (a, b)

in the simple uniform way if and only if it converges to ¢ point-
wige on (a, b) and for some n,< n,< ... we have
& 1~ 72 ?nk (==.’ )?

(i,e. some subsequgnce {‘Pnﬁ} keN converges to 14 uniformly on
(a, b)), _

Using this observation we can easily prove the ZERUOS Theorem
A in a different way. The new proof is based on well-known proper-

ties of uniformly .convergent seguences (of. [2] ).

Proof of Theorem A, Let n,< n2< see be such a sequence
of positive integers that {f!;k} keN converges uniformly to ¢
on (a, b). Since {fnlz ke N COVerges pointwise to f on (a, b),
we deduce from well-known theorems of analysis (cf. [2], pp. 438-
-439) that ¢(x) = £°(x) for each x ¢(a, b) and fnk=t f. By Lemma

1 this implies that {f }

nneN Converges to f in the simple uni-

form way,
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3., QUASI-UNIFORM CONVERGENCE

Since clearly the pointwise convergence is implied by the
simple uniform convergence and the latter is implied Sy the uni-
form convergence, the question arises what is the relation between
the simple uniform convergence and the quasi-uniform convergence
of a functional sequence. We recall that a sequence {fn}nell is
said to converge quasi-uniformly to f on (a, b) if it converges
to f pointwise and

V V 3 V min{lf 1(!) L) f(x)l,ooo
€>0 m30 p xe(a, db) m

vens I8y, () - 2@ |}<E (1)

Theorem 1, If a sequence {fn}nell converges to f

in the simple uniform way, then it converges to f quasi-uniformly.

Proof . By Lemma 1, there exist n,<n,<... with fnk:;f.
Let £>0 and m3»0. For a sufficiently great k we have n,> m
and 17, (x) - £(x)I<E for all x €(a, b). Now for this k, (1) is
true with p = n, - m,

The converse of the last theorem is not true in general.
A counter-example is provided by the sequence {fn}n <N with
£,(x) = 0 for x G(—'}r, 1), £,(x) = 2nx for xe<0, 2:1:—> and £ (x) =
= 2 - 2nx for ﬁ—(x(—:T . This sequence converges quasiuniformly
to £=0 on <0, 1) but it does not converge in the simple uniform
way, since no subsequence of {fn)n eN converges uniformly oﬁ

<0, 1> (see Lemma 1).
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4, SOME GENERALIZATIONS

The definition of the simple uniform convergence can be gene-
ralized to the case of real-valued functions defined on an abstract
set X, The generalization is natural and Lemma 1 remains true. It
is po_niblo even to define simple uniform convergence of transfini-
te 'uqﬁncen of real-valued functions on an abstract set X by re-
quiring that for any € > 0 and any ordinal /1°<.Q there exist
an ordinal A, with A, € A ;< £l and euch that for all xeX we
have l?A 1(:) -(,o(.x) I<€, and that {?n}nell converge to ¢ point-
wise. Now evidently a transfinite sequence {f; };< n of functions
converges to f in _tho simple uniform way if and only if for some
transfinite sequence of ordinals «; < &,< ... <°t§< eees which
is cofinal with the transfinite sequence of all ordinals less than

£l we have 1’“§=;f.

5. METRIZABILITY

As with other types of convergence it is nathral to ask whether
the simple uniform convergence in a functional space is metrizable,
i.e, whether there exists a metric d such that {fn}nsll conver-
ges to f irff %i:l’ s.(fn, £) = 0,

In the space C(0,1) of all continuous functions om (0, 1),
the simple uniform convergence is not metrizable since a subsequen-
ce of a simply uniformly convergent sequence need not be simply uni-
formly convergent, For an example, put tn! O if n 1is odd, and for
even n define rn as in the example in Section 3 of this paper.
Since the subsequence {fzk-1}k 6N of the (pointwise convergent)
sequence {f } o< § oonverges uniformly, we obtain by Lemma 1 that

{tn}n el is simply uniformly convergent. However, the subsequen-
ce {ka}k «XN evidently does not converge in the simple uniform way,
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The following theorem provides another result on metrizability.

Theorem 2, Let F denote the space Rx of all real func-

tions on X, The simple uniform convergence in P is metrigable if
and only if X is finite,

Proof, IfXis finite, pointwise convergence in F coin-
cides with the uniform convergence, and so does the simple uniform
convergence. Therefore it can be metrized by d(f, g) = max|f(t)-g(t)l.
To prove non-metrizability in the case of infinite X 1tt§§ suffi-
cient to find an example of a simply uniformly convergent sequence
in F having a subsequence that does not converge in the simple uni-
form way. Since X 1s infinite, there 1s {xX,, X;ce0y X ,000} € X,
Now for all odd n put fn- O on X, and for even n define fn(xm)-
= 1 if m>n and fn(x) = O elsewhere on X. The obtained sequence

{f}l,ox 18 eimply uniformly convergent but {f,}, _. 1s not.
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Sihrn
O ISTOM TYPE KONVERGENCIE

Tibor . 3al4t, Jozef Dravecky, Bratislava

Préca sa szaoberd jednoducho rovmnomernou konvergenciou funkcio-
nélnych postupnosti. Na zéklade lemy o vztahu medzi Jednoducho rov-
nomernou konvergenciou poddva novy ddkaz Zerousovej vety. Dalej sa
zavéddza jednoducho rovmnomernd konvergencia transfinitnych postup-
nost{ a vySetruje sa metrizovateInost jednoducho rovnomernej kon-
vergencie, ako aj jeJ vztah s kvdzirowvnomernou konvergenciou,

Pespopue
O OOHOM THUITE CXOIVMMOCTH

TxGop Mexer, Rosed Ipasenkn, Bparucaesa

B pafoTe meyueercs NPOCTO PABHOMEDHAS CXOXNMOCTD NOCAEROBATEAb-
Hocret ¢ynxnmit. HosuM oO6pesoM noxeswseercs TeopeMma 3epyoc. Onpene-
AgeTCcq NPOCTO PABHOMEPHAaS CXOAWMOCTH TPEHCOMENTHMX NOCXenOBaTeAb-
HocTell m xapaxTepMsyeTcCa METPNSYEMOCT: NPOCTO pPaBHOMEpHOf cxomm-

MocTK M e8 cmBss C APYIrAMN THNARN CXOIANMOCTN.
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THE DECOMPOSITION OF UNCOUNTABLE CLOSED SETS OF REAL
NUMBERS

Oto Strauoh, Bratislava

It is very well known that we can prove without use of the
continuum hypothesis:

The family of all closed sets of real numbers has power c,
where ¢ = 2x°. Every uncountable closed set of real numbers has
power c..

The second statement follows e.g. from the following lemma,

Lemma, /J.C.Oxtoby [1], p. 23/ Any uncountable Gy set
of real numbers contains a nowhere dense closed subset of measure
gero that can be mapped continuously onto the closed interval [0,1].
This lemma can be proved without use of the continugm hyphothesis,
In this short research we shall prove the following theorem using
this lemma and again without use of the continuum hypothesis,

Theorem, Every uncountable closed set of real numbers
can be decomposed into ¢ pairwise disjoint uncountable closed

subsets,

Proof . It is sufficient to prove that there exists at
least one family of power c¢ of pairwise disjoint uncountable clo-
sed sets of real numbers contained in a bounded closed interval I
of real numbers, If it is true then it follows from the lemma that

every uncountable closed set of real numbers contains ¢ pairwise
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disjoint uncountable closed subsets. /Every uncountable closed set
of real numbers contains, according to thé lemma, a closed subget
which can be mapped continuously onto the interval [0,1] that can
be mapped continuously onto the interval I. Ve can transmit this
family from the interval I to the original set by means of the in-
verse image/. The required decomposition is obtained by adding tho-
ge elements of a closed set which are contained at none of the gi-
ven subsets one after another to individual subsets.

We shall find such a family with the required properties by means
of translations of a bounded uncountable closed set of real num-
bers., Let C be a set of real numbers, Let us find to C a set X of
real numbers such that family of translations of C, {C + x; xeX },
consists of pairwise disjoint sets, It will happen if and only if
the sets C - C and X - X /where C = C 2 {|x =~ y|; X, yeC}/ have
only zero in common, If C is a closed set of measure zero then the
distance of arbitrary two points from C can be‘expreaséd as a sum
of lengths of those component intervals of C which lie between

them, i.e.
cC-C ¢ {Ewlxilg e}

- where {Ii} ;:0 is an enumeration of the family of all finite com-
ponent intervals of C, lIi\ denotes the length of the interval I,
and N denotes the set of all nonnegative integers, /Let us remark
that if X is infinite and bounded then C has to be of measure zero
since in the contrary case C - C contains an interval in which there
is zero, by H, Steinhaus [4], and X - X contains a sequence con-
verging to zero/.

If for the sequence {Ii};zo of all finite component intervals
of C the inequality
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o0

(1 >2. >, 11

i=n+1

i (1)

holds for every n then we can define the set X as

x= {22 I1 ves!

jen 1 s

where S is a family of the sets of nonnegative integers no one con-
taining another, since it follows from the inequality (1) that eve-
ry real. number z, which can be written in the form of the sum
00
z=i§;_'-0 milI;Ll (2)
where for every 1 the enequalities Oémiéz hold and my are
integers, has a unique expression in form (2). Now if there exists

x>y, X, yeX such that x - yeC - C then

> > & S
X-ya= k, | I,l, x= kil , vy = ke | I, )
i=0 i s Gl 1=0 Ll S i-0 i i

for every 1 where ki’ k‘i, ki. are equal to O or 1, Hence
5 AR
x = KII, =22 (kg + k)T
1=0 i'71 i=0 i R §

where 0Sk, + k;‘ﬁz for every i. From the uniqueness of the ex-
pression of x 1t follows that ki = ki + k; for every 1 which
contradicts the existence of 1 such that kj = O and k} = 1 since
we have so chosen the family S.

If we choose S such that it has power ¢ then also X has po-
wer ¢, We can choose for S e.g. a family of infinite sets of nonne-
gative integerrs from which every two have a finite intersection
deacribed /without use of the continuum hypothesis/ in the article
of J.R.Buddenhagen [2] .
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It remains still to prove that there exists an uncountable
closed set C of measure zero and such that the lengths of finite
component intervals of C satisfy the inequality (1). /It follows
from (1) that sets C and X are bounded and therefore the union

u{C + x; x€X} 1s also bounded./ However, it is very well known
that to an arbitrary convergent series Z d:l with posisive terms
there exists nowhere dense and perfect ::2 C having measure gero

such that the lengths of finite component intervals of C are just
equal to the terms of the series Z dy /Let {x‘_}i O be an enumera-
tion of all rational numbers from tho interval (O, Z d1] without

its boundary pcints. Let us define a mapping f on thil interval by
the rule: f£(x) = "di. where the summation is extended over all i
such that 3 X Then it is enough to put

o0

¢ =20 [0, 20 aT) - £({x) 30/

Thus the proof is finisghed.

Remark 1, With use of the continuum hypothesis this

theorem can be proved easily in this way: The set of all families
which consists only of pairwise disjoint uncoiintable closed sets
of measure gzero /contained in the closed bounded interval I/, can
be /partially/ ordered by inclusion, This set will have in this
order maximal elements /by Zorn’'s lemma/. Every such maximal family
contains uncountably many sets, for if a maximal family contains
only countably many sets, then the union of them is an Pg set of
measure gzero and therefore its complement is an uncountable G set,
By the lemma, in such a G, set there exists a closed uncountable
subset of measure zero. If we add this set to this maximal family
we obtain the contradiction to the maximality.

Remark 2. Without use of the continuum hypothesis we can
also prove the following:
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There exists a set B of real numbers such that both B and its
complement meet every uncountable closed set of real numbers /see
(1], p.23/. These sets B are called Bernstein sets.

Any Bernstein set B is non-measurable and lacks the property
of Baire [see [1], p.24/.

The set of all real numbers can be decomposed into ¢ pairwise
disjoint Bernstein sets /W.Sierpinski-N.Lusin [3]/.

The family of all Bernstein sets has power 2° /it follows from
the fact that the union of Bernstein sets from a proper subfamily
of the preceding decomposition is Bernstqin set again/.

Every Bernstein set meets every uncountable closed set in ¢
points and therefore every Bernstein set has power o¢ /it follows

from the theorem proved in this paper/.
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Sdhrn
ROZKLAD NESPOSETNYCH UZAVRETfCH MNoZfN REALNYCH 8fSEL
Oto Strauch, Bratislava

V tomto &lénku je dokdzané, bez poufitia hypotészy kontinua,
fe kafdi nespoSetmi ugavreti mnofinu realnych &isel m8¥eme rozlo-
it na o = 2% nespodetnych uzavretych podmnoZin,

Pesoue
PASENEHME HECUBTHHX 3AMKHYTHX MHOXECTB JEACTBWTEJBHHX UMCEJ
Oro Mrpayx, Bperucaama
B eToft craTem noxasumeeTcs, 6es NPNMEHERNS XORTHHYYM-T'HIOTESM,

4r0 BCAXOE HecRWETHOE BAMKEyTOE MHOXECTBO ZelicTBRTEABHEX UNCEeX MOXEOD

pasOuTs H& C = 2”‘ HeCUETHHX BOMKHYTHX MNOCAMHOXECTB.
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A CONSTRUCTION OF GEODETIC BLOCKS

J4n P1lesni{ik, Bratislava

A graph 1s geodetic if two arbitrary points are connected
by a uhique shortest path, Since a connected graph G is geodetic
if and only if every block of G is geodetic (STEMPLE and WATKINS
[7]), it 18 sufficient to study geodetic blocks only. Planar
geodeﬁc graphs were characterized by STEMPLE and WATKINS [7].
A reformulation of their result can be found in [4]. Geodetic
graphs of diameter 2 were studied by STEMPLE [6], ZELINKA [8],
J. BoSAK [1], and partly by SKALA [S5]. As for geodetic graphs
with any greater diameter, only two classes of examples of geodetic
blocks are published up to this time [4]. Each of these graphs
contains points of degree two, M. E, WATKINS (oral- communication)
put the following problem: construct a geodetic block with diameter
at least 3 and with minimum degree at least 3. In this paper we
present a construction of geodetic blocks which gives also a solution
of the mentioned problem. The notation and terminology will be used
in the sense of [3]. Given a graph G, V(G) and E(G) denote its
point set and line set, respectively. The distance besween points
u, ve V(G) is denoted by d(u, v). A shortest u-v path is called
u-v geodesic,

The supremum of all distances in G is the diameter of G and
is denoted by -d(G).
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Now we are going to describe the promised construction.
Let n and m be given natural numbers. Consider a system (Q1.....
. Qm) of non-empty subsets of the set N = {1, 2,¢.0, n} with the
property: For any two elements i, je N, 1 # J, there is exactly
one ke M= {1, 2,,00, m} with i, J e Qe In other words, such
a system (Q1,....Qm) is in fact a line-decomposition of the complete
| graph Kﬁ into m complete subgraphs le,l""' KIQ.I’ Balanced
incomplete block designs (see e. g. [2], Chap. 10) with A = 1,
are examples of such systems.,

Further, let r, s 2 O be given integers. Then we define a
graph G = G(Q,,..., Qs T 8) as follows:

v(e) = A%0 a'u ... UA*U B U ¢u °uv p'U ... U D®, where
A“-{a}d l1¢14ém, 1¢3¢m 1eq} (t=0,1, ..., 8,
B ={bjyeee, b} ,

C ={cqpeeer 0.}
Dt-{dIJ|1$1$n, 1.4.141- (t = 0, 15000, 8).

E(G) = {‘gk'gk | agys ‘gk € V(G), 14 }”{'2k‘;.k' "lk‘fk"”

ceer afp'al, ol | ) e V@ oo, 11414,

1e3er, 1433ulnady, afjaf’s..., af )y, eyl
1¢1<n 1€¢j4&r}.

In the Pig. 1 we have drawn the graph G({1, 2, 3}, {1, 4, 5},
12, 4} ,{2, 5} ,{3, 4} ,43, 5},1{5},15}s 2, 1).
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Remark 1, Graphs G(Qﬁ r, 8) (1,e., the case m = 1)
were found by J. BOSAK (1] and then only starting from that
construction the author of this paper found the presented construc=-

tion.
One sees that if there is a set Q'1 with IQJI = 1, then our

graph has a cutpoint whenever m > 2,

Assertion 1. Any G(Qqecss Qi T» 8) is geodetic

 graph, Moreover, if r > 1 or m > 2, then any G(QV""Qm' r, 8)

is block whenever every QJ contains at least two elements.

Proof. Put A=A A'u ... ua® and D= 12°uDly
eee U Di. We shall prove that G(Q,..... Qué T 8) is geodetic by
showing an X-y geodesic for every pair (x, y) from A x A, A X B,
eeep D x D (10 cases) and giving the distance d(x, y). The verifi-
cation that there is no more than one Xx-y geodesic is long (but
easy) and will be left to the reader.

=y x-y geodesic da(x, y)
(subcases)

P

'1k-'§f

k=sf,1i=]3,

P>q sgkcfr — ‘gk Pp=q

(the case p & q!
is symmetric)
k=2, 413} afkazf - ‘gk‘gk _—
. ‘ik P+q+1

- p+1 8 [ ]
k ‘ f. 1 J ‘zk.ik LN J Sikbiﬂir- oo



'.'.gf 2.+2-p-q

kA2, 143, afkafz’ SO0 ‘2k‘gk anG
s

Jer oo bJ‘Jr XX .}f 2'+3+p-q
(the case 1 ¢ Qe
is symmetric)
ké2f, 143, The shortest from the
1€ Qp J#Q following two paths

there is t € Q. n Q, (note that their lengths

(note that in any have different parities):
case |Qk n Qf' r's 1 ‘gk XX ‘?x.gk eee bt coe
and there is exactly ... agfagf cee agr ’ 28 +p+q+ 4
one g with 1, J .G Qg) ng see bi ) aggags ese

oo bJ coe .gf ‘.+5-p-q

: P 0 _0
k ‘ £, 1 ‘ J .1k soe bi see ‘18‘35 eee
anQf.’ ) .'.bd....gf 4.+5-p-q
1= aby <oo ag by s+1=-p
0o _0
i ‘ j. J € Qk ﬂ{k soe .1k.’k eece bd 8 +p+ 2
i ‘ J. J ¢ Qk ‘{k eoe .;kbi ece
0 .0

(i. J (-1 QG) coe .JG.JG eee bJ 3' + 4 - P
.gk - Oj ‘{k eee .;kbi eee cJ 28 + 3 - P



ix~94¢
i=]

143, Je Qk

143,340

b! -bI
i=J

143, (4, J e Q‘)

P
84k
The
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s s q
won SgyPilye ave G4y

shortest from the

following two paths
(their lengths have dif-
ferent parities):

¥

ik

af

L

0 _0
coe ﬁk“k ece
*3b%ie ooe Yoo
eee ‘;kbi cee °f Y

aj,

ece .:kbi sce Of XY

‘3:

o _0
bi see ‘iB.J‘ X bJ

bi'... °J

biafe oo

bi (XX °t LA N} d}f

%y

28 + 2 =-p~-q

28 +3 +p =g

2s + 4 +q-p

28 + 4 +q-p

s+1=gqg

s+3+q
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143 °4¢y 1

oy = da ?

1«1t 0,Y; ... 8§y q+ 1
14¢ c:'.c:stdgf o dgf qQ +2
i -9y

1= k=t,prq ababr? . a} P-q

(the case p & q is

symmetric)

1i=J,ké? The shortest from the
following two paths
(their lengths have dif-
ferent parities):

Py .. afbialy ...

...dgf' 28 +2-p~-4q
ady oo dgk°k°tdgt aws
cee d:.:ll:t p+q+3

143, ket B .o o el oo
‘ cos d}k P+q+2
143, kb2 af, ... dgkckcfdgf
coe dgf P+q+3

Thus our graph is geodetiec. If r 2 1 or m > 2, then obviously
G(Qqs oces Qs T s) has no cutpoint whenever IQJI 22 (3=1,
ecoy ﬂ). QcB.D.



One sees that G(Q1. ecey Q.; r, s) contains points of degree
2 whenever r 3 1 (e.g8. d21) or s3> 1 (e.g. 011). Therefore, we
shall consider only graphs with r = s = O,

Assertion 2, Lete 33, Ifm> ¢ and lQil?o
(1 = 1, essy m), then any graph G(Qqs «ssp Q3 O, O) is geodetic
with the point-connectivity at least e¢ and the diameter of it
1s 4 or 5 depending on Q,; n Q # § for all i, J or not.

Proof . Any graph G(Q1. cess Qui O, 0) is geodetic by
Assertion 1, The assertion on the diameter follows direotly from
the proof of the Assertion 1 (r = s = 0),

To establish the required connectivity, we are going to show
that for any two points, x,y (x # y) there are at least ¢ pairwise
point-disjoint x-y paths, Pirstly, we shall prove that for any
element 1 € N there are at least e sets Q;) containing 1 (i.e.,
any b, has the degree at least e)., Let Qqs Qs coey Q Dbeall

h .
sets containing i, We have JU1 Q;| = N, Purther, asm 3 2, we

have h > 2, Let 1,6 Q, and 1, e Q, with 1, 4 1 # i,
There is a set Qg containing 11. 12. Since ler\ Q; l&1 (§ =1,

ecey b)), lel & h, By the assumption e lesl » hence h > e,
In the sequel we shall write ‘1;] instead of agd for all 1 and jJ.

.I! -aik H

*1x* 3k’

8418 k8 gk (PeQ, iépé])
‘ikbi’it'qtbq‘qg’jng'Jk' (t 4 l£, qe Qt)‘

As the degree of any bi is at least e, such a t exists, The existence
of q is obvious, Purther, for any jJ, q there is (exactly one) g with
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J» 9 & Qg
84 "84¢ ¢
81kP1%4¢ ¢
aikapdkbpjapdsjaqjsdquaqarn“- . (J =1, 2, ceep @ = 1)

The set Q - {1} contains at least e ~ 1 elements: Pqs Pos eeey
eceoy p'_1. mlosoualy. Qr cont&ins i. q1' qZ. [N N ] q°_10 FO!‘

every pair (pd. qJ) there is exactly one 53 with pj. 9y & Q‘J .

“!k'“]f withild.klr.jeqk (thecan:l.ctqf is
symmetric):

'1k‘3kbj‘jf ’
‘ﬂbiaigoaqosob qoaqofa:lf ’
(t = 1. 2. ecey € = 2)

®1k%p k", %p, &, 0,8, "ay 20, 1231 *

There are p.'. pz' XXX p;-a € Qk - {1’ J } and qoo Q1o ecop q.-a

€ Qp - {3} . The elements g;, &1y +oes 8, exist as above.
84)=84p with Q N Qp == }:

‘ikbiaig‘,jgbjajf ’

81x%2k 821331

aik‘ptkbpt‘ptgt.qt&tbqtaqtfadt ’ (t=1,2, ..., @ = 2)

The elements Pir Qs 84 8 exist as above.
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‘1kb1':lsa3 ngan »

t = 1, 2, eeey @1 )
ETERUR N NRIRIRS S

The elements Pgo Qg 0 840 B exist as above,.

841y »

t= 1, 2, ooy ©=1)
U R N WA PRI WA TR R (8= %0 2y vave
There are elements p, as above. Purther, the degree of bi is

at least e, i.e., there are Ugy Upy eeey U such that 1 e Qk'

e -1
Qu.o Qv eeer Q " Then for every t we arbitrarily choose
1 2 (

q € Q“t - {1} , The elements g, exist as above,

.u-bl withiﬁJ.Jer:

a8 ka 'K
‘11:"1‘1 50.’0 50‘,’0.’0“0‘ 3 “Ob 3

As the degree of 't:J is at least e, there are Ugs Ugs eeey Ug o

with § e Q, Q“o’ Qu1' T Q“e-z o Then we choose arbitrarily

points g, e Q“o =13}y eeer By 5 € Qu. o {3} . The set Q -

- {1, J} contains Py» +ees Pgpe Then there exist (uniquely)
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€or Bqr cce9 Bg_p with 1, Zgy € ng and Pyr 24 € Qgt (t =1, 2, ¢0ey

eoey e = 2).

aikbiaisoajsobd ’

- oo -1
gikaptkbptaptgtajgtbj ’ (t 1, 2, ey © )

There are p, € Q, = {1} and Bg» 8qr vees Bg.q With i, j e Q‘O

and pt' J € Qgt (t = 1. 2, KX 0-1).

bi'-bI

biaisoa;’gﬂb‘1 »

~
bia"pta“tptb“ta“tqtajqtb:) v (8=1,2, .00y @)

b (t =8 + 1, veeyp @ =1)

b_a b
121, %u b, Puy a8y 28y 2y 20y day 9
There is exactly one g, with i, J e Qso. Further, there are e - 1
another sets Q(i) containing i and e - 1 another sets Q(J) containing

Jo Let Q 9 ocey Q and Q 9 eeoy Q be those Set‘.
Pq q4 q

Pe-1 e-1
respectively. We can suppose that there exists 3, 0O< e <e - 1,

such that Q_ n Q. =0 if t< &, andQ N Q. = if t > e,
Pt 9 P¢ L

Moreover, we shall suppose that @ is maximal with the property over
all independent orderings of the sets Q(i) and the sets Q(J). Then

we put thr1 th = {ut } if t < &, and arbitrarily choose u, € th -

- {1} and zy & Q -{3} 41f t > &, For every t > & there is
t
exactly one 8 with Uy, Zg € Qgt o
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Having covered all cases, the assertion is proved. Q.E.D.

Remark 2. Wesee that a graph G(Qq, ..., Q3 0 0)

is regular of a degree e > 3 if and only if Q:j = e

for all j and for any element 1 € N there are exactly e sets QJ

containing 1. However, then the system (01, coey Qm) is in fact
a balanced incomplete block desing (BIBD) (see [2] , Chap., 10)
with parameterss van, b=m, k = e, r=e, A= 1, Thhb such
a BIBD is symmetric. Consequently, for any pair (1, Jj), 1 # J,

we have IQ1 n Q J| = A = 1, Hence by Assertion 2, the correspon-

ding graph has the diameter 4. So results on the existénce of

symmetric BIBDs provide infinitely many regular geodetic graphs
with diameter 4 and a high connectivity,

Problem, We have just described a construction which

gives geodetic graphs with high o'onnactivities and diameter 4 or 5.

However, there is an open problem to find such graphs with diameter

3 or more than 5,

(11

[2]

(31
(4]

(5]
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JEDNA KONSTRUKCIA GEODETICKYCH BLOKOV
Jén Plesnik, Bratislava

Graf G sa nasyva geodeticky, ak ka¥dé dva vrcholy grafu G si
spojené jedinou najkratdou cestou. Predkladd sa Jedna konStrukcia
geodetickych grafov, ktord okrem inyoh déva geodetické grafy prie-

meru 4 alebo 5 s velkou vrcholovou sivislostou,

Pespopue
OIIHA KORCTPYRIMSI 'EOJESNYECKMX BJOKOB

filr NlxecEnx, Bparmcaxaesa

Tped G HasHBEETCS reOXESNUECKNM €CAN KAXZHEe IBe BEePmNHH rpe-
da G coeammenn exawncrsennoll xparusfimefk nenro. Mpesasrsercs oxma
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KOHCTpyXnMa Teonesmueckmx rpeoB, KOTOpes KPOME IDYrux XeBEEeT reo-

nesudecxme rpedu amamerpa 4 maw 5 ¢ Goxpmoft sepmmumnOft cBI8HOCTBD.
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ON EXTENSION OF CONTINUOUS FUNCTIONS

Eva PerneokA, Bratislava

Let A be the system of subsets P of the set 31 of reals
with the following property: There is a continuous function
L 31 — E,. which is not injective, Qnd such that the restric-
tion £ | P is injective.
P, D. Hammer [3] recently has posed the problem, whether the
sets Q of the rational and I of the irational numbers belong to a.
It is easy to see, that Qe A , and I ¢ Q ., In.the present note
we give a generalization of these results. We begin with the
folloving lemma. ‘ |

Lemma 1. Let A, B be non-empty, nowhere dense, perfect
sets; let I, J be two closed intervals such that A c I, B c J,
and let the right (left)-hand end-point of I belong to A if and
only if the right (left)-hand ond-epoi:nt of J belongs to B, Then
there is a continuous, strictly increasing surjective function
£ : I — J such that P(A) = B, and £ is linear 'et the component
intervals of the set INA,

Proof . Let {I} :_1 be a sequence of the component
intervals of the set I\A; let {J } 7., be a sequence of the
component intervals of the set J~ B. In the natural ordering the

sets {1} o, , {3} .y are dense and countable.

Let g s {1} ;1 — {Jn} net be the corresponding order-isomorphism.
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We define now the function f as follows: f is linear increasing
at every corponent interval I, of the set I\ A such that f(Ik) =
= 8(Ik)o
(-] oo
Let £(x) = inf { £(t); te LU, I, t > X for x ¢ U, I,.
The function £ is continuous and injective; proof of this fact is

similar as in the case of the Cantor s function. Clearly f(A) = B,

Theorem 1. If A is a set of the first category, then
Ae @ .

Proof . Since A is a set of the first category, it is
possible to find a set B = ;151 % which is dense in E1 and such
that every of the aeta-Ak is noivhere deﬁse, perfect set and A c B,
We shall show that B€@ , Then it will be evident that Ae @ .

Let a < bja,be E;. We shall define a function g: E,— E, as
follows: Let g(x) = x = b + 1 for xe<b, oo ) and let g be strictly
decreasing, continuous function on the interval (- oo, a> with the
property g ((=oo , a)) = {0, 1). On the interval {a, b> the
function g will be a limit of a sequence of functions g, such that
g, is continuous and injective for every n = O, 1, ccee o

Put C = g ((~00 , @a)n B) c <0, 1). Then C is a set of the first
category, because g | (=00, &) is a homeomorphism,

We shall define functions g, by induction. Let & be linear
increasing function with €, (¢a, b>) =0, 1> . Assume that we
have defined a function g :<a, b>—><0, 1) which is increasing,
surjective, and such that g, (A v ....uAk) N C=f, where A = [/}
Let J be a component interval of the set (0, 1) = (Aou eos uAk).
Then gk(J) is a component interval of the set (0, 1)~ gk(Aou ...uA.k).
Put BJ . = B1nJ (we denote by X the closure of the set X).

Clearly Pg“ is perfect. If it is nonempty, choose a nonempty
nowhere dense perfect set Gk +1 in the interval I = gk(J ) such that
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ChyqnC= $ (this is possible, see e.g. (1], p. 387). Moreover,
we can clearly choose ck +1 such that
(1) the length of every component interval of the set

{0, 1>\ Cryq 12 less then 111/ 2

and that ck +1 has this property: If the left (right)-hand end-point
of J belongs to Pg +1 » then the left (right)-hand end-point of I
belongs to Cpiqe By Lemma 1 there is a function gg” : J—I, which
is continuous, increasing, surjective, and such that gg 11(1"; ”) =
=Cppq o I Il?‘k"'.1 = P, put 31‘:”(1) = gk(x) for x € J.

Then we can define the function 841’ {a, b>—=>(0, 1> as follows:
Bx41(X) = g (x) for x e (Aqu ...uAk) n<{a, b
gk”(x) = ggﬂ(x) for xe J

where J is some component interval of the set <a, b>\ (Agu «es uAk).
Clearly 841 is increasing and surjective. Moreover the

sequence {gn(x)} ;0 converges for x € <a, b> uniformly to a

function g. This follows from (1) and from the fact that the

sequence {gk(x)};:n is constant whenever x € (AU ... U4 )n {a,b).

It is easy to see that g(Bn (a, b)) N C = §, The function ng:B—731

ie continuous and injective. But g((a, b>) = (0, 1> and

g((=c0, a)) = ¢0, 1), hence the continuous function g: E,— E,

i8 not injective, q.e.d.

To prove the next Theorem 2 we need the following lemma:

Lemma 2, Let U, V be intervals, let £ : -V be a
continuous surjective function., Assume that Ac U is residual in
U and that £/ A is an injective function. Then the set f(A) is
residual in V.

Proof . Since every residual set contains a residual
subset of the type 06 , We can assume, that A is a residual GJ



set. Let _A1 be the set of all points of the set A, in which the
function f/A takes on locally strictly extreme value, It is easy
to see that the set A, is countable, so = AN Ay is a residual
Gy set.
Put B*= £(£). To prove Lemma 2 it suffices to show that B™ is
residual, Pirst we show that g = £/ A* is a homeomorphism L— B*,
Because g is injective and continuous function, it is sufficient
to show that g~ ! : B*— A* 1is a continuous function, i.e. that
for each open interval I, g(A* n I) is the set of the form J N B*,
where J is an open :Lntex;val.

Take such an interval I, Put J = £(I). It is easy to see, that
J is an interval., If J contains some of its end-points, e.g.
J ={a, b) such that a € B*, then the function g takes on in x = g"(a)
lccally strictly minimal value. But such x cannot pelong to AY,
so J is an open interval. Hence B* 1is homeomorphic with the Gy
set A¥ . By a Magurkiewicz s theorem if X and Y are homeomorphic
subsets of complete metric spaces and X is Gy ,A then also Y is G
(see e.g. [11, page 337). |
So B* is a Gs set. Further B* is a dense set in V. Indeed, if
B* 1is not dense in V, there is an interval J, c V such that
B*n Jo = f, Since £ is continuous and surjective, the interval J‘J
is an image of some interval I c U. But A¥n I, 0, 80 £(A%) N Jpp,
e.g. B* is a dense set in V. Since every dense G5 set is a reai-

dual set, B* is a residual set in V,
Theorem 2, If Ais a residual set, than A ¢ (.

Proof . Assume on the contrary, that Ac¢ 4 . Then there
is a continuous funoction f : E1 —> E1 not injective and such that

f/l is injective., Then there are numbers a, .b E1 such that
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a< b and £(a) = £(b). Since £ is a continuous function, it takes
on the maximum and minimum value in {a, b> . Since f :I.l'not constant,
we can without loss of generality assume that :uex<.'b§(x) =

= f(c) 4 £(a). Put I, = f(Ka, e)), I, = £(Ce, b>). Then I,
are intervals with a common right-hand end-point. Let I = 11 N 12'
Then I # # is an interval and each of the sets £(<a, ¢)nA)nI,
£((c, >N A)n I is by Lemma 2 residual in I, and so f(<a, e)nAn

nf((c, > n A) = P, contrary to the fact, that f/‘ is injective,

Corollary. 'l'horciul.aubsetAofl1w1thsoro
Lebesgue measure and such that A¢ @ and By\ A el .

Proof follows from the fact that there is a residual set A of
zero Lebesgue measure (see e.g. [2] , page 4). By the preceeding
corollary the Lebesgue measure does not give a criterion for a set
to belong to . . The following two examples show that also the

property to be a set of the second category cannot be used for such
a criterion.

Example 1, The set 31 can be decomposed into two
complementary sets A and B such that both A and B are of the second
category on every interval and A¢ A , B¢ @ .

Proof. Let {P,},.n bea sequence of the non-empty
perfect sets ( N is the first ordinal of the power of the continuum)
and let {gylac¢n Dbe the system of all continuous functions
81 - 31, which are not injective.

Define transfinite -oqaonoe of finite sets {Ay}lp¢n and
{Bylacn @s follows: Assume that sequence of finite sets
Agdacp » {Bxlacp » where H< 0 , has been defined. Put
D= U (e v B, ). Since the cardinality of D is less then the

power of the continuum, there are elements a,, b, € Fp \ D, &, P | LI



- 66 =

Choose elements ay, 53. b2, b3 such that 84y 85 33. b1, bz’ b3

are six different elements, which do not belong to D and such that
f(az) = f(n3), f(ba) = r(b3) (this choice is possible, since the

set M = {x € E,, for which exists ye E,, y ¥ X, &(x) = ely)}
has power of the continuum). Put A, = {a1, a, l3} and B, = {b1.
b2' b3 } « The set A -aanA“ is a agt of the second category on
every interval, because A has a common point with every non-empty
perfect set. It is evident that A ¢ O . Now it is sufficient to
put B = 31 N A,

BExample 2, There is a decomposition 31 = A U B such
that every of the sets A, B is of the second category on every
interval and Ae 4 ,.Be Q.

Proof . Let A u B bea decomposition of E, such that
every set A', B' is of the second category on every interval.
Assume that 0 € A', Put A = (A'N {0,00)) U ((-B') N (=00, 0>),
where -B'={x e By -xe B'}. Then the function g(x) = | x |
is injective on A and on 31 N A = B, But g is not injective on 31.

Note. Itis possible to show, that if A is a set such
that for some interval I, AN I is of tl{e first category, then
Ae W,
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Sihrn
0 RozSIRovaNf sPoJITfCH PUNKOIf

Bva Perneck4. Bratislava

V préci Je riedeny takjto problém: Mech (I je systém vsetkfch
podmon¥in P c E, s vlastnostou: existuje spojitd funkocia £:B,— E,,
ktord nie je prostd, ale siZenie f/p je funkcia prosté.

Aké mnoZiny patria do ' ? Hlavné vysledkys Ak A je mno¥ina I. ka-
tegorie, potom A€ G , a ak mno¥ina A je rezidudlna, potom A¢g Q.

Pespopue
O PASIMPEHNMY HENPEPHBHHX &YHRIDIR

Esa Mleprenxa, Bparmcaasa

B paSore pemema raxas npoCxema: llycrs Q) cmerews moaumaxecTs
PCE, obxsgsvamx caexyoumw cmroftcTsom: cymecTsyer REOXHOSHAWHEN HE-
opepusnes PyExmus f : E;~E, , cyzemme f/P xoropolt oamosmaume.
Kaxne NHOXECTBS COBNENSDT B Q7 T'zesEme pesyasrarm: Ecax A mmoxec-
T80 nepsoft xereropux, T AEQ, x ecan xomoxmemne A’ nepmoft xare-

ropumx, To A ,m
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A REMARK ON 1P SPACES

Tibor Salét, Bratislava

Denote by 1P(p z 1) the Banach space of all real sequences
[- -]
Xs= {gk}:ﬂ with kZ_:1I§ kl’( + 00 + The norm of the point

xelP denote by i xllp e We write 1 instead of 11,
It is a well=known fact that for 1£q<r<+oc the inclusion
19¢c 1T holas (ef. C1],.p. 190; [3], p. 22). In connection with

this knowkedge we prove the following result on "the magnitude®™
oz 19 in 17,

Theorem. 1£q<>r < +c0o o Then
(a) 1 4is a dense subset of 1T ;
(d) 19 1s a set of the first Baire category in 1T .

If we take into consideration the fact that 1* is a complete
metric space (of. [3], p. 15, 19), then with respect to the well-
known Baire’s theorem (of. [2], p. 80) we get the following:

" Gorollary. I£15£q<Tr < 400 , then 19 isa
dense set of the first Baire category in 1T and hence 1F - 119

is a residual set of the second Baire category in 1T ,

Proof of Theorea.
a) Let x-{ﬁk}‘;‘ﬁl". d> o,
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Choose a positive integer m such that

f: 1€ | F<d” (1)

k=m+1
Put "lk-gkforkﬁn, Mg = 0 for k > m.
Then evidently y = {’I k} :1 e 1 and according to (1) we have
=

4
T

ly-xll, = (3 1€, ©)T<d

- k=m+1

Hence 1 is a dense subset of 1T,
b) Let m bde a natural number, We shall define the function

h, 1¥—>R (R= (=00, +00)) in the following way:

R
- *® e1f t = I q
Por x= (& k}kﬂ e we put h (x) ?1 €l

Itx={ ® e1f .{”] }N e’
é, k}k-‘l » ¥ k Kke1 ’
then for each k = 1, 2, ... we have

lék - ”’kl éllx - ’"r

Trom this it is easy to see that h. is a continuous function
on 17,

Now we define for x = {§ k}‘” «1%
ks 1

h(x) = lim R (x) (=lx Il g)

n—» o0

Since each of the funotions h |19 (m = 1, 2, ...) is continuous
on 19, the function h : 19— R 4is in the first Baire class on
the space 1% regarded as a subspace of 1T,

We shall show that h is discontinuous at each point
xe19c 17, Let x = {gk};;elq » E>O0,
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(- -]
We show that there exists such a point y = {qk}k . s 11

\llx-yllr<e

and
h(y) - h(x) > 1
Choose a natural number s such that
[ -]
Z |€ Ir ¢ s)r
k=s+1 k (!
— r
> £ <@
kss+1
and
: o0
> oktq< @F
kas+1

that

(2)

2°)

(3)

3"

(4)

[ -d
Such an integer exists since > . | E,kl ® < 400 (a=xr, q)

k=1

oo r
and > k-~ q< 400 for %)1.
k=1

Put ¢, =&, forkg&s and T, =0 fork)s.

Then ¢ = {fk}:1s 19 and according to (3) we have
-

llx-tl|r<§

Choose an integer v 2 1 such that

4V
2 x> e T

kss+1

(5)

(6)

Such an integer exists on account of divergence of the series
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1
> (s + 7' . Put "?k- T, forkss, M =%k q for
J=1

s +15k<$s +v and "lk-o fork >8 + Vv,

Then y = {")k}“ € 19 and according to (4) we have
k=1

Ne-yll. <% (7

From (5), (7) we obtain (2).>

Further
84V oo
h(y) - h(x) = 2. 1. > l§k| q
k=s+1 k=s+1

and according to (3°) and (6) we get (2°).

Hence the real function h defined on the subspace 19 of
1T is discontinuous at each point of 19, According to a well-
=known theorem on discontinuity points of funotions of the first
Baire class (cf. [ 2], p. 182) the set 19 1is a set of the first
Baire category in the subspace 19 of 1T and hence also in 1%,
This ends the proof, '

In connection with the proved theorem the question arises
whether an analogous result holds also for the spaces LP(X, w )
where 1 4 p < +oo0 M is a finite measure defined on a 6 -algebra
of subsets of the set X,
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POZNAMKA 0 PRIESTOROCH

Tibor Saldt, Bratislava

Ak 1 £ q<r <+o0 , potom 19( c 1T) je hustd mnoZina prvej
Baireovej kategorie v 17,

Pespbopue
SAMETKA O MMPOCTPARCTBAX

TuGop llexar, Bparmcxasa

Scan 1 §q<r<+oe, 019 (¢1F) nzormoe wmomecrTmo mepmoit

xareropun Bepa B s L
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KAYECTEEHHHE CBOAICTBA OJHOIO TMIIA KPAEEHX 3AIAY III

Pyvanoar d K on s ap, Bparuczasa

PaGoTa SBASeTCA HemoCpeACTBEHHHM NpoAoxxeHMeM paloT [1,2] .
PaccuMaTpuBaeTcs cayualk opTOroHanbHOR SHM3OTPONMM ¥ MNMOKASKHBAETCS
Ha BOSMOXHOCTL MCHOAbSOBAHMS PESyALTATOB B npobaeMax ynpyro-nasc-
THYECKHUX ,

llpeanosoraeM BnpeAb, YTO () orpanuuensas 06A2CTh @BKAMAOBA
NpoCTPAHCTBA PABMEPHOCTH 2 M BQ ee rpanuna., O PyHxumgx, OOCTO-
SAHHHX M TPOCTPaHCTBAX NpejnoJoraeM, YTO OHW BemeCTBeHHHE.

b £ paccmorpuu cmi'reuy.ypaaueu“
Pl *l&%%%f;)a[ﬁ,w]+[L,r]+[ﬁw]+a"

4
( ixT 14 ‘_Q_f_.l J‘%.g_):%[ﬂw]f[k,w]“h , (34
Kne d;,d;,& & 5 d. moxoxmrTearume mocrosHHNe, OcTairENe 0608HA-
YeHNS OLMHAKOBHE KaK B [1] . YacTHEM cxydaeM ypapHemuk (34) sBas-
DTCS YpaBHEeHNS B [3] .

CucreMmy (34) OymeM pacCMATUNBATHL B NPOCTPAHCTEE W= H, X H& -
KAe NpOCTpaECTBA H,( npocTpascTBo ¢yExnmik W ) x H,’( NPOCTPAaH-
cTBO Qynxnuk F) NOPOXAEHM KPA@BHMM YCAOBMSMN .

1. Oyers N KpNBas C HeNpepHBEO NsMeHsSpmeiica Hopmaxolt,
2N =90,0IQ,, 0,NN=] = ms 90> 0, MsdQ,>0 .

B eToM cayuae Oynes cucrTeMmy (34) paccMaTpNBaTh npN KPaeBHX yCXO-
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BHUAX

YlaQ, amlaﬂ ‘F\aﬂ om laﬂ
‘urla_Q {u.(A‘W'rA"w’) (1 {‘*)[J«a am' + 19 \am"m’3 (35)
+as—%m] [(ca»»,w'. ) .

m,=(M, 'J) BHeWHAS HOpMaJb Kﬂ {lb nocTosHHAsA (0 f“v < 1 Ye

A= d;g:(a d;%g—"z "d;-——t*&a—?,-

O6o8HAUYUM ONATb, KAK B [1]
@ -7V
V(Q)={u| weW, (Q), 4lq*Salon 015
Aas A,VGW‘. (Q) paccMoTpuM CuanHeRHYD cbopuy

du oY , Fu M
AJ(u,u)=}1[43F§}1 (‘“g-(agt%x‘i ik aj)

(36)
+16(1 /“')6159 ox 9y %éviﬁ]dn
Jewuwuma 9, Aza meV(Q) cnpaseganzro
Qa““'lw‘“’(n) £ AJ(“.M) éRa “““W,f“(ﬂ) ' €37)

roe R4 S .RL NOJAOXNTEeJNbHHNEe IOCTOSHHHEe, KOTOpHEe He8aBUCAT OT

).

JoKkasaTeabcTBou , Cormacio semuu 1 [1] cyme-

CTBYDOT NOJOXMTEJBHHE TNOCTOAHHHE C’I ’ C& y KOTOpHE HesaBHMCAT OT

MK " Q y HCHOJIH.EDH.LKG COOTBO!!JSHIM!

Q[]uﬂ'%» S )"2(1 P')( ) ( oyt )’-

+l‘|(gt:t g""'— a0} "C,_“u“ w‘fl)

0Go8sHaunu C, M( d:\,d.-h‘;s);




-7 -

Cy = max (4,63, ,d3 ).
Toraa ‘R" C"C,' ’ K*C" c‘f X mcnoamneno (37).

NpoCTHM BHYNCAGHMEM MOXHO Aerko NOKasaTh, 4To OuamHelnas
dopua AJ(M,V) ob6xaziaeT BCeMM CBolcTBaMM CKaASpPHOro NMpoMsBeneHHS .,
MNonoanxu V(.Q.) B HOPMe MOpPOXJeHO# CKaXSpDHHM NMpOMSEBeJeHNeM ompene-
xeHuM Popmoik A‘ (M-,V’) . lloaHO® MpOCTPAHCTBO, KOTOpOe MOXY4YMM 06o-

snawnu \(Q). Mo xomcrpyxuux mpocrpamcrsa Vy(£2)owesuano, wro
W) € \((Q) c W ().
B cayvae KpaeBX ycaoBuit (35) moxommum
HeVe(Q) | Hy= W)

2, Ecam mcnoxsenH ycxoBus (35) x aQ,’ W, ro I uoxer
)
ONTH ANNNNLOBCKAS X MOXOXHM H,’H,.‘ /Y (Q) .
3. Ecax 02 npaMoyroapuuix, MoxeM oOCYRRaThH eme KpaeBHe yCXO-

w[an'aa: laﬂ |aQ FIaQ IaQ %.;;lanwm)
OGosHauNM M'{AIA€W.‘(.Q) ulaﬂ*O}

Ha M ebexex CRaXfSpHHEe NMPONSBEeXEGHNS NOJAOras Mo ONpeAeASHND

YuveM: (a,0), = A (u, &), (39)
(,v), = A (o) (40)

a‘.
e Ao §(i88 B e B T

(9]
itk din 30’ w_
Alae)- f“»%rg’r*’~°‘&'a3?fa'3*"‘%’fa_;’)dn'

JerxNMN BHUNCAGHNAMN MOXHO noxasarp, 4UTO CKaQASpPHHE NPONSBeAeHNS

BBeXeHN cooTHomemmsuMx (39), (40) mmenT BCe cBOficTBa CrRaaspHOro
OPONSBeXCHNE .
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Nonoamenne wmmoxecrsa M B HopMe mopoxmenol cKXoagpHHM npous-
BenenneM (39) o6osHAUNM V(Q\u nonoJAHEHKe M5 RopKe mnopoxmeHo#
(40)\/‘(9). l]poc'rpanc'raa\ﬁ (Q), \{(Q) MMEDT CBoicTBa NpPOCTPAHCTEBA
w.m(a), 4YTO MOKHO NOK&8aTh MCMOAbLS8OBaHMeM HepaBeHCTB dpuipuxca
n [lyanxape. B cayyae KpaeBHX ycCAOBNMi (38) moxoxmum H1 =V4(.Q),
H, =V (Q).

[lpocTpancTBO W= Hq KH:, SBAAETCA I'MAL6EpPTOBHM CO CKAASp=-

HHM NpOoMSBeGHHEeM

{h‘lk‘)w = (wﬂv‘)H‘ + ( F‘ 'F")HL |
rxe &;'(%l"—‘)ew , 4=1
Qnpenexenxe 8, a)lapy {w, F)€Woyneu nasysars

0600meHHNM pemeHMeM cucTemn (34) npu kKpaeBux ycaoBmax (35), ecanu

Aas anGoit mapu <'f“|"> ew
DA (w)0) = L(F,w,8)+ AL(F,w,€) + L(AF, ) +

¢ §a.dxy)txyldn,
§ anlxig) oy

jE-A:,(Fl\V) =-';“l.(‘ur,w,‘f)- L(L‘W,Y) *
v iy ¥l O

6) Napy (ﬁrlF) €W OyneM HasHBaTh 0600mMEe HHM pemeHMeM
cucTeMn (34) npm KpaeBHX ycaoBusx (35) m aﬂ‘f& , MJAM KpaeBHX

yexosxax (38), ecan zas anbok mapu <Y ¥ > €\

BA(w,F)=L(Faw,X)+ AL(F w0 )+ L(&,F,€) +

+j‘q,(x,td)\’(x,\a)dﬂ :
LAY = - 4Ll y)- LA v, ¥) ¢ f gl Hioy) a2



B onpeneaenun 6 nmoabsyeMcs 06GOSHaUEeHMEM

3'r oV a‘vav %__a_ a‘vav ]
L, ) = [y 5yn 5c) 8 Wy &~ 5t oy Joy 0
Taruu oﬁpaaou KaK B [1] MOXHO KOHCTpPYNpOBaTh omepaTops Buxa (G
x T . B samem cayuae 0608HAYNM BTN ONEPaTOPH GJ ’ Td- . 6«' ,qu, .
OHK onaThH AeidCTBYDT B NPOCTPAHCTBe W .

OnepaTops GJ . G“ noTeHOUaxbHNEe, OTBevavrmee (YHKINOHAAM

G = DAlww) - AR F) - R ([Rw] wr) -
- (1%, F'].1«),La' %([F.tr].W)L;é)(q.w -q.F)dQ.

dyHRUMOHAX ¢,a6yner oanHaxoBui, TOABKO BMECTO A;(V,W') GyneT
xBajgpaTHdeckas Popua A.(w,w)

Kax B [1] MOXHO JOKA8saTh OTH YTBEePKIACHNS:

JeuMuma 10, OSyaxuwmomaau 4’6 l¢4‘.c.l!50 noaxyHenpepHBHNE

CHN3Y HA W )

JdeuMua 11 . OnepaTopu Gd- ,G‘,. sa W OrpaHNYeHHHe, He-

npepHBHHe X NX HeanHellHHe WACTN BrHoAHEe HeNpepHBHNE,

deuma 12, NOyers F pemeHN® BTOPOr'c yPABHGHNS N8

cucreMn (34) B cmucae ompesexenns 6. Toraa q)J " (P“ BOoSpacTapmee

na W .
Teopema 11, las % q.ﬁ.‘l.‘(ﬂ) he‘«/“’(f))

cymecTByeT XoTd OM OAHO pemeHNe 8ana% N8 ONpPeAEAGHNS 6,

OycTs G orpamnuensas o6aacrs B mpocrpascrse W x B€ G .
Nycrs L(X,v) . F’,(x,\d) OyEKUNN N8 npocrpncrna%%)l
% €I.,‘(Q) Oycrs axs R € 306

(Teh M), 20, (LAL )0,
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Torxa MMeeT MECTO

Teopewma 12 ., 3amaun H8 ompeleseHHs 6 uMMerT XoTq OH
OAHO pemeHMe B Q . Ecax B Q cymecTByeT TOALKO ONHO pemeHHe, TO
CymecTBYDT BCe ralepKMHCKMe NpMOANEEHMS JTOro PemeHHs M CTPeMATCH

X pemeHND B HOpMe NPOCPPaHCTEA w .

.

3ameuaunxe 4, OnepaTopH Ts ,Tu. He SABALDTCS NOTeH=-

ONaADbHHEMK .

A oxasaTexbCTHBO . fiBHO noxaxeTcd, 4YTO He MHCHOOA-

HeHO HEOoOXOANMOE YCIXOBNE MOTEeHUNaXBHOCTN [4] .
B cayuae q,'?. Q&E 0 MOXHO n_poo.ueuu Touex Omdypxauux CHC-

Temn (34) pemxThH TAK K8K B [2] o M du moayumam Teopemy

Teopewma 13, JAxa TOro YrolH ﬂ. 6Hao TouHOM Oudypxa-

UNN sazauy M8 OnpejieAeHHsS 6 npH %EQ‘E O , Heo6xomuMo u go-

CTATOYHO, 4YTOON sagzaux

a) %&‘(V,Y)‘([‘l,:]lv)u,: A ([F,w] "f)l-o. )
%AQ.(FIY) =‘(["‘w]lY)'t '
ax o Dp (w0)-([4,F)1), = A((F01X),, |
is',\x(ﬁ"'):’(“""']'”‘-t !

MMEAN a8 ADGMX <Y,Y7€V HeHyJAeBoe pemeHNe 4“7‘ F ) X8

npocrpancrea W .

SaMeuaHne 5., Coobpaxenus ms 8Tok pPaGoTH MOXHO

OPEMEHNTDH NAS PEemeHNS YNPOCTEeHNX 88Ka4 O POBHOBECHM I'MOKMX ynpy-

ro-niacCTNYeCKNX NASCTHHOK NpN GoamHmuxX nporubax [5] , §3.
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Sduhrn
KVALITAT{VNE VLASTNOSTI JEDNEHO TYPU OKRAJOVICH OLOH III
Budolf Kodnér, Bratislava

Préca besprostredne najvasuje na préce [1,2] + Respracevany
je pripad ortogondlnej anisotrepie a poukasuje sa na menost
vyuiitia v¥sledkov v pruine-plastickfoh problémech.
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Zusammenfassung
QUALITATIVE EIGENSCHAPTEN EINES TYPS VON RANDWERTPROBLEMEN III
Rudolf Kodnér, Bratislava

Die Arbeit lmipft unmittelbar an die Arbeiten [1,2] an. Ee
warde ein Pall orthogonaler Anisotropie bearbeitet und auf die
Moglichkeit der Benutsung von Ergetnissen in elastisch-plasti-
schen Problemen hingewiesen.
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UNIVERSITAS COMENIANA
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXXVI — 1980

VARIOTIONAL INEQUALITY FOR THE ORTHOTROPIC PLATE

REINFORCED WITH STIFFENING RIBS

R.Xodnér,J. Lov{i3s ek, Bratislava

In this paper, we examine unilateral pheonomena for elastic
orthotropic plate reinforced with stiffening ribs. For the aproxi-
mation of the solution of variational inequalities one can employ
the finite element technique - see [11, [3], [5].

Let L) be a bounded region in the plane x, y with the boundary °Q.
Let us study in () a systemof partial differential equations

Alw) = D‘wm + 2D3'W! + Dz'm =
= plx, »)V (1)

Lek,s =Pk ! Lok = me(8)s Iy o= '9;1 Ley + vﬁk (2)

where
I‘ck' I‘nk are the internals forced of the ribd T

Tex = OO, g =0x' O Ty = 4(Oy o -0k 6 3

@y 1s a variable radius of curvature of a sufficiently smooth

W ALy
Hence forth we shall demete -at- “wWgr Tpy g = <75~
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curve 7, for k = 1, 2, I

ck is the torsional rigidity of the rib,

"k is bending rigidity of the rib with respect to the axis n,

where n is the normal to the tangent ¢ of the curve 7',‘ on the

section s,

V i i the srearing force on the section s of the stiffening rib
Tk defined by the equations

s
Vo = = S pk(s)ds + const., and
°

pk(s) = pok(’) - Pyy» 8 18 the vertical load (shearing forces),
which acts on the k-th rib and which accordind to the definition
is equal to the difference of the shearing forces pok(')' pkk(l)
on the k-th rib T from the side of the regions ’Qo' ‘Qk'
respectively.

Analogously the resulting moment load (bending moments) mk(s) =

= nok(l) - mkk(l), will act upon the k-th stiffening rid 7, ,
where mok(')' "kk(') are individual bending moments acting upon
the k=th rib from the side of the regions 0 o and 'Qk' respec-
tively.

erk' an are the deformation parameters of the k-th rid defi-

ned by i
A
e

14 &
k k
t'k- ¢ 91-- e $ Ak-'o-'k

is the deflection ordinate on the Tx axis of the k-th rib, Vo 0

w, are the defleotion ordinates of the regions 'Qo and 'Qk and
for each k = 1, 2, ..., 4 41t holds

— + — =
on ?s8 Tk nk (1)
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L
The curve [ aki} T, divides the region into L + 1 subregions.

Then Q= ‘60 + ﬂ1 + £y 4+ o0 {l, . For the sake of simpli-
city let us suppose that regions ﬂk(k = 1, 2, esey L) are simply
connected while ‘Qo is a multiple-connected region bounded by the

m+1
set of curves | and by 2Q= U 8 0% . ™e curve 60

1 3 m+1
encircles all the other curves o N ; and the curves [ and 0{)
do not touch nor intersect each other., The given vertical load of
the plate applied to the region is defined by a function p = p

(x ,¥)e

The following notation is introduced for the constants:
D1 - D". D2 = D22. D3 = D12 + ZD“. where DiJ are the rigids

of an orthotropic thin plate.
The physical reality, i.e. the non-negativity of work of the inter-
nal forces of an orthotropic plate with stiffening ribs implies
that the matrix of coefficients

Dy» Dy

D= (1%)

D3 D,
is positively definite. Taking into account the Silvester Theorem
we obtain from the positive defin.:l.tenoas of the quadratic form of

the five unknown quantities L

wx? 'V' 'yyo ok’ Lnk’

D,>0, D,>0, Dgg>0, DD, - BZ,>0 ([7TD. (2%

Equations (1), (2) will be examined in the bounded region n,
which is a multiple-c:rnected region with a Lipschitzian boundary
90). It is assumed that 2 {) consists of two disjoint parts 8.01
and 0{), such that

20a 0.010 Oﬂz , where
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mes © .Q1 > 0. The boundary conditions are considered in the form

Waa, = 2x-lan =0 (4y)
wloQ, = 0 (4,)

- 2 2 2 2y _
m, o= - 'xx(D1nx + D12ny) - 'yy(D12nx + Dzny)

- D -

where n = (ng, ng ) is the external normal with regard to (1, )y B
is a statical quantity, the bending moment on the surface of the
boundary 8.Q2 with the normal n.,

Within the region f] the following geometric conditions are
formulated for the function w (x, y):

+ -
"Tk" l?‘k

aw ow

on Tk. On ,rk

(k = 1020000;1) (43)

The superscript plus or minus indicates that the quantity in

question refers to the region (1  or ‘Qk' respectively, The me-
chanical meaning of these conditions is as follows: 1nv 3ﬂ1 the
plate is clamped, in Dﬂz it is simply supported and the defleoc-

tion surface is smooth over the region {1 .

Terminology. Let () be a bounded region in the
plane x, y whose boundary is Lipschitzian (see [6] ).
Lp(ﬂ) denotes the space of all measurable functiona. integrable
with the power p on [} (with regard to the Lebesque measure dx dy).
Further let us adopt the notation
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aloc |

2
|°6|-Z°<»1. o p =
i=1 ax 1oy 2

Let us define the Sobolev space '%(.Q) by

'g(ﬂl = {ulﬁena(ﬂ), D“uel.z(n), lclg 2},

(the ‘derivatives are taken in the sence of distributions).
'g(ﬂ) is a Banach space with respect to the norm

2

The space 'g(ﬂ) with a scalar product

(u, v)'2 - }‘ uvdxdy + 2. SD“uD“vdxdy
2 I |2 2

is a Hilbert space.

[} .

'g(ﬂ) denotes a subspace 'g(ﬂ) which is obtained as the closure
of the space & (1) in the norm ll.ll'2 (D) ={¢ | € are infi-

2
nitely differentiable functions with a compact support in n } .
) o
The soalar product defined in '%(.Q.) by

(a, Vo, = 2.  Du I axay
'g lela2 Q

generates in ;g(.ﬂ) the norm .|| o2 which is equivalent to the

norm ||.||'2 in ;g(ﬂ). 2

2
For the purpose of studying of unilateral phenomena for Ilat elastic
orthotropic plate reinforced with stiffenig ribs, let us define a
space V({)) in the following way:
Let
) 2u
/Ad0)) -{n lueg € (ﬁ). "‘8_01 = -0_‘|301 = 0, "|o.n2 = 0}
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then V((21) is the closure of U'({1) in the norm

ull 2 2 1/2
u 25N " (llullwg *"u”x(r‘) ) (11)
where
> 2 12
Nuall - (WD (u) Il + 1 L, (u) )
K(M) ke ¢ Ly (1) Ly (1y)

And finally, closed convex subset of V(()), subset K({1) will be
defined as the closure of {ue VU ()| —% , 70, a_Q',‘, c a.ﬂz},
841,

in the norm (#) (it is subspace of virtual displacements and the
cone of admissible virtual displacements, respectively).

£ (1) is a set of functions infinitely differentiable in f) ,
whose all derivatives may be continuously extended to the boundary CION
Let us further denote by co(ﬁ) the space of all real functions
continuous in {1 and equal to gzero on 2(2, Cc(ﬁ) being the space
of real functions continuous in {) and equal to zero outside a
certain compact subset of L) ., Prom the Sobolev theorems on imbeddings
(see [6]) we obtain that V(ﬂ)cco(ﬁ) both algebraically and
topologically.
Because cc(ﬁ) is dense in co(ﬁ) each of the elements in (co(ﬁ))*
may be identified by means of a transposition with the element in
((Jc(ﬁ))".r Henoe in our further considerations the Dirac measure

d= d'(xo, yo)((xo. yo)e f) ) represents a singular vertical load
in (1), It pe(co(ﬁ))*and @eco(ﬁ) then the value of p for

the function ¢ will be denoted by <p, ¢) . Let us note that
L, () c (C (£1)) 1mplies

(p, €)= Islp(X. y) €(x, y)dxdy
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It follows from the Sobolev theorems on imbeddings and from the
theorems on traces that for each uc V(fl), u = O pointwise in

30, v 20, (see [6]) and 2u/on in the sence of traces in 201,
For the study of our variational inequality it is necessary to
introduce by means of a bilinear form a new scalar product in V(N )

of the form

a(u, v) = §[Dyqu v _ + 2D, u v _ + Dyou v _ +
a 17 xx " xx XX yy 227yy yy

[ I'ek(“n’c'k(') + Lnk(u)Lnk(v)] das

(5)

L
+ 4Dgguy v, ] dxdy + EE% g;

In the case of a rectangular plate the bilinear form (5) may be
taken in a simpler form

a(u, v) = .(Sll: Dyu + 2Dju + Dyu vn] dxdy +

xx"xx xy "' xy vy

L
+2. [ L (WL L (v) + I'nk("n'nk(')] ds
k=1 Tk

Lemma 1. There exist positive constants Cqs Cp> 0 for
which

c,llull3 & atu, w) & Cyllully 6)

holds for all ueV(Sl).

Proof . The first inequality in (6) follows from (1°),
(2°) and from [2; Theorem 2.1], while the other inequality is
evident.

Lemma 2, The bilinear form a (u, v) is symmetric in the
space V(.1)),

Proof ., Itis easy to prove by integration by parts -
- the Green Theorem, the integral identity
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a(u, v) = (A(w), W)y () - @)y Vo)1 0y *

2
+ 22

= 7{[ Ly (WL (V) + Lnk(“)Lnk(')] ds

for each u, ve V(1N).

The identity (7) shows that the bilinear form a (u, v) is symmet-
ric in V(N)), if the linear operator A(w) is symmetric in the space
V(f1). The symmetry of the operator A(w) is, however, proved by a
usual application of the Gween Theorem under the assumption that
the boundary 9S) is smooth, After a simple rearrangement we obtain:

AW, Mg () = @) Yoy o0) = @ A () =

= (e B,(), (202) (8)

Which substituted into (7) yields
a(u, v) = (A(v), “)Lz(n) = (in(')' un)Lz(Oﬂ) +

L
* 27"1 ?fk[ LML () + L (WL, (w)] ds

In view of the identity (8) we obtain

a(v, u) = (A(u), ')LZ(I)) = (in(u)' vh)LZ(OII) *

In this way, the symmetry of the bilinear form a (u, v) in the
space V(()) is proved.
Lomma 1, 2 implies that V({)) with a scalar product defined by

(u. ')V(fl) = a(u. v) ’ (10)



is a Hilbert space. Hence the inclusion V() c 'g(ﬂ) is evident,
the bedding being continuous.
The vertical deflection w (x, y) which is the unknown in this
problem, satisfies the equations (1) and (2) in {) and " , respect-
ively in the form

_a(w, v) = {p, v>+ S m, -%;— ds = Liyy, ¥vev() (1)

0.,

The integral identity (11) can be obtained formally by multiplying
(1) by the test function ve V(f)), integrating by parts and making
use of the boundary conditions (41, 42). Then we multiply the second
and the first equation from (2) by the test function C.v, A _(°"/an),
respectively, After integration by parts over a closed curve i
for k=1, 2, ...,. with regard to (i), the Glebsch’s and Kirchoff's
relationships (8], we obtain finally the integral identity (11).
The functional of potential energy can be as

J(v) = % a(v, v) = L(v) (12)
Problem P,
We then consider the approximation of problems of the following
type:

Pind ue K(f)) such that

Jw) £ I(v), V¥ vek(N) (13)

Liemma 3. A functional L(v) =(p, v)+ S ‘2( ov/ on) ds
represents a bounded linear functional in V(N ).

Proof . Itis obvious that functional L(v) is linear in
the space V(f1). In virtue of the continuity of operators of traces
in W3(01) and of the Sobolev Theorem on imbeddings, the following
estimate for L(v) is obtained
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2V
‘a%zm2 2 as +<p, v7 | & comstClimylly (50, +

+Ipll o @y W lveny

from which the boundedness of the functional L(v) in V(1) follows.

So we have accerding to the Riesg-Frechet representation theorem

L(v) = (P*o ')V(.Q)

where p¥e V() and WL V() -Ilp*“v(fl).
It is easy to verify that:
Problem P is equivalent to the variational inequality

a(u, v=u) 2 (p » "‘“)v(n)

for each veK(f)

Theorem 1., Exists a unique solution of problem P,
The map p’— u (generally nonlinear) is continuos from V({1) into
V().

Proof. Letu, 1=1, 2be solutions in K(N2) of
'(“i’ v-ui) 2 (Pin V‘ui)v(n) » 'VVGK(.Q-)

with pj € V(N).
Setting v = u, in the inequality for i = 1 and v = u, for 1 = 2
and adding one has

0% a(u1 - uao Il1 - “2) s (9*1 - p;o Il1 = uz)v(n)
Now from (6) it follows that

C lluy =u,l 2 <|lp¥ = p¥Il N, -
UV vy T TR v !

u2U
n) v(Q)
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and so .
-u,ll £ * .l
oy =l oy 8T Uei-maly )

This implies uniqueness and continuity.
The set K(f)) being closed and convex in V(f1), is weakly closed.
Por the second Gateaux differential of the funotional (potential

energy)

I = %alv, v - L(v)

‘we may write

DZJ(u. v, v) = a(v, v)2C, IIvII:(ﬂ). uevV(nl), vek(N).

Therefore J (v) is weakly lower semicontinuous and coercive.

The existence of a solution follows.

PINITE ELEMENT APROXIMATIONS

The finite element method may be viewed as an analoque of the
Rits-Galerkin procedure with a special choice of basic functionms.
The Rits-Galerkin method has one very favourable property, namely,
the admissibility of basic function in the trial variational
principle quarantees its convergence.

Pinite element of analysis is the piecewise approximation of the
solution of a problem in variational form. The variational prin-
ciples frequently are associated with an elliptic boundary value
problem.

Certain approximations to the variational principle are used in
practice. Strang calls these "variatic ial crimes"., The form of the
variational problem requires the approximation to have a certainm
smoothness in order that they "conform™ to the theory, e.g. for
fourth order problems, conforming elements have 01(.0) continuity.



This requirement leads to complicated finite alements. Engineers
have sometimes chosen simpler elements that are "nonconforming”
i.e. smooth enough to fit the theory. For example over a triangula-
tion 01(17) polynomial elements are of fifth degree whereas a fre-
quently used element is of pecond degree. Some nonconforming elements
converge in practice. Irons "patch-test"” attempted to justify there
results and has since been shown to be theoretically sound [9].
The conforming method as well as the Ritz-Galerkin procedure may

be too complicated, while the nonconforming method is much simpler.
A nonconforming solution, especially for few elements of division,
may be more exact then the conforming one and in comparison with
Ritz-Galerkin method it is not so "stiff",

We consider a finite method for obtaining error estimates for the
approximation of variational inequality in the problem of clamped
orthotropic plate with ribs. The approximate problem is simply.
Problem Pp. Find uy € K, (f1) such that

J(uh) £ J(vh), for each v, € Kh(ﬂ) ' (16)

where

J(Vh) '% a (Vho 'h) - (p*n vh)vh(ﬂ)

Kh(fl) is a closed convex subset of Vh(fl) (be a finite
dimensional spaces, in gemeral V,(f1) ¢ V(N2)).
We remark that Problem Ph is equivalent to:
Find u e K, (£2) such that

‘(“'h' vh-u'h) a (P’o vh'uh)vh(n) s, for each Vhé Kh(ﬂ)

For simplicity we restrict ourselves to rectangle domains.
The plate before deformation is situated in the three~dimensional
space R3 go that its middle plane and the plane Oxy = R2 coincide.



- 95 =

In the middle plane Oxy the plane occupies a region 1 .
For the sake of simplicity we assume

N= (-a, a) x (=b, b)

where a, b are positive constants. Let
n
M=in} g,

be the set of straight line segments in (1 characterizing ribs
that are to y - axis, while N = {'J} ‘;_1 is the set of similar
segments parallel to x - axis. The endpoints of the segments lie
on the boundary of f} , i.e.

lli-{[x,y]enzl x = x, y &€ (-b, b)}
N, = {[x vyleR?| =xe(-a, 8), y=y4}
-al x< a, -b<y3< b3 Xy ’j are constans
is= 1' 2' esep N} J = 1. 2, ecey A

The approximation of the problem defined above is based on the
following idea:
We introduce a family {Vh(.Q)} he(o, 1> Of finite

dimensional space Vh(.Q). For any h € (0, 1>

we define

K (0) = {ul uwev(n), -:—:— o.Q',‘,ZO}

Obviously, K,(Q) c K(f) for each He (0, 1) . The family

{ Kh(ﬂ)} is used to find an approximative
he (0, 1)

solution uy € th)
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The essential difference betwen (13), (14) and (16), (17) is that

in (17) the energy a(.,.) is calculated éeparately in each element

whereas in (14) it is calculated over the region as a whole.In the

case the conforming elements (14) and (17) are equivalent but in

the case of nonconforming element we do not have the inclusion

V() ¢ V() and thue although (17) is still well defined (14)

and (17) are by no means equivalent since the emergy in (14) becomes

infinite. Since (17) makes sence, we can utilise (17) to find a

nonconforming solution Uy this solution may not, however, converge

to the true solution u. The behaviour of u, depends crucially on

an idea due to [ 9], [(10] and (1], this is now known as the patch -

- test,

Suppose the following:

i) the energy a(.,.) contains derivates of order k,

i1) the nonconforming trial space is such that Q c Vh(fl).
(where Q = {p. | Py 1s & polynomial of degree < k 1),

1i1) Dboundary conditions and the right hand side of the original

p.d.e are chosen so that the solution

uep eQ
k(h)

We consider a division J)h = {.f)ih } o1 consisting of open
rectangles [lih’ i=1 2,.0.y k(h) for h € (0O, 1) such that

_  k(h)
o
1 . lf1ﬂih
2° Dy 0 Q=9 1, 5= 1.0, k), 147
3° an edge of any rectangle f),, € (), either,

an edge of another rectangle ‘)Jh c ‘)h' J#1

or a partion 2fl or Nor 90, IleM, qeN.



- 97 =

We shall suppose the sequence {-Qh} b e (0, 17 of rectangulation
e 1
is a regulary family i.e. with each recta.néle ‘Qih of a given

division {) n " associate the following geometrical parameters:

h( ﬂih) [IEXE NN NY ] dia.‘ter of nih'

e ( ﬂih) cesessss supremum of diameters of spheres
in 0, .

Th 5
. h 2 max {b(f), 1 = 1,2, ...y k(b) }

and 0
o<'r§m1n{-9-——( “‘),1-1.2. eeey k() }
n(0gy)

for each h & (0, 1), where 7° is a fixed real number. The space
Vh(.ﬂ) we define in the following way:

vy € ,(2) 1N =B v/Ng e By,

where
B(.ﬂ.u) ={¢g| €= 1;3-0 a“xir’ + 53113y + 313!Po[x.y]e .Q“
i+3=3

Elements of the space B(f) . J) are the so-called Ari-Adinis poly-
nomials. The patch-test, as stated by Irons, then requires the
finite element solution u, € Kh(ﬂ) calculated by solving of va-
riational inequality

Q(Uho 'h.“'h) 2 (P*o 'h.uh)vh(ﬂ)

for each We xh(ﬂ)
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“%'%ﬂﬁ'éfnﬂmn“mnwmn)*”ﬂmq“mq‘

- Uy, xy) * Do, yy (Y, yyin,yy) 1 4x4Y +

* z S uhow(vhoyy-uh»yy) dy +
feM O

+ 22 Uy xx (Y, xx"Uh,xx) 4%
TJex 7T

(assume that the torsional rigidity of ribs is sufficiently small)
i.e. by ignoring lnter - element discontinuities is identicaly p,.
The patoh-test was first examined from a mathematical viewpoint by
Strang [10]. In a similar vein to Strang, we have the following:
the patch-test is passed if and only if

Q(pkp 'h)‘- (‘pko 'h)h (18)

A neat way of showing the equivalence of Iron’s statement of the
patch-test with (18) is via the following inequalities (see Strang
and Pix [10], [91).

Define

fu = uplly = (a(u = uy, u = uh))V2

Then
l.(uo'h) - (‘uovh)hl

“u-uh“h; ‘mh

» fer each v, eV, (£1) (19)

|l(ll.'h) - (m'vh) h
e s

lu = u ll , £ max
' h V€ V()

+ min llu=-vl
vV, () ' n (20}

The inequality (20) aleng (18) is fumdamental in obtaining

convergence regults for nencomformiang trial-smsce.



We equip the space V,({2) with the natural norm Il- "h

| ellwll, « {Nwl? > lwl?
Ity =l = Ll 2o fow | WM

+ 22 liwh? } Ve

re¥ Wi ()
where
= 2 1/2
Hwll =C > lwll ye
Yo o io1 v3(Qyp)

All results of this chapter can be easily extanded to a more general
case.

Since the functions v, are smooth in each element, we may use
integration by parts in (18) to obtain a further restatement of

the patch-test. In the case of fourth order problems, sufficient
conditions for the patch-test to be passed are

1) on boundary segments oﬁih

j 2 §
J ds = 0 and 9 ds. = O (21)
oﬂn on aﬂu 2%

2) on internal element sides °Q1h

1

MS)J ’;’E - —?‘E Jas=0 and (22)
S["I! ) av{I]“_o

00, ot Dt

wnere 9/9n and ?/0% represent normal and tangential
derivatives, respectively. For our problem of a trial space which
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has properties (21) and (22) is the space of functions defined by (1],
It is readily seen that there exists a unique finite element aproxi-
mation., This assertion can be verified by following the proof of
Theorem 1., For the sake of simplicity.

We focus our attention to the estimate of the error u - u, between
the solution of the problem P and Ph, respectively.

Let us recall

Lemma 4. Let J (v) be the functional defined on a closed
convex subset K (f1) of a Banach reflexive space S (f)). Assume
that J (v) is twice differentiable in 8 (L2) nad the second dif-
ferential satisfies the following inequalities:

wg 15 U2 g D%3(u,3,8) & Clizll? .
8(2) | 8(n)

Y ueck(NN), ze8(N)

Let Ky ()< K(SL)) be a closed convex set. Denote the minimizing
element of J(v) over K(N1) and K, (1) by u and u,, respectively.
Assume there exists w, € K, (1) such that 2u - w, € K(n).

Then it holds

/2

For the proof see [4 ] - Lemma 2,1,

Hence the problem is to find a ", € Kh(ﬂ.) sufficiently close

to u and such that 2u - "€ K(f2). We introduce o class of regular
solutions of the problem P:

Lot N' and N2 be open rectangles {2 = Fo LY _(_)_2, Mn0N2,_ g
ﬂin =0, for 1 = 1, 2, We define set W({2) ={w| w e K(N),
ve'%(ﬂ"). i=1 2, we 'g(l"\}.

If u is a solution of the problem P and u ¢ W({)) then we say that
u is a regular solution of problem P,
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We can prove the following

PTheorem 2. Assume that u € W(f1) and Du/ane lg( 6.0.,2).
Then there exists a w, e Yh(.ﬂ) such that

0'h o )

< u 0
0 ﬁ 20 = on on /] 2
and I w-wlil, =o0()

Por the proof see [ 3] - Theorem 2.1 and [1] - Theorem 4.1,
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Sdihrn
VARIASNL NEROVNOST PRE ORTOTROPICKU DOSKU ZOSILENU
TUHOSTYMI REBRAMI

R, Kodnér, J. LoviSek, Bratislava

814nok pojednéva o existencii rovmovdineho stavu tenkej pru¥-
nej ortotropickej dosky zosilenej tuhostnymi rebrami pri priecdnom
vonkajSom zata¥enf{, Predpokladd sa, e na okraji dosky si predpi-~
sané Siastodne podmienky pre pooto&enie: &iastodne klasické okra-
jové podmienky v tvare rovnosti. Skiumané okrajové podmienky si
prevedené na variadni nerowvnost vo vhodnom funkciondlnom priestore.
Okrem toho sa odvodzuje apriorny asymptoticky odhad chyby metody
konednych prvkov pre pripad jedného rebra a za predpokladu iste]
regularity riesenia,
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Pespowme

BAPHAIMORHOE HEPABEHCTBO I/l OPTOTPONHOA IUMTH YCVJIEHOR
KECTHKIMY PEBPAMM

Pynoxd Komuep, fln JloBumex, BparTwcassa

B cTarpM paccMoTpMBEETCHS CymECTBOBAHNE DSBHOBECHOT'O COCTOSHMS
ToEKOR ynpyro#t oprorponmoft namTH ycmaemot peGpewmm. Kpaemme ycxommusa
CBefleHH X BAPHSINORHOMY HEpaBeHCTBY. ClreXxaHa SNPHOPHAS GCHMITOTH-
dYeckas ONEeHKE OMMOKM METOAR KOHEYHHX BJAEMEHTOB IJXf cAydYag OLHOro

pefpa ¥ B NMPERNOAOXEHMN rAS8AKOCTH pemMeRMus.
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UNIVERSITAS COMENIANA
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE

MATHEMATICA XXXVI — 1980

TOMOTOMMYECKMA THN MPOCTPAHCTBA OKPYRHOCTER KACANNMXCH
JAHHOI'O JJUIMIICA

in Kuceax , Brarxcaasa

. Niyers K wmomecTso mcex oxpyxmocref esxamaosoft nixocxocrTx
paccMaTpuBaeMoe Kax TONOXOrNYECKOe NPOCTPANCTBO ¢ ecrecrmemmoft
Tonoxorneft onpenexennmoft romeomopdusMoM

$: R x R,— K, (a,b, > (x-a)s+ (y -bY-r*= o
MoxpsyeMcs CACSXYDMMMN OGOSHAUCHNSAMN: €CAN f saxxnc (max

OKpYXHOCTB), TO f. MHORECTBO BCEeX BRyTDENHNX TodYex saixnca (ox-

PYXHOCTN) N f=fuf’, ecan A, B,Ce Ea, TO (K(A,B,C ) yTmepxzaer

9T0 TOYKa B ssasercs BHyTpeHHe#t Touxofk orpesxa AC.

B aaabaeflmen npexnoxoraercs qinclpom eaxNne L£C E". TNox-
NpOCTPAHCTBO Xo npoCcTpaECTBA K cocrosmee xs mcex oxpyxnocref
k eK Kacamnmuxcs SAANNCA £ pPasIaraeTrcs HA ABe Henepecexarmmecs

aacrn X,={ke X;Kn & =2, X={keX;k’'n& ¢+27.

'zaBsENM pesyAbTaTOM PACOTH ABAADTCH CACAyDmNE XABE NPERAORS-—

Ipexxoxenne ] : Npocrpamcrso X4 rOMOTONNUECKR

SKXBNBAXCHTHO OKPYXNOCTR S4 .

Opegzaoxenue 2: NMpocrpanceso X, romoronmuecxn

axBNBAXEeNTHO cdepe S".
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He npezaoxenxft 1 x 2 BuTexaer :

Cxexzcysue : Npocrpancrso X, FOMOTONNIECKN SKBABAXEHT-
A e
Ho ansspExTROR cymme S U S,

3azauy HEeOGXOZANMO PemaTh AAN TPex CAyuaes & NMEHHO B 88BNCK-

MOCTN OT OTHOmMEHNS AANH ocheft sxaxnca (-a') + (—%) =1

(1) a > bfz
(2) a = bz
(3) a < bz

B zaxsueftmen pemaercs Toxsxo cxydaft (1). He cIOXHO OPOBEpNTS,

uro caysam (2) u (3) cmoasrTcs x TeMxe pesyArTaraM xax x cxyvaft (1).

He Tepss o6mmocTx B xavecTse sxaunca (1) cayuas mosuex o3-
anne £ : (’z‘r+)’1= 1
Ee ssoaproft smasercs xpusas
omw e W+F!V-9— .
BepmENN SBOADTH CYTh TOUKN U[—%;OJ, V[O;S], P[g;o] , Q[o;-a] .
Heasme OCOSNAUEM 4 €€ XYrN Cxexymuuu OOpasoM:
w={[x,50€ wr; x50 A y¥0} o ={lx,3)€ 2w ; Bo A y0),
9 -{[x.y]e M x%0 A yi‘o} ,a,-{[x,y]e.u—; x20 A yS0}.

CuoTpx pucymox 1.
Y,

v

Puc. 1.
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llycerse G: X,-’E.z oro6paxenxe, xoTopoe IApGoft OXpyxHOCTN k € X.,

conocrasaser ee mesrp S[x,yl.

Jdeyua ] : Orobpaxenne 6/;(4:)(4—-) Ez-D asasercs ro-
MeoMopdusMONM .
Ioxasarexscrso: Hyers S[x,yle E’Z anGas Touxa. MoToM s xOM-
nexTHOcTM mHOXecrsa L BuTexaer, uro gymxums d:Z —> R ,x»IXS\
AOCTNr@eT HA £ CBOEro MMENMYM&, X N8 BHOYKIOCTN QMrypN BuTExaerT,
9T0 ®TOT MMEEMyM abcoxnTHH, O6osHauMM ero Rge llorou oTolbpaxenxe

Ez-' —)X,' ,S'—) k(S,ns) ABASeTCS NHBEPSHHM X OTOCpAXEHND G7x,.

[lpocTparcrsea E’;Z 1 El- Bz roMeoMopdas, B xagecTBe IroMeoMop-

Pusua mMoxuo specs mogobpars appuuHOe OTOGpPaAReHKE. Ilpocrpascreo
EX 8" asasercs FOMOTONKYECKN SKBKBANEHTHHM OKPYEHOCTN S ue
STOr0 cpasy BNTexaeTr mnpeaxoxemme 1.

JoxasaTeAbCTRO MpPEeZAOXeHNN 2 HAUHEM C BONPOCA, CKOABKO OK-
pyxmocreR nmpocrpaEcTsa X; MMeeT LEHTD B KONKPETHO QNXCNDOBAHHOR
rouxe S. Ocnaiaynl, YTO 9TO SABHCHT OT NOAXOXEHHA TOYKM OTNOCK-
TEABHO SAANNCA N €ro eBoADTH. CyThr 4 BosmMoxHOCTN. Touxa S uxe El
MOXET CAYXNTH LEHTPOM 4, 3, 2 HAN 1 OKDyXNOCTN N8 X,. Cuoipm pu-

cyHox 2.

— 1 OKpyxEEOCTS

e 2 OKPYENOCTX

casosees J omnOC,el

———= 4 oxpyxaocref
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CoraacHO CKa8aHHOMY pasobbeM mpocTpamcTso X, Ha 4 wacTx A,, A,
Ay, A, , caexymmmuu oGpaso.

Myers tr xacaTexsHas SAANNCE B TOuKe |EL K nz xacarexbHas
eroapTu B Touxe Z € 2v-. NMpocrpamcrsa A,, A, A, A, ompezeaapres
OpN NOMOmNM CAGAYDmMX BMCKaskHBammh:

v, Sen
\AR Y ,R)  ecax rouxu Wexuy , W+Z W, 2 npasagzexar ozmo-
BPeMeEHO Ayre X NAN OXHOBPEMEHHO Xyre ) u ecau
A Sert, ro 1ZRI<|IWRI
M(TSZ) v (S=2), npuuen zas T€ L sunoxsusercs
(L) T=rtnwy
win tTL v
V; A(TZS) v (S=2), opuuex aas Tee sunoasnsercs
(L) T=nrne
wi) tin
k(S,n) A4<'> dZcun Vg TAX, YTO BEPHH BHCKXABHBAHKA
Vi, Vo (a,q,U),V;.
k(S,n )GM(-> 32 € munw TaK, YTO BEPHM BHCKABNBAHKA
Vo Vy (a,am, V), 3“.

k( S N )€A3<=) 12€ nrv 9 TAK, YTO BEPHM BMCKASMBAHMSA
V‘, v), (n-,%.,? )ov3\-
k¢S .R;)GA~<=> JZe G vy Tax, 9TO BEPHH BHCKASHBaHKR

Vi Vi (9,4,Q),%
Ompexeaxu oroopaxemwe  P: X, —> Ex {1, 2,3, 4_}
P/A,: K(SIXY] ,m)-> ([x ,y] ,4),4=1, 2, 3, 4
OGosmauNM BLS‘?(A"), B =S°(x1) = B.‘U B,_UB.BUB*. CMOTDPR pHCYHOX 3.

OrofpaxexNs MHBOPCENG X OTOCpPARENNSM 9/@‘, oSosHauNM ’C:,;,

A‘/= 1, 2, 3, 4. 9™ oTofpaxeNNs MOXeM Onxcars SBHO. Hanpumep .
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T,: B=>A , ([x,y], D> (SCrY] ,n), raens IST,1.

T NoAy4YuM CXeAyrmMM o6pasoM. [OCTPONM KacaTeIbHyD n? , AXS KOTO=-
polt OAHOBPEMEHHO BMNOABLHADTCA 3 YCAOBNA:

(11) Senf

(22) 2 € mUqxg

(33) ecan WE w U Y, W s Z,W, Z aexar oxzmompemexmo ma AL
nan

Pxc. 3.

oamoBpenenHo Ha & , O € r® , TO le(IWUl
NloTou axs n,{:G {[! ,Y] € El i Xys= 0} rouxoft T fABAKETCK TO
xs nepeceuwenxft npsuoft n. C saauncou £, AXL KOTOPOro t .Ln. .
B cayuae oroxaecTsXeHNs npsuoft h. c ocsp Y = O Gymer rouxoft 1;

CXyXNTb TO N8 nepeceuenxit n.‘nu xoTopoe GANEEe TOURN U.B cayqae
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OTOXZEeCTRACHNS NpEMOf ntec ocro X = 0 6yner Touxo# T, CAYXMTH TO
Ns mepeceuemmit N°N 2 KXOTOpOe X8XLmE TOUKN O . AHAJOIMUECKH MOXHO

onucars orofpaxeHus Tz., T3 ¢ ‘c;' .

Ha npocrpancrae B ONpeXeANM OTHOMEHNE SKBNBAAEGHTHOCTN (o
(X, 8 (¥ ,3) T {x ] i) =T Ix,¥1 ,3)),
/;.J. =1, 2, 3, 4. Tex onmospeMenHo onpenexsercs ckxielixa npo-

CTPARCTS 84 » &l ’ 83 ) ¢ Bb OOCPOXCTBOM OTHOMEHNS OXBNBAXEHTHOCTN 9 .

Buscmnzxocs, uTO:
B = B, cxaexsamrca sxoxs Av,
34 x 53 cRIeNBapTCt BXOXL Ock X = O,
0 & 94, CEIeNBADTCH BAOAD &,
B, x 53 CRIGNBADTCA BROXBL A°,
B, x b, cxxemsanrcs »zoa» wacTx ocx y =9, mam -2<Xx< 2,

Byx 34, CrAeNsanTCs BAOLL & .

Ipocrpaxncrsa B, ,B,_,BA,&, rOMeOMODPYRO OTOOPASNM HA NPOCTPAH-

craa C,,,C,_,C,,Cq.
¥ :8—>C, ([x,yJ, 1> ([x .y‘] ' 1) zax X 20

'__’([ .x,ﬂ,i) zxs X€ 0

%:8,2>G, ([x,yl, 2> [x,y] . z) wr XSo

> ( Y =3 .x,y],z) zas XZ 0
V($9 -1;YE )3

uuornocn orobpasux B; B,‘ npn noMomn neNTpaxbHoR CuMMeTpNNM
s:E:>E" [x )ﬁ|—> [-x, -y
Horou ‘./3 S ﬂ S, ﬁt S % S

Oyers C OPOCTPAHCTRO NoAyuenHoe cxaelfixoft npocrpamcrs 01 ,cl,

Cs,c,'. NlpocTpancTso romeoMopdso oro6pasuM Ha& NMPOCTPAHCTEO

¢ ={BsvadeE®; (B, 1€ bu {xiyseE?; eyl €€, Fu
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(EBo¥: -3 0eE®s (x) ,0€ GYU{[ 3B BeE>s (1x) 206G )

I'omeouopdusu onpexexex OToOpaxeNNEMN

o :C=C, (Ixy], o> [x,y %] aas A=
>Ex,y,x] ams A= 3
F’[’g"%%ox] AXR A’/' 2
._,[.ghg';.g,-?.%, x] A= 4

ol :C—C, [y, B> (2. Byl.0) aan [y e (LBY)
> ([2.-Bylo aax [xy,23€ (LTRQ)

r>(ylo aan [xy.2le (LNQ)
' > ([-x.y],3) xas [x,y,2]€ (B QN)
rxe Wgi0:37, B [B50:3], \ef{0;350, Q [0;-350) .
dexue 2 : lpocrpamcTso Xl sSBaASeTCS rosmeonopdEsns ¢ npo-
CTPARCTROM C\.
Hoxasarexscrso: Haxo ANms Pa&CCMOTPOTH oroGpaxenxe
A %> €k (S[xy)r> & f (0D 1) ass k€ A
> o({h(([;,y] .23} xa ke Ay
> & kG o s ke Ay
» « {'ﬂu(‘[‘ﬁ] n‘*} s ke Ay
A CX, [y > GRG0} aae Dhy,2le (i)
v T lxdel)  me [ry,2de (e Qu Vo)
u-»’cl{ﬂ'(l[! .Ifylz)\} xas [x,y,2) € (U e Vo)
> T k2, Byl ad) ane [y, e (UG

OroCpaxenne /5 SBASeTCS roweocuopdxemMon.

Jeung 3 : Npocrpamceso ¢ SBISETCS IOMOTONNYGCKR SRBN-

saxenrxuu npocrpamceay D , rxe D ssaserca rerpasapou ¢ sepmwme-

un u'& 'V‘ &‘
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lloxasaTexscTBo: Ompegsexmu orodpaxenxs V x W cAeAymumMM OODAsOM.

V:c'>D,[x,y , B> [053;0]  zax y¥3
> [05-3;0]  aas y%-3
>[-3:0:8] aax 223 4 x€-3
“"[-2;0;-%] as 2% -3 A €3
>0y am -afy f3axZo0
;.,[-g;o;ﬂ Ras -gfnlégl\ Xs ..g
‘-’[an9z] m‘2§x§0A-3§Y$3A

y: 0> C, [xy.2)lxy,3
:IxC—>¢
Het Iy h = (1 -0 [xy,d = £ VO(xy,2
dcmo, uro: Ho( 0 ,[x,y,2]) =[xy Ry
Hy (1 ,[xy,2) = V(xy,2D)

Hs STOTO MIEOBEENO BNTEXEST \Pcv ”Lg.
H: I«D—>D
BaNAY V.W-A'f, noxyuaex V-V’ %J:r’.

lpexaoxenxe 2 SBASETCS NPAMMEM CACXCTBNGM JCMMN 2 N AOMME 3.

Sdihrn

HOMOTOPICKY TYP PRIBSTORU KRUZN{C
DOTTKAJOCICH SA DANEJ ELIPSY
Jédn Kysel, Bratislava

V topologickom priestore K vSetkych kru¥nic euklidovskej rovi-
ny uvafujeme o predpriestore x tych kéK, ktoré sa dotykaji pewne

gvolenej elipsy. Pofom X, Je homotopicky ekvivalentné priestoru
1 2
s'Us-.
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Resume
HOMOTOPICAL TYPE OF THE SPACE OF ALL CYCLES TANGENT
TO A GIVEN ELLIPSE

Jédn Kysel, Bratislava

Let x, be the subspace of the topological space K of all cyc-
les in Euclidean plane, consisting of all k€ K which tangent a gi-
ven ellipse. Then X, is honotopically equivalent to S1 USZ.

Author’s address: JAN KYSEL
REICHELOVA 7
816 00 BRATISIAVA
Received: 28. 9. 1976.
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REMARKS ON TWO GENERALIZATIONS OF THE NOTION OF CONTINUITY

J. Smi{ital, T. 5alé t, Bratislava

Let X, Y be topological spaces. A mapping £ : X— Y is said
to be quasi-continuous at some point x,e X if for each neighbour-
hood U(x,) of x,, and each neighbourhood V(y,) of y, = £(x,) there
is some non-empty open set G c U(xo) such that £(G) c Y(yo). The
mapping f is said to be quasi-continuous provided it is quasi-
=gontinuous at each point of X, see e.g. [2] or [3] .

From the proof of Theorem (X ) in [3] it follows that the car-
dinality of the set of all quasi-continuous functions f <from the
closed unite interval <O, 1> to the set R of reals is 2°, where
¢ 1is the power of the continuum.

We give a somewhat stronger result:

Theorenm 1, The cardinality of the class Q of all Dar-
boux quasi-continuous functions f : {0, 1> —> R, which are Riemann-

integrable, is 2°,
Proof . Let C c<0, 1> be the Cantor nowhere dense per-
fect set, Por Mc C define a function &y &8 follows:
&y(x) = 0 if xeC\M
By(x) = 1 it xzeX

and if x is in some interval (a, b) contiguous to C, put
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gy(x) = | sin —~ {x:a, = }l. It is easy to verify that gy is

a Darboux function since it maps each interval onto an interval (or
onto a one~-point set), Moreover, 8y is quasi-continuous and since
the set of points of discontinity of &y has zero Lebesgue measure,
gy is Riemann-integrable. Clearly for M 4 M°, M, M'c C, we have

8y % gy If P(C) denotes the class of all subsets of C then card
@ 2 card P(C) = 2%, The inequality card @5 2° is trivial and our
theorem is proved,

A, V, Martin [4] has proved that every derivative which is lo-
cally Riemann-integrable, is quasi-continuous (the notion "nieghbor-
ly function” is equivalent with the notion "quasi-continuous func-
tion”, see [3] ). In connection with this the following problem
arises: Let f be a locally Riemann-integrable quasicontinuous
Darboux function <0, 17—-»R. Must be f a derivate? Theorem 1 gives
the negative answer since the cardinality of th§ set of all deriva-
tives is only o.

Let X, Y be topological spaces. 2 function f : X—-Y is called
to be somewhat continuous if for each open set Vc Y with £t 4
there is int £~'(V) 4 ¢ (see [1] ). It is easy to see that the
quasi-continuity of a function £ : X—Y implies its somewhat conti-
nuity. The set of the points of discontinuity of every quasi-conti-
nuous function <0, 1>— R is a first category set (see [3] ). Howe=
ver, a somewhat continuous function {0, 1)— R can be discontinuous
at each point, as is shown by the following

Example. Let {“n}:‘l be a sequence of all ordered

pairs X = (rn. 'n) of rational numbers with T, i s, for each n,
1

Define a function g : <O, 1>-5R as follows: If x &( - -i— Y

for some n, then g(x) = r, vhen x is rational, and g(x) = s,

otherwise. Let g(0) = 0, Clearly g is discontinuous at each point
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of the interval <0, 17, If V is a non-empty open subset of R then
there is some k such that r,, s &V, hence int g"(V) > (rlﬁ- ~
+). and so int g"(V) 40 . Tus g is somewhat continuous,q.e.d.

In 1972 the following problem has been published in the Amer.
Math, Monthly (see [51] ):

Let f be a continuous funotion on the interval (0, + o),
and let for each x «(0, + oo ) and each positive integer n, f(x) &
4 f(nx). Prove that there exists lim f(x).

X —» 0o

This result can be generalized in the following way:

PTheorem 2, Letf: (0, +00 ) —>R be a somewhat conti-
nuous function. Let f£(x) £ f(nx), for each xe (0, + o), and each

positive integer n. Then there exists lim f(x).

X —»oo

Proof . Assume contrary to what we wish to show that
1im £(x) does not exist. Then for r> 0 we have

X —» oo

M= 1lim lr>111 m, =mn

= 0o b X -

- b g ’ -w b 4
g S, e a5

Let k | be an arbitrary real number such that
m<k<M (1)
By the definition of M there is some positive a vd.th’ £(a) > k.
Choose £ > 0 such that |
f(a) - € >k (2)

and let V= (f(a) =€ , £(a) + € ). Then r"‘(V) 4 0, and since ¢
is somewhat continuous, there is an interval <o, d>, ¢<d such
that <o, d>C £71(V). Hence by (2),

2(x) > f(a) - E> k (3)

for each x ¢ <¢, 4 ).
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Let y 2 ¢d/(d - ¢). Then y/c 2 (y/d) + 1. Therefore there is
a positive integer n with y/d§ n< y/o, hence ¢ & y/n S d, so
by (3) £(y/n)> k. But in this case by the assumption of the theorem

£(y) = tn . H 2 2D > k

Hence £(y) > k for each y 2 cd/(d - ¢), Thus m = 1lim m, 2 k con-
' Ir—»oo

trary to (1).
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Sdihrn
POZKAMKY O DVOCH ZOVSEOBECNENIACH POJMU SPOJITOSTI
J. Smital, T. S8aldt, Bratislava

V &lédnku st dokdzané dva vysledky o kvazispojitych a trocha
spojitych funkcidoh.

Pespue
3AMETKY O JIBYX OBOBINEHMAX MOHATHSA HENPEPHBHOCTU

fi. Cunrax, T, Maxer, Bparncaasa

B pafoTe IOXASEHH IB& Peay LTeTs, KACADmMMECSK KBAsHHeNPEPHBHMX

» HEMHOXKO HempepwBRNX yHxmuit.






- 121 -

UNIVERSITAS COMENIANA
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXXVI — 1980

A THEOREM EQUIVALENT TQO THE AXIOM OF CHOICE

Oto Strauch, Bratislava

According to the Axiom of Choice to an arbitrary set s /if
P ¢ 8/ there exists a function /called the selection-function/ such
that £ : s—uUs and ¥ x ¢ s(f(x)e x). Probably it is not well
known whether to the set & there exists also a function g such
that g 1 u e—8 and ¥ xe us(xeg(x))e / us denotes the union
and n s denotes the intersection of all sets xes/. Really, it
can be proved:
"The Axiom of Choice is equivalent to this Theorem: To every set s

there exists a function g such that g : Us— s and ¥xgus(xeg(x))."

Proof . Let us assume the validity of the Axiom of Choice
and let s be an arbitrary set, Let us denote

8= {{(x, x)Ixex’, x68}| x6UB}

By the Axiom of Choice to s there exists a selection-fumotion £°,
If we denote g = £°(s8°) then g is a function with the properties
requiréd in the Theorem.

On the other hand, let us assume the validity of the Theorem
and let s be an arbitrary set /P ¢ s/. Let us denote

8= {{x,{x'}}[x’e x, xe8 }
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Let g’ be a function corresponding to s by the Theorem. If we
denote £ = {(x,un g’(x))| xes}, then f 1is a selection-function
on s, /If s=pP thenf =g=9/,

Thus, the proof is finished.
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Sdihrn
VETA EKVIVALENTNA AXIOME VBERU

Oto Strauch, Bratislava

V tomto &lénku je dokézané, fe nasledujica veta je ekviva-
lentnd axiome vyberu. "Eu kaZdej mnoZine s existuje takd funkcia

& (e gsius—>s a ¥xe us(xeg(x)).”
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Pespopwue
NMPELIOXEHVME SKBUBAJEHTHO ARCHOME BHBOPA

Oro Mrpayx, BpaTucaasa

B arToft crarre noxasHEseTCAs YTO CAexymmee NpeNTOXEHME OXBHBA-
JEeHTHO aKcuoMe BHOOpE. "Iag BCAKOr0 MHOXECTEE 8 CYMECTBYeT TaKas

dynxuus g, 9To g:vs-+»s m Vx Evs(xeg(x)) ."
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A MODIFICATION OF THE CARATHEODORY METHOD FOR UPPER INTEGRALS

E. Fut 4%, B. R1 e § a n, Bratislava

0., INTRODUCTION

In the paper we start with an upper integral J* defined on
on a set S of real-valued functions. Then we study the set L of all
functions f € 8 such that

e +g) = 3%) + ")

for all g € S. We prove that L is a linear space and J*IL is a 1i-
near functional satisfying the Beppo Levi requirement. We are not
able to prove that L is a lattioce,

Similar methods in the integration theory have beon- studied
in (11, [3] - [6], but witn another definition: J*(g) = J*(gAf)+
+J *(g - gAf) provided S consists of non-negative alements,

In the second and the third part of the article we present
two methods of constructing of the upper integral,

We write fn/" 4 /fn\ t/, it fnS : S /rnz fn+1/ for every
n and f(x) = 1im £ (x) for every x.

n-so00

1. UPPER INTEGRAL

Assumptions 1,1, We suppose that there is given
a non-empty set 8 of real-valued functions defined on a set M and

satisfying the following conditionss



. I f,ge 8, thenf +ge 8, £ - g€ 8.
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¥)

oo oo
2. I££, 20, f e« 8 and 3> f,<eo , then b f e s.

n=1 n=1

Definition 1,2, Amapping J's S—<~ecec) will be
called an upper integral, if the following properties are satisfied:

(1)
(11)
(111)

(iv)

J¥(0) = 0

I£t% g £, g & S, then J*(£) 5 J*(g).

(t + g) & I*(2) + J*(g) for every f,g & S provided
the right side of the inequality has a meaning,

I££ €8, £,20/n=1, 2, .../ and §1 £ <o,

then ~— i
M= s I TNy
ns=1 n=1

Definition 1.,3. Denote by L the set of all f & 8
such that |J*(£)1<ec and such that

3%z + g) = 3%() + I*(®)

for every g ¢ S,
Lemma 1l.,4. Iffe L, then

Fi-1) =@ - 3%

for every g € 8.

Proof. Put g=~f in Definition 1.3, Then by (1)

hence

Mow by (1i1)

0 = 3%0) = 3%z + (-2)) = 3%(2) + I (-1),

F(-1) = - ()

F@) - %) = @) + -2 - 1)

%) 1t follows that 0 = £ = £ € 8
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On the other hand
3%(g) = I (g - ) + £) & I - 2) + I"()
by (i11).
Theorem 1,5. If t1, f2¢1., thent1 +£2¢L and
£, -f,6 L and J%(z, +1,) = *e) + MLy, 3%, - 1,) -

* *
- 3%(2,) - 37(L,).
Proof . Since |3%¢,) I , 13%2,) 1<e0 and 3%z, + )=
= 3%(2,) + 3%(£,), we nave 15%¢£, + ;)| <00 . Purther
J*((f1 + fz) +g) = J‘(f.‘ + (£, i g))=
*
= J*(f1) +Jd (f2 +8) = J*(f1) + J*(fa) + J*(s) = J*(f1 + f2) +
+ 3%(g)
for every g & S, hence £1 + ra € L, By Lemma 1.4 we have J*(-fa) =
- - J"(fz). hence IJ*(-I?_) |<¢c0 and
* &
(=2, + &) = F(@) = 32y = (@) + T (1))
Therefore -r2 € L and hence f1 - r2 = f1 + (-rz) e L.
[- -4
Lemma 1,6, Let £, 20, £ 6L, b2 £, <oo and

o0 " oo n=1
Z J(f)<eo . Then 2. f e Land
n=1 n=1

[ e
M2 gy - 2 TNy
n=1 n=1
Proof. Take g € S, Then by Theorem 1.5
- k k
& > £, + g) 2 (=2 £, +8) = b J*(fn) + (@)
n=1 n=1 n=1
By a limit process /k —» oo / we get

o0 o0
M 0 2 HKey + %o,
n= nN=
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0
hence by (iv) Z_}' f, € L, If we put g = 0, we obtain
n=

o0 00
M ) = 20 ey,
n=1 n=1

Theorem 1,7, Letf €I, fn/'f /resp. fn\ £/, £< oo
/resp. £ >-oo / and (J*(fn)):.‘ be bounded, Then f € L and

) = 1m 3%,

n —» co
Proof. Put81.f1.$n.fn*1-fn /n-1.2'.0./o

o0
Then g & L by Theorem 1.5, Zi' g, = f<oo and
n=

k
-]

J* - lim 2. J% = 1m J%e) <
n% (sn) k-.l:g ns=1 (sn) k- o0 ¢ k *°

hence by Lemma 1.6 f € L and

() = 3% g." &) = X 3Ny = 1m 3%y

koo

The second assertion follows from the first one and Theorem 1.5.

2, CONSTRUCIION OF AN UPPER INTEGRAL

Let S be the set of all real-valued functions, We start from
a subset ro c 8 and an elementary integral J : ro—o R,

Assumptions 2,1, ﬂ;‘l‘oc 8 satisfies the following
properties:

1. If ¢, gclo. thonf-o-sel‘o
2, It £, 56!0. thanf-gero

3. I £, ge P, then max(f, g) @ ¥, min(f, g) € I,

<
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Definition 2,2, A real-valued function J : Po—’R
will be called an elementary integral, if the following conditions
are satisfied:

1. J(£, + 1’2) = J(f,) + J(f2) for every f,, f, € F..
2. If fne Fo /n = O' 1, 2, oou/ fnéfn+1 (n = 1, 2' o..)

and £ £ 1lim £ then J(f )< 1lim J(f ).
0% N oo n? o' 0o n

Definition 2,3, Let fe& S. Then we define

J*(£) = g { 1im J(£); £ e P, £ & /n= 1, 2, eeasl

nohed n+1

lim £ 2 £}

n->oco

PTheorem 2,4 J¥is an upper integral that is an
extension of Jo'

Proof. The fact that J* is an extension of J follows
from the property 2 of Definition 2,2, Therefore J*¥(0) = J(0) =
= J(£) = J(£) = O, The properties (ii) and (iii) can be easily
proved, Now we prove the following property:

(%) If g,/ g then J*(g) = 1lim J*(gn).

n o0
Since g, & g, we have J*(g) 2 14m  J¥(g,) and the equality holds
n —» oo L4
1f 1im J%(g)) =co . Let 1lim J*(g )< oo . Then to every £>0

n—s»c0 n->» eo

there is a sequence (Snk)l:1 of functions of F  such that

Bak % Bp et » MM By 3 8

k —»oco

J* £ im J
(sn)+2n 2 (&q,x)

Put hn = max(g1n. soey Snn)o Then hne PO. hné hn+1, lim %g. 8

n—soc0
and

n
J*(gn) + ?1 ;—f— > J(y)
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The last inequality can be proved by induction, Therefore

1m  dXg) + €2 1m Iy 2 3N

n—» oo n —»co
and the property (%) is proved. "
o0
Finally, if £ % O, nz-:'.1 f <oo and g = §1 £,, then
(-]
g, ” b £, = & hence by (%) and (iii)
i=1
I £,) = lim Mgy = Um (D r) %
=1 n —oco n —» oo i=1

n 00
£1m 25 3%ty - 2. aNey)

N0 i=1 i=1

Theorem 2,5 PocL.

Proof .Let f6F , g &8, ¢F, /n= 1,2,000/ s nl_tmn g, &

; f +s. Put hn- sn- f. Then hn‘ Po. hng hn+1 /n‘ 1. 2. .oo/

and 1lim }5‘- 1lim gn-fgf+g-f-g. Therefore

n - eco n —s»o0

J*(g) + J%(£)& 1im J(n) + I(£) =

n —s» oo

= lm J(h +2) = lim J(g,)

n—» oo n —» 00

Therefore

I¥g) + JN2) & inf { 1im u(8)s 8, % 8,10 1im g 2 f4g} =

= J¥(£ + g)
and £ € L according to (iii).

Hote 2,6. In theory we did not assume linearity of J,
However, if l‘o is a linear space and J is a linear mapping, then
J* 1is positively homogeneous, 1i.e. J¥(ct) = ¢ J‘(f) for ¢ > 0,
Moreover, c € R, £ € L implies cf € L. Indeed, for ¢ > O we have

et + @) =0 IMt + L g) = 0 (I%D) + L M@ -
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c J¥(2) + J%(g) = I*¥(ct) + I%(g)
For ¢ < O we heve -¢c > 0, hence by Lemma 1.4 ¢f ~ -(-c)f & L and

J¥(cf) = = J¥egf) = = (=c) I*(2) = ¢ J¥(£)

3. CONSTRUCTION FROM A CONTENT

The no.ion ot a content is arel~gras +¢ A similer notion

studied in the measure theory.

Assumpt’tons 3,1, There ic # glven a family C = C(Q)
of continuous fun.tions defined on a compac: syase Q and satisfying

the following two conditions:

1. 0 s C,

2. If f, g €8, then Ff + g & 0L,
A real-valued function A : C-—->R will be called a content, if the
following three properities are satisfied:

(1) A(0) =0
(II) A(L +g8) = A(f) + A(g) for every £, g @ C.
(III) Iff, geCand £S g, then A(f) & A (g).
A content A will be called regular, if
A(2) =eup { A(8)s 8< 2, g€ C}
for every f ¢ C,

Defini tion 3:2. Let A be a content defined on G,
Let U be the family of all functions f satisfying the following

condition: There is a2 sequence (311);1 of functions of C such that

8,(x) £ gy 4(x) < £(x), £(x) = lim g (x)

n ~»e0

for every x € Q. For every f @ U we define

A(Z) = sup { A(38)s g €0, 8(x) ¢f(x) ¥xeQ}
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Lemma 3,3. The mapping A has the following properties:

1. If 2, geU, then f + g U and A(f + g) = A(f) + Alg).
2, It 2, gcU, £& g then A(£)& A(g).
-]

[ -]
3. I£2,20, f,eUand 2. f <oo , then 21 feuU
n=1 n=1

(d 00 o
ana A( 2 £)& 25A(L).
n=1 n=1

4. CcUand A(f)% A(f) for £ € C.

If A is a regular content, then A is an extension of A ;
especially A.(0) = O,

Proof . The properties 2 and 4 are evident, Let f, g € U,
Then evidently £ + g € U and A(f + g)& A(f) + A(g). Let k & C,
k<f+g A(f+g)-€& < A(k).

Take f , g, € C such that f 2z, g, /' 8. Then to every x € Q there
is such n = n(x) that f (x) + g,(x) > k(x). Since f + g and k
arecontinuous, there is such a neighbourhood U(x) of x that

1.(y) + g,(y) > k(y) for every y € U(x). Sice Q is a compact set,

P
there are such X,, «c. that Q¢ U U(x;). Take n = max n(x,).
L e | fm1 4 14i4p 1

Then fn(y) + gn(y) > k(y) for every y € Q. Therefore

Alk) & AL) + Alg)s A(L) + Ale)y

hence _
A(r +8) & A(L) + A(g)
and the property 1 is proved. a

o0
Now we prove 3. Let £ 2 0, f & U, Then g = 51 11/':.?1 £, .

=g 8, & C. It 18 not difficult to prove that to every k é C,
k < g " there is such n that
n
k<321, .
i=1
Therefore
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n n n oo
AG) 8 AT 1) = 20 Adg) = 32 A(gy) 5 21 Acry)
i=1 i=1 i=1 i=

and hence
_ oo - e
ACZD £) = A@)é 22 A(zy)
i=1 i=1

Finally, the regularity condition is evidently equivalent to the
equality A(f) = A(f).

Definition 3.4. Por every real-valued function f
we put J*(f) = inf {I(g); g€, g2t} .

Theorem 3,5 If A is a regular content on C, then
J* is an upper integral extending A . If C is closed under the
operation - (i.e. f, g € C implies f - g & C), then Cc L ( in the

sence of Def. 1.3).

Proof , We prove only the inclusion C ¢ L. The other
assertions follow from Lemma 3.3. Let f € C, g € S. Evidently
J¥g + £) & J™g) + J*(£) and the equality holo:is, if ™(g + £) = oo.
Let J*(g + £)< oo , € > O, Then there is suchh2 g + £, he U
that J%g + £) + £€> A{(h).
The closedness of C under - implies the relation h - £ & U, hence
Am) = X(h - 2) + AL) 2 I*(g) + A (D),

since h - £ 2 g, Now the assertion is clear.

Note 3,6, IfC is a linear space, then J* 1is positively

homogeneous and L is linear (cf. Note 2.6).
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Sihrn
MODIFIKACIA CARATHEODORYHO METODY PRE HORNE INTEGRALY

~ B, Riedan, E. Futds, Bratislava

V préeci sa pracuje s axiomaticky zavedenym hornym integrédlom,

pomocou ktorého sa zostrojuje funkciondl majici niektoré vlastnos-

ti Lebesguovho integrilu. V daldej dasti sa uvéddzaji konstrukcie
horného integrélu,
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Pespoue
MOIVISVMKAUASA METOLA KAPATOOIOPHM [ BEPXHMX WHTEIPAJIOB

Oyren ®yram, Beaocaes Puewan, BpaTmucaapa

B pa6oTe meyusercs e8xcmoMarndeckm onpenex¥mmuit sepxmui mATe-
rpes, TpH NOMOmX XOTOPOro mocrTpoer dyHxnmorax obaazspmuit HEXOTOPH-
mm csoficTmamw wHTerpaxa JleGera. B nocaenyomeft wacTx nmprBeneRN XOH-

CTPYKINM BepPXHEro MHTErpaia.
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DOMINATED SETS OF MEASURES

Tibor Neubrunn, Bratislava

A set M of measures is said to be dominatéd by & measure

A (usualy finite) if all measures of M are absolutely continuous
with respect to A . There are various oriteria for dominanocy.

Some of them are formulated by means of certain metric or topolo-
gical spaces, related to the given collection M of measures (See
e, 8 [1]1 (2] ). The present paper deals with a question to
decide, whether or not given A dominates a given collection. M.
The answer is given by means of a "factor" metric space corres-
bond:lng to the considered collection. Instead of a set of measures,
certain class of gero sets is studies. This enables us to obtain
results both for measures and submeasures. Another aspect which
is different from the usual criteria is that q -0 - rings

instead of & - rings are used.

1.

A collection @ of subsets of a given set X will be called
q=-0 - ring if
:_1 of pairwiseé disjoint
sets belonging to & , the union 31 B, belongs to Q
(11) IT E > P, E, PeQ then E-PFPeQ

1) Por any sequence {E_}

Note that q = & = rings (under various names) are frequently
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used in connection with measure theoretical questions. They have
some applications in quantum mechanics.

A collection McQ will be called a collection of zero sets
in Q if the following conditions are satisfied

(111) PFor any sequence of pairwise disjoints sets from 7 the

set ng1 E,  belongs to m.

(iv) If E«e M , P c B, Pc @ , thenFe M.
If the condition (iv) is substituted by

(v) Porany Ee”M , P c B, implies Pe ™M ,
then MM is called a complete collection of zero sets.

The notion of measure means here an extended real wvalued non-
negative ¢ - additive set function defined on Q .

By a subadditive measure (submeasure) we mean an extended
real valued nonnegative set function u defined on @ such that

m(B) & U, B whenever E . ¢Q andE c U, E.

A collection £ of zero sets belonging to a (sub-)measure s
1s defined as £ ={E: B e Q, wm(B)=0}.

Note that & 1s a collection of gzero sets in Q .

Two (sub-) measures u , v are said to be equivalent if the
collections €/, £Y ocoincide.

Ir l‘ia a system of collections of zero sets in Q@ and &£
a collection of zero sets in @ , then W'is said to be dominated
by & (notation M« & ) if Lc N

A collection € of sets is said to satisfy the countable
chain condition, (shortly (CCC), provided that any subcollection
of pairwise disjoint sets of £ is at most countable.

A (sub-) measure u on Q is said to satisfy (CCC) if Q-M
satisfies (CCC).

Other notions related to measure theory, in case they are not
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defined here, are used according to [3] . The symbols E, E-P,
E A PF denote the complement, difference and symmetric difference,

respectively.

2,

Lemma 1. Let EcQ be a collection of sets. Let 8,
be the smallest q = ¢ - ring containing £ . Then £ is a 6 - ring
if and only if En Fe &, for any tw E, P e E.

A proof is the same as a proof of a similar result contained

in [4] . For another proof the reader may consult [61].,

Lemma 2, Let ¥£c @ be a collection of zero sets. Let
Mc  be a collection of zero sets such that M= satisfies
(CCC). Then there exists a set zmz such that

(11) IfEn Zyyy=0, E€ M ; then E 6 &

Proof . Put E-{E :€ is a collection of pairwise disjoint
sets E, such that E¢ M, E¢ £ } . The system £ is partially

ordered by inclusion, satisfies the assumptions of Zorn's Lemma,
hence possesses a maximal element &, .

Put 2,y = UE, . The properties (1), (ii) are satisfied.

In what follows, we say that Z,, ., satisfying (i) and (ii)
has a property Pmyg ° For given M and &£ the collection of all
sets having the property Py will be denoted _Z,mz-

It & 1is fixed and no misunderstanding is possible, we shall
write Z, instead of Zyy and 2y, instead of Zmy .

A collection €< @ wil be said to be immersible (in @ ), if

there exists a ¢ -ring & such that €c ¥c Q.

Lemma 3. Let £EcQ be a collection of sets such that for

E, Pe £ the interesection E n P belongs to £ . Then &£ is
immersible,
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Proof. It follows from Lemma 1.

Lemma 4., Let U, & bve two collections of zero sets
in Q . Let M be immersible. Then for any two Z.y, Zs, belonging

to Zyy, we have Zgy & Iy € L

Proof. (1) Zp = Zg <2y

(2) Zqy = Sgy © Bgy
Since M is immersible, the sets on the left hand side in (1)
and (2) belong to @ . Due to the inclusion, they belong also to M.
* *
By the property Py " bave Zny - szZ, 2y - Zme .
*
Henoe Z,, A Zy €4 .

If @ is a 6 -ring, then any subcollection £c@ is immer-
sible. If M is a complete collection of zero sets in @ , then it
is immersidble as it easly follows from Lemma 3., Thus we obtain the
following two lemmas,

Lemma 5, Iftheq-0 -ringQ isa O -ring and M,
¥ are two collection of zero sets in @ , then for any two sets

Ly » gy belonging to %y it follows 2y & 27, & X

Lemma 6, If Mis a complete collection of zero sets
in Q and ¥ a collection of zero sets in & , then the conclusion
of Lemma 5 is true too.

Theorem 1, Let !’ be a system of collections of zero
sets in @ such that UM'is immersible. Let £c@Q be a collection

of sero sets in Q and M*(( &£ . Then for any Me N, Ne K'and
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any Zy z,n , belonging to Zm, Zn respectively the assertion
Zm A Zped implies M= N .

Proof . Suppose Zp a Zy € L. Let Ee M.
(3) E=(En (ZquaZy)IUulEn Zmn2p)]ulEn (Zmu 2q)']

We prove that each of the three summands in (3), and hence B,
belong to N.

Since Zq & Zpe & and u*«z » we heve Z,; & Zpe . The
assumption of immersibility gives E n (Z9y 4 Zy )e Q. Since
En(ZmaZm)c Zpy s 2y , we have En (Zgp A Zpy) e N . The
member E n Zqqn Zy belongs to Q , by immersibility of UM™Y,
Since it is a subset of Z4 , it belongs to N . Lastly
En (Zgu z.n)‘ belongs to @ , again by the assumption of
immersibility. Since it is a subset of E, it belongs also to M.
The inclusion E N (Zgy v Z,n)'e z.}n and the property py gives
Bon(Zyv 2y )' € Z; hence, by dominancy, B n (Zgy v z,,,,)'e n.
Thus E€ ' and McN. The inclusion NcM .may be veriffied
analogically.

Corollary 1. Let M ve a system of complete
collections of zero sets in Q . Let & be a collection of zero
sets in Q and M"« & . Then for any MeM, MNek™ and any
Zym , 2y » belonging to Z4y, 2y, respectively from Z, 4 Zpme i
it follows M=MN.

Proof, It is sufficient to prove that Ul'is immersible.
It EeUl.’P&U!’whave BEe M for some me Mt
But En Pc E ¢ Mc UMY The completeness of Mgives E n Pe U M*,
From Lemma 3, the immersibility follows.

Corollary 2. Let Q bea c-ring.Lot{bos-y-tcn

of collections of zero sets in Q , £ a collection of zero sets
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in Q@ , and ¥*« & . Then for any Zm, Z4 belonging to 2, 2y
respectively, the validity Zyqa Znel for any M, N e ll*impliu
M= N.
1f W*1s not dominated by & , then the condition Zy a Zq & &
(CZm=2me » Zy -znz) need not imply M= N.

Example 1, Let X = {1, 2}, Q is the potence set
of X, Put M=¥=Q, N ={p, {13}, *={ M ,N} . Then all the

assumption of Theorem 1, except of X% & are satisfied.
Zgp & Zpe & for any choice of Zyy, Zp , but mEsz n.
If a system u¥of collections of zero sets in Q and a collection
& of zero sets in @ is given such that Im A& z,nez' implies
M =M , then M need not be dominated by £ . In other words, the

converse of Theorem 1 need not be true.

Exam e 2. Let X ={1, 2, 3}, @ the potence set

of X, Put Ma={p, {1}, {3}, {1, 3}}, M={p, {1}, {2}, 1, 2}},
& = {8, {33} W= {m, n}.

The set L4y oconsists exaotly of the sets {1} and {1, 3}.
Further Zgq = {{1, 2}}. Hence the collection of all sets which
satisfy Py = Pxg for some X & M'is {011 01, 3} 0, 21}, Ve
can easily verify that 2y a Zgel implies X =& for any

%, R e M But M'is not dominated by £.

Consider now M*and £ such that the following property (P)
is satisfied.

(P) Por any M e M) any Ime Zm and any EeQ there exists
Me M and 2y € Zy such that 2,y VE = Zp .

Theorem 2, Let l'be a system of collections of zero
sets in Q such that UM*is immersible and £c@ a collection of
gero sets in Q . Let M-&  satisfy (CCC) for any M ¢ MY
If the condition (P) is satisfied, then a necessary and sufficient
condition for l.to be dominated by £ is the following:
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(N8) 2,y aZpe¥ implies M= N for any m N e u*ana
any Z., 2y belonging to zll" zl!" respectively.

Proof.. The necessity follows from Theorem 1. To prove
the sufficiency, suppose that Z,, a Zye& implies M= 7N . Let
u*« & be not true. Then there exists Eec & and Me u”such
that E ¢ M ., Choose Zgy & Zu,. By (P) there exists Zpy & Zy such
that Z)p v E=2Zq . According to the assumption of immersibility
Zm 8ZneQ. But 2y 4 Zy = B = Zgp c E. Hence Zgp & Zy€ &, Since
E-2Zmc 2 wehave E = Z,p 6N . That set E n 2,y belongs to Q,
because E n Zq = E = (E = 2,,). Since it is also a subset of Z,y
it belongs to M . But E¢ M , 0 BE - Zyp, ¢ M. Thus E = Z,, € N,
E-2mpm¢éM S0 m+ N . It is a contradiction.

Corollary 3. Let l’be a system of complete collections

of zero sets in Q@ and &<Q a collection of zero sets in Q.
Let M - & satisfy (CCC) for any M e M. If (P) is satisfied,
then (NS) is a necessary and sufficient condition for ¥ to be

dominated by &.

Corollary 4. Let @ bea 6~ ring, u*a collection
of zero sets in Q@ and & a collection of zero sets in & such

that M- satisfies (CCC) for any M e M. If (P) is satisfied,
then (NS) is necessary and sufficient condition for u’to be domi-
nated by & .

3.

The results of the preceeding section may be immediately
applied to complete (sub-) measures defined on q - 6 - 'rings.
They may be also applied to arbitrary (sub-) measure if @ is a

0 - ring.
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Suppose now that M is a set of complete (sub-) measures defi-
nedona q-6 =-ring Q . Let A be a finite (sub-) measure
on Q@ ,

Put M" {€4: ne x } £ . E*.
(Recall that €° = {E : BeQ, wv(B)=0}.
In what follows we shall suppose that E%“- ¢ satisfies (CCC).
This is fulfilled e.g. if A satisfies (CCC)

Denote by M the set of mutualy equivalent classes of (sub-)

measures belonging to M. Then to any A & ¥ there corresponds a
collection € (A) defined as E£(A) = £/ where 4w 6 A is
any measure belonging to A. Evidently & (A) is uniquelly
determined.

Considering the fixed collection & = £ , we can to any
A & M associate a set 2 E(A)L (=2 E(A) ) (see Lemma 2)
belonging to ZE(A)Z (= ZE(A))

Lemma 7. Under the above notation a function e defined

~
on M x M as

@A, B) = A(Z g(y) A Zg(g) )

is unambiguously defined and is a pseudometric on .

]
Proof ., Choose 3z €(A)’z€(A)‘ ze(‘);ze(n),z'e(n),zs(m.

Ve prove that A(Z g4y a 2% (,)) = A(Z ¢ (5)s Z7g(p)). The

chosen sets belong to U M. The completness of each collection
belonging to l'gunrantu that UN®is immersible. So the unions
and symetric differences of the cho-eh sets belong to @ . This

and the inclusion

»
2e)d Ze) © (Zguys 2w v @) 2 em)v Ty a Zg(p)

enables us to use subaditivity of A ., We get
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*
AZ g(a)d 2 g(p)) &A(2Tg(u)4 Z7g(g))
because A(Z ¢,y 4 Z:E(A)) = A(Z g (pya z‘;:(n)) = 0 (See Lemma 6)
The inequality A(Z ¢(g)4 ze(m) ﬁA(Z'E(A)A Z'E(B)) follows

in an analogical way.
Thus o is unambiguously defined. That o 1s a pseudometric,
may be proved in the standard way as it is known for the case of

metric spaces associated to finite measure spaces.

Note. Itcan be immediately verified that Lemma 7 may be
proved without the assumption of completeness of the (sub-) measures,
if Q is supposed to be a ¢ -ring. The only difference in the proof
1s that the immersibility of U M becomes trivial and that Lemma 5

instead of Lemma 6 is used.

Theorem J. Let M be a set of complete (sub-) measures
onagq=~- 0 - ring and A a finite (sub-) measure satisfying
(ccC), It MK A , then the pseudometric e on M is a metric.

Proof ., Consider the system Mot complete collections

€* (am & M) and the collection £ = E* , Since MK £
and M- £  satisfies (CCC) for any Me M,we may use Corollary
1 of Theorem 1 from which the assertion immediately follows.

Using Corollary 2 of Theorem 1, we obtain for (sub-) measures
(not necessarily complete) defined ona ¢ - ring, the'following
result,

Theorem 4, Let @ bea O -ring. If M is a collection
of (sub-) measures on @ and A a finite (sub=) measure satisfying
(CCC), then M & A  implies that P is a metric on M.

For the case when the considered measures satisfy (P), we can
obtain the converses of Theorem 3 and Theorem 4. Note that (P) for

measures is defined in an obvious way be means of the corresponding
collections of zero sets.
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Thus from Theorem 2 (Corollaries 3 and 4) we obtain the
following two results.

Pheorem 5 Let Mbe a set of complete (sub-) measures
on Q and A a finite (sub-) measure on @ satisfying (CCC).
Let (P) be satisfied for M and A ., Then a necessary and sufficient
condition for M & A 1is that © is a metric on A

PTheorem 6, Let Q bea 0O -ring and M a set of
measures on Q . Let A be a finite (sub-) measure on O satisfying
(CCC), If (P) is satisfied, then a necessary and sufficient condition
for M « A 1is that p 1is a metric on i,

4.

Note that the dominancy, as considered above, is based on the
definition of absolute continuity based on zero sets. This definition,
as it is well known, is equivalent with €- d abvsolute continuity
in case of finite measure. In general some probleme of dominancy
based on £-d continuity deserve a special attitude. See e.g.

[(s1, [91. ,
Considering the last kind of dominancy it is useful to work with
generalization of measure spaces based on sets of "small measure"
(651, (71, (81).

We inted to use method, to obtain some topological criteria

of dominancy, in another paper.



(1]

[2]

[3]
[4]

[s]

61

(7]

(8]

(91

- 147 -

References

Berger A.: Remark on separable spaces of probability
measures, Ann, Math, Stat. 22, 1951, 119 - 120,
Divegjev?P, Ch,: Dstatodnyje statistiki, Trudy
instituta matematiki, 22 Tadkent 1961

Halmos P, R: Measure Theory, New York 1950
Neubrunn T.,: A note on quantum probability spaces,
Proc, Amer, Math., Soc. 1970, 672 - 675

Neubrunn T,: On abstract formulation of absolute
continuity and dominancy, Mat. &asop. 19, 1969, 202 - 215
Pettis B, J.: On some theorems of Sierpinski on sub=-
algebras of Boolean ¢ - rings, Bull., Acad. Pol, 20, 1972,
131 - 135

Riedan B,: Abstract formulation of some theorems of
measure theory, Math, Zasop, 16, 1966, 268 - 273
Rie%an B,: Abstract formulation of some.theorems of
measure theory II, Mat, dasop. 19, 1969, 138 = 144
Psujimeto Hyandi Tanaka K.t On dominated sets
of measures, Math., Japonicae, 3, 1955 173 - 183

Author ‘s address: Tibor Neubrunn, Katedra matematickej analysy PPUK,

Matematiocky pavilon - Mlynskd dolina’
816 31 Bratislava

.Received: 15, 10, 1976



- 148 -

Sihrn
DOMINOVANE MNOZINY MIER

Tibor Neubrunn, Bratislava

V prédci sa pojedndva o kritériach demonovanosti pre systémy
mier, Kritéria si formulované pomocou & - idedlov nulovych mno-
£in a preto ich moZno pouZit nielen pre miery, ale i pre submiery.

Pespopme
JOMWHWPOBAHHHE MHORECTBA MEP

Tu6op HoR6pyn, Bparmcassa

JlapTcs NPNSHAKN ZOMNHNPYEMOCTR MHOXecTB@ Mep. [Ipmsnexx dopmy-
ANPDOBSHE 86CTPAKTHO, IAS XaKXNX-10 6-NEeox0B HyJAEBHX MHOXeCTs. Bia-
rozaps oTot PopMyxannx OHM MOryT OHTH NPNMEHEHH He TOXBKO X MEpaM,

HO HanpuMep M K cyOmepam.
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ON AN EXTENSION OF LINEAR OPERATORS

Rastislav Potocky ¥, Bratislava

In this paper the extension problem for linear operators is
studied, We regard its solution satisfactory if the new operator
preserves all the properties of the criginal one, These properties
depend on type of the domain and the range. In this paper the ocase
when both the domain and the range are partially ordered sets is
discussed, We shall, therefore, extend an operator which preserves

the ordering, i.e. is monotone and, at the same time, preserves li-

mits of monotone sequences, i.,e. is continuous with respect to the
ordering (o~-continuous)., The case of the real valued linear opera-
tor is studied in [1]. If the operator takes its values in a more
general space the solution is known provided a conditicn of regula-
rity is satisfied (see (2] , [3] ). Our paper extends the known
results in two directions: the image space need not be regular and
the results are applicable to the case when a topology on the image
space is given, i.e. when we extend operators continuous with res-
pect to this topology.

Listed below are definitions of notions used throughout the
paper,

A vector lattice X is called

a) O -complete if every non-empty at most countable subset of
X which is bounded from above has a supremum.
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b) © -geparable if every non-empty subset Yc X possessing a
supremum contains an at most countable subset possessing the same
supremuni as Y,

c) complete if every non-empty subset of X which is bounded
from above has a supremum.

Bvery o -complete o-separable vector lattice is complete
(see [41, p. 129).

We shall say that a sequence x in a o =-complete vector
lattice X is order convergent to an element x in X if lim sup =
= lim inf x = X, This will be denoted by x, —> X. If x, 1is an
inoreasing (decreasing) sequence, we shall write xnf x (x, ¥x).

A nctoﬁ lattice X is called regular if it has the diagonal
property for o-convergence. ‘

The problem can be formulated as follows: Let X be a 0 =comple-
te vector lattice, A a vector sublattice of X with the property
that for every x ¢X there are b, ¢, & A such that o+ x&b, Let so
be a linear monotone o-continuous operator on A wi{h values in a
¢ -complete o-separable vector lattice Y, i.e.

a) x4y, X, ysA implies Bo(x)6 Bo(y)

b) 8y(ax +Ay) =aBy(x) +58,(y) for all x, yed

c) 'nf 8, a,, acA implies 80(.) = lim 80(‘11)

We seek an o-closed vector sublattice L of X containing A and
an operator 8:L— Y which extends 80 and preserves its properties.

Put B= {beX; Ja e A, snfb}

c-{ccxsatnel. ‘n“’}
and define operators 8' : B—~Y and 8" : C—» Y as follows:
8*(b) = 1im Sy(a,)s a td

8" (c) = 1im 8y(a,); ajbe
Both definitions are correct.
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Proposition 1. BandC are sublattices of X clo-

sed with respect to the operation +. s* and S are monotone ope-

rators with the following properties:

S*(by + b,) = 8%(by) + 8*(by)
87(cy + 0;) = 87(c,) + 87(e,)

beB, ceC, b3c implies S*(b) 257 (e)

beB, ceC implies b - ceB, ¢ - beC and

s*(b) = 8* (b - ¢) + 87(c), S7(c) = 87(c = b) + 8%(b)
b, B, b b implies b&B and 8*(b) = 1im 8*(v))
c,eC, o {0 implies c&C and S (¢) = lim S"(cn)

Proof . Follows immediately.
| Consider now the set
L={xeX; sup {S"(¢); x20€&C}= inf {s*(v); x<beB}}
Define an operator 8 : L— Y by the formula
S(x) = sup {87(¢); x206C} = inf {8*(b); x¢veB} .

Proposition e L is a vector sub lattice of X and

S is a monotone linear operator on L with values in Y,

Proof.. Given x, y ¢L there exist increasing sequences

l:un and b; in B and decreasing sequences ¢, and o; in C such that

8(x) = 1im S*(b_) = 1im 8(c,) and 8(y) = lim 8*(b]) = lim 87(cy),
since Y is supposed to be o-separable. We have 3(x) + 8(y) =
= sup {87(c, + e )i X + ydo, + o;} & int {8"(bn+ b;); X+ y&b + b;}
= 8(x) + S(y), 1.6, x + yeL and 8(x + y) = 8(x) + 8(y).

Given a positive real number o and an elemnt x& L, we have
immediately oo * x{ X b, and xS(x) = sup {87( woy)s

X 3 ocon}einf{s"'( xby); xx by} = 08(x), 1.0, ax €L
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and 8( ocx) = 0.8(x). In the opposite case the proof is evident.
In order to prove the equality of

sup {87 (e, v e;); xvy»e,vo,eC} and
inf {8%(b vb ); xvy&b Vb EB]

we make use of the fact that
(bnvbn) - (o,vey) & (b, = 6,) + (b, = o)) which implies that

0 & B*(b,vb) - 87(c,v o)) & 8(by) = 8(e,) + 8(b)) - 8(c;) for
every n,

In what follows we make heavy use of properties of linear
functionals on Y, We recall that a linear functional T on Y is
called

a) monotone if T x3 O for all x 3 O

b) order continuous if for each sequence X, in Y with order
limit x, T X, converges to T x

¢) o-bounded if it maps o-bounded sets into bounded sets.

In what follows the set of all o-bounded linear functionals
and the set of all linear functionals continuous with respect to
a topology on Y will be denoted by Y' and Y* , respectively.

Z2heorem 1, Let X, Aundsobeaaab'ove. If Y is
a O -complete o-separable vector lattice such that the set of all

o-ocontinuous linear functionals on Y separates points of Y then

there is an o-closed vector sublattice L of X containing A and

a unique monotone linear operator 8 : L—> Y which extends 8y with

the property: x, € L, x € X, x—> x implies x €L and 8(x) = lim 8(x,).
Proof . For every monotone o-continuous linear functional

T on Y define an operator from A into the field of real numbers R

as follows: J,(a) = T §,(a). |
Jo has the following properties:
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1, a<b implies Jo(n) < Jo(b), a, be A
2, Jo( oca + Ab) = ady(a) + AJO(b). a, Be A
3. anfa. a,, aeA implies Jpla) = 1im Jolay)e

Put J1(b) = 1lim Jo(an) for every be&B and Jz(c) = 1lim JO(%) for

every ceC, We have J,(b) = T 8%(b) and J,(c) = T 87(o).
Finally denote by L* the set of all xeX such that
sup { J,(c); x_;csC} = inf { J,(b); x<beB} and define

J(x) = sup {J,(ec); x3ceC} = inf {J,(b); x4beB} for every
xslf .

We will prove that Lcl¥. Because of the o-separability of Y
for every xeL there exists an increasing sequence o, in C and
a decreasing sequence b in B such that sup {8°(on); x>0,} =
= inf { S"'(bn); x4b J. From this we obtain ’

T eup { 87(c)s x2c,} = T inf {s"(bn); x4b, } and hence
sup {Jz(cn); x3c,} = inf {J,(bn); xé bn} thanks to the o-conti-
nuity of T, The last realtion implies that xel’,

Basing on the fact of o-separability of Y we can also prove
that J(x) = T S(x) for every xeL,

To finish' the proof we have to show that x &L, xeX, xnf x
implies x €L and S(x) = 1lim S(xn). Since LcL¥ we obtain (see [1],
prop. 3) that xeL* and J(x) = 1im J(n)., If sup {8”(e)s x30 } ¢

< inf {ST(b); x &b } holds, then there exists a linear operator
T separating these points. We find then o & C, on‘l‘x and b, €B,
b | x such that sup {Jy(c )3 x3 0, ) = inf {J, (b ); x4b, § 1.0,
T sup{s'(on); xyc, § = P{inf 8*(bn); xébn} , a contradiction.

The equality S(x) = lim 8(x;) and the uniqueness of 8 follow
without difficulty.

Corollar o« (ocf. [3], th. 9). If Y is a regular

O -complete vector lattice such that Yt separates points of ¥,
then the extension theorem holds.
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Proof . Every regular O-complete vector lattice is
o-separable and every o-bounded linear functional on such a space
is o-continuous.

Theoren . Let Y be a CO=-complete o-separable locally
convex space with an ordering given by a closed cone, Let
x, ~>x imply !(xn) —»T(x) for every T & Y'. Then 8, has a unique
extension to L.

Proof . Analoquous to that of theorem 1.

The second part of the paper is concerned with the case of
a topology on the image space of the operator so. In other words
we want to extend a monotone linear operator 80 continuous with
respect to this topology. The following theorems show that in some

cases it can be done.

Theorem 3. Let X and A be as above. Let Y be a

0 -complete o-separable locally convex space ordered by a normal
cone and let every continuous linear functional on Y be o-continuous.
Then every monotone linear operator 80 t A—Y such that anf a, a,,
a A implies so(u) = lim Bo(sn) in the topological sense has a mo-
notone linear extension 8 to vector lattice L containing A with the
property x, &L, xnf x (x,¢ x) implies x6 L and 8(x) = 1im 8(x,)
provided lim 8(x, ) exists in the topology of Y.

Proof . Since the cone is closed the limit of S,(a,)
with respect to the ordering exists. If 8 is the extension mentio-
ned in theorem 2, we have, thanks to the existence of the limit
of B(xh) in the topological sense, that 8(5) is o-bounded.

S8ince the cone is normal the result follows.

PTheorem 4. Let Ybea O -complete o-geparable comple-
te metrisable locally convex space ordered by a closed cone and
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let every continuous linear functional be o-continuous. Then 8,

has an extension.

Proof. The above assumptions imply normality of the oone.
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Sdihrn
0 ROZSIRENf LINBARNYCH OPERATOROV

Rastislav Potocky, Bratislava

Autor v &lénku skima problém rozfirenia linedrnych operdtorov
s hodnotami vo vektorovom gviize. Doteraz znédme vysledky zovieobec-
fiuje v dvoch smeroch, Hodnotovy priestor linedrneho operdtora nemusi
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byt reguldrny a vysledky moZno aplikovat i v pripade operdtorov
spojitfch v topologickom zmysle,

Pesoue

0 MPOACNXEHMYM JMHEMHHX ONEPATOPOB

Pacmucaas Norouxn, Bparucrama

B crarse nsyuaercs npoGaema NMPOROAXEHMA JuHelHNMX onepaTopos
C SHSUYEHNSME B HexoTopo#h BexTopmoft pem¥rTxe. llo cix NOpP HeBECTHHE
pesyAbTeTH 0600CmMEPTCS B ABYX HenpaBAeHMsX. [IpocTpeRcTso sravexuh
AnReflROro onepeTopa He NOAXHO YAOBAETBOPATL YCAOBAD DEryAZPHOCTH
KanToposnua # PesyAbLTATH NPUMEHNMH TOXe K TONOJOTRYECKM HENpepHs-

HMM OMEpPaTOpPOM.
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OPTIMAL CONTROL OF STABILIZABLE LINEAR SYSTEMS WITH TIME DELAY

Jozef Komorni{ik, Bratislava

In this paper we exhibit an extension of the known formula
for optimal control of linear-quadratic systems with time delay
on a finite time interval, We show that a simular formula is valid
for the infinite interval problem, provided the system is stabili-
gable,

Coneider the system described by the equation
o
X(t) = Ay o X(8) + {A1(,l’). X(t+T)AE  + Ay o x(t=h) +
+B . u(s) (1)

with the initial condition x(¢) = ¢(€) for <7 el-h, 0]
where x(t) is the n-dimensional state vecter,

u(t) is the p-dimensional control function,

A, Aé and B are constant metrices of types n xn, nxn
and n x p respectively,

h is a positive real number, A1 is a continuous matrix
function of type n x n defined on [=-h, 0],

@ is an element of cg » the vector space of all n-dimensional
continuous vector functions on [-h, 0].

Let Q1 be nonnegative and 02 positive definite matrices of ty-

pes n x n and p x p, respectively.
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It is well known (see [1], [2] ) that for any T >0 the optimal
control of the system (1) with respect to the cost function

! .
Cp(w) » § [x°(#) . Qq o x(t) +u’(t) . Qy . u(t)] at =
o

T

= §1[x(¢), u(t)] at (2)
o

is-given by the formula

o
a(t) = = Q31 . BTLW () . x(t) + § W, (8, ¥)x(teT)ar ] (3)
=h
and the corresponding minimal cost can be written in the form

o
o(a) = ¢'(0). V2, 000) @(0) + ¢'(0). S Wy ((0,%) .p(Thac +

o0
I?v(r) . Wy 1(0,T)aT. 9(0) + § § () . Wy (0, Tyl
-h =h «h

-p(plar ap=Wu(g) (4)
where the triple l!’o(t), '2'1(t,c'). "!,2“’ €, ¢) of bounded

continuous matrix functions of type n x n, defined for te[0, 7],
T, Q€ [-h. 0] is the unique solution of the Riccatti-system of

equations:
a v (¢)
S ek W) W8 L A+ Wik 0) 4 Wy(t, 0) 4 Gy -
- 'O(t) . 31 ° 'o(t) =0 (501)
d '1(t9 s~t) ]
m + 4. l1(t, s-t) + 'o(t) . A1(l-t) + lz(t. 0,s-t) ~

- 'o(t) ° 81 . '1(t’ .-t) = 0 (502)
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d Wa(t, s-t, r-t)
dat

+ Ay (8, B=t) o Wi(t, T=t) + Wy(t, s=t) .
. Ay (t, T=t) = W (%, 8-t) . By . W (t, r=t) = O (5.3)

where 8, r € [ t-h, t], By =3B, QZ‘ . B

Wi(t, =h) = W (%) . A, (5.4)
'2(t. -h'c') - Az’ ° '1(t9 7) (505)
Wy(t, ¢, 0) = Wylt,0,7) (5.6)

with initial conditions

'T.O(T) = WT’1(T07) = WT'Z(TO coe) =0 (6)

CONVERGENCE OF SOLUTIONS OF RICCATTI-TYPE SYSTEMS

Defindition 1. By m, we denote a measure on the
interval [-h, 0] which has one atom m,(0) = 1 and is equal to the

Lebesgue measure on measurable subsets of [-h, 0] o

Remark 1, a) The space L?(mo) containing as a subset

all n-dimensional bounded measurable funotions on [-h, 0] is a

pseudometric space with respect to
o
Lol = lg@l+ § 1ozl ar (M)
-h
where |x| 1s the Euclidean norm im R% ,

b) C} is a dense subspace of Ly(m ).
¢) The functionals WT can be uniquely prolonged to continuous
functionals on L?(mo).
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Now we give a definition of stabilizability which can be shown
to be equivalent to usual ones. (See [3].)

Definition 2. There exists a continuous matrix
function L,(r) on [-h, 0], a matrix I‘o' both of type p x n and

constant K, such that for the solution xo(t) of the equation (1)

with the control function
, [\)

u (t) = L, . x,(t) + in,(c’).xo(u t) v (8)

and initial condition ¢@€ L?(no) the following imequality holds

Slx,(e)12at <k . Doll2 (9.1)
0

Remark 2, If the system (1) is stabilizable and Ly L,

are as above, there exists a constant 11 such that

o0
§1 [x,(t), u ()] at£x,. Mol 3 (9.2)

We define the functions 'o(t). '1(t.c’ ), lz(t.t',e) as the
unique solution of the system (5) for t e (e, 0], t,p€ [ -h, 0]
with the initial conditions

W (0) = 0, W,(0, %) = 0, ¥,(0,T,0) = 0 for t,pel-n, 0]

Remark 3. Prom the existence and uniqueness of the
solution of the system (5) we have the following equations
te (-0, 0] and T 2 -t.

W (8) = Wy o(tem)
v,(t, ) = ',',(ta.i-)

Wa(t,T,p) = Wy o(t42,2,0)
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Theorem 1, All the functions Wo(t) . Wyt ),
Wy (t, ¢, p) (r,pe [ <h, 0]) converge for t tending to =oo ,
The limits form a triple (W, w.(t), V,(r, (:); t,e€ [-n, 01)
which is a t-independent bounded, continuous solution of the sys-
tem (5).

Proof. t. Let ¢ € Li(m ). Then the real function of T
T

Walop) = m:.n _i 1 [x(8), u(s)] as
is nondecreasing. From (9.2) we get
V(@) ek, . Il 3 (13)
and hence there exists lim 'T(¢) < oo
P oo

We shall prove the convergence for t—s-oo of all components
wird(s,t,p) tor t,p€l-h, 0)5 4, J = 1,000,m3 K= 0, 1, 2 by
choosing special types of functions from L?(mo).

a) The ¢, =e . X {0} where ¢, is the i-th member of the
standard orthonormal base in R%, X A 18 the characteristic funo-
tion of a measurable set A. Prom (4) and (12 ) we get

'I( (fi) = 't"(-l‘) converges to Vii.

b) Por te[~-h, 0) we put

K
Pe,a =0« Pe, e +1/k)° X [-h,0).k

Por any fixed k the function '!( (pg, 1) is nondecreasing (in T)
and bounded by the constant K,. Por a fixed T the sequence wm(gor.:)
converges (in k) to l%i(-‘.l',t' » ) which therefore is noninoreasing
and bounded by the constant K,, Hence the function W%i(t. T,T)
converges to the limit Véi( T,t).
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c) Por trk - Pyt sotk, ,g and T < ?° the nonnegative diffe-
rence Wp,( (pk) - '!(?k) converges in k to the value

(Wii-r) e 2 W2, 0) e wdcr, o, )] - [witem t2 widene) o
w}i(-1,7,t)]  hence
lwider, o) - whi(r, o)l & v2 {[wiir) - witeen] + [wdi-re,o) -

The functions WiJ(t, v ) satisfy the Bolzano - Cauchy condition in
t tending to -co and converge to limits Y%J(c') for 1,3 = 1,...,13
tel -h, 0).

d) The convergence of the funotions Iéj(t. t,Q ) v,0el-h,0)
and w! 3(¢), 1, § = 1,...,n can be proved in a similar way putting

P =9, 19,5 7 P91t

2., We have not proved yet that the functions l1(t.t' )
lz(t.c',p) converge for T = Oor @ = 0.
To show this we utilize first the equation (5.3). After its integra-

tion we get for t'ses
T

W(t,€,0) = Ay . Wo(tat en, o=t -h) + [ {AJ(€) . W (ter-§,
-b

e-tv+§) + i;(t+r-€ b)) A(g-T+b) - Wi(teT-0,£).
By . W (ter-§,p-T+ L)} af (13.1)

The integrand is bounded and converges for gc [ -k, 0) . The func-
tions '1(t+r-h.e-t' =h) converge p -?" < h according to the pre-
vious part of the proof. For ©0-7 = h we have o= 0, ¢ = =h,
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The functions Wz(t. t, 0) therefore converge for ¢ & (=h, 0).

Integrating equation (5.2) we get

T
W,(t,v) = W (t+T+h) A + {l{wo(ur-é). Ay(8) + AJ W (4 0=£,6)+

+Wy(ter-§, 0,€) =W (t+v=&) . B, . W (ter-£,8)} af (13.2)

The integrand converges for £ e(-h, 0) and we get the equation for
the 1imit function for all 7e[~-h, O0].

) t
Vi(e) m Vo o Ay ¢ § LV o a(8) + 47 . Vy(8) +
=h

V,(0,£) =V, . By . Vo (E)] ak (13.3)

The function v,(c) is differentiable, hence continuous. Differenti-
ating (13.3) we get

A1) wv L A(T) Ay . V() + Vo0, T) =V o By o Vy(2)
it
(14.2)

and 71(-h) = Vo ] Az (u.‘)

Now we know that the right hand side of (13.1) converges for all

te[ -h, 0] @ 2t therefore
0

V(T,0) = Ay o Vol =T-h) + § {Aj(&) . V,(p-t+£) +
-h

The integrad is uniformly continuou.l with rojpoot to v and e »
hence the function 72( c, e) is continuous. Putting d = p =T we
have

v
Vo(t, d+v) = Aj . Vy(a-h) + .i{A,’(é) . Volar f) + V9(E) o
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A+ E) = Vo(€£) . By . Vy(a+£)} ag

hence

d' (f.‘#t’) » »’ '
—_—— e~ Aj(T) . Vy(ae ) + Vi(t) . Ay(avT) - v, () .
ac X

« By _'1(d+t') (14.3)
Putting €= -h 1in (1 .4) we get

Vo(-h, o) = Ay o VofT) ' (14.5)

Directly from (5.6) we get

Vy(t,p) = V(p,T) (14.6)

Pinally, from (5.1) we have
(] . .
(1) - Wo(t=1) = =f {47 W (H4£) + Wo(E+E) o A, + W (24 £,0) +

-1 )
Wi(4+£,0) - W (t+£) . B, . v (s+€)} af - q, (13.5)

The integrand is a bounded function and converges for all ge [-1,0].
The left hand side converges to O. So the equation

- ‘o o 'o + 'o ° ‘o + 71(0) + '1(0) - vo . B1 ..'o + Q1 - 0 (1401)

is fulfilled.

OPTIMAL CONTROL

Theorem 2. Assume that (1) 1s stabilisable. Then the
control 0
a(e) = - G LBV, . x(t) + .fh V,(T)ex(ter) az]  (15)
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is an optimal control for (1) with the cost function

(-]
C(u) = { 1(x(¢), u(t)) at (16)
o)

The value of the minimal cost is given by

o
‘
C(u) = ¢0). V, .9 (0 +2¢'0) . [ Vi(r).p(r)dr +
-h

o O
+ § 5 @' (v) Vpylr,0) @p) av dp = V(g) (1)
-h =h

1
where ¢ e Oz is the initial condition of the solution x(t) of
1
(1) the control u(t).

Proof . Let u(t) be an arbitrary finite measurable cont-

rol function and x(t) the corresponding solution of the equation
(1) with the initial condition ¢ € C: . Then for arbitrary T €[0, w)

we have
T

[ 1x(#), ute))at 2 wplp) (1)

o
According to theorem 1 and the Lebesgue theorem about bounded con-

vergence we have

lin Wp(p) = V(p) | (8)
hence T
cw = § 1x(e), u(t)ar 2 V() (19)

o

4
Let x(t) be the solution of (1) with the initial condition ¢ and
the control ::(t). Then we have

1 4 e
.__A_de: £ . (A, =By . V) . x(t) + é[A,(v) - By . V()]

= ;(t+z‘)dt‘ + 4 . i(t-h) (20)
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We put
?t(f:) = ;(t+ t) for tel0,00) tel[=h, 0] (21)

and caloculate

t

v d
A 2L S W RN TS WP OO N i TSR
at at i
p t 8-t .
.x(s)as+2 § §  x(s) . Vy(s-t, s+d -t). x(s+d)ad ds)] =
t-h o

1, ’ ] . 1

a V,(s-t)

+

p t
2x¢) . § [-
t-h

+ Yo . A,(-—t) + 4, . 71(l-t) -

2¥; . By . Vi(s=t) + V,(0,8-t)] . Ho)as + 2x°(t) . (Vg o Ay -

1 t t-s
V,(-h)) . x(t-h) + 2§ §
t-h o de

a v, (e-t,s+d-t
1,(.) .[-_3(- s+ )

+

+

A;(s-t) . 71(|+J-t) + V;(l—t) - A,(ud'-t) -

271'(l-t) « By, V1(.+d'-t)]. ;(u d)ad das + 2. ;'(t-h).

4
. § . Vy(e-t) = Vp(0,8-t) x(s)ds
t-h

Prom the equations (4.1) - (14.6) we get

a v(p,) 1, 1 ‘.
— -{x"($)e[Q, + VBV, ] . x(t) + x°(8) . V, » By
o ‘ 0
o § V(r) . x(tee)ar 4+ § xT(t40) Vi(E)AT . By LV,

<h o -h

o
A e § 8 Faeer L viee) B L vygp) - Htsprapar)s
-h <-h
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- - [4'(8)Q1x4(t) + 3’(t)02u‘n(t)] - -1(£(t). J(t))

Por any fixed Te[0,00) we have

T
§ 16, aenat = V(p) - Vipy & V(p)

hence
]

c(d) = § 1(x(t), u(t)at & V(p) (22)
o

From (13) and (22) we get that (17) is valid.

Remark 3. Let us note that the condition Q1>0 which
is usually assumed for the synthesis of the optimal control on the
infinite interval has not been needed in the proof.
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Sihrn
OPTIMAINE RIADENIE STABILIZOVATEINYCH LINERARNYCH
SYSTEMOV 8 ONEBSKOREN{M

Jozef Komornik Bratislava

V prédci je ukdzan‘, fe pre stabilizovateIny systém
x(t) = A .x(¢) + S A(E)ex(t +T)AT + Ayex(t - B) + Bou(t)

so stratovou funko:lon C(u) = S [x°(¢). Qqex(t) + u “(t). Qz.u(t)] dat
existuje optimdlne riadenie typu
[+]
a(t) = = Q' L BLV,.x(t) + § V. (T)x(t +T)aT]
=h

pridom minimf{lna strata je
[ oo

x’(O).Vo.!(O) + 21'(0)0 S 71(¢').x(f)dt' 4‘-1{{ x'(t').vz(t',e).

. x(p)apar.

Matica 'o a spojité maticové funkcie Vi(t' ), 72( , e) si 11-

mitnfm riefenim systému rovnic Riccattiho typu.
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Pespoue

ONTUMANEHOE YIIPABJNEHWE CTABWIMSHPYEMEMM JIMHEAHHMI CUCTEMAMIY
C TIOCAENEACTBEM

flosep Komopmmx , Bparucassa

B arolt crarse nmoxesaHo, WTO IAAs cTabMAMeMpyeMolt cHCTeMH

x(t) = A . x(t) + S: Ay (T) . x(t+D)dT+ Ay.x (t=h) + B, u(t) c xpure-
pueM xadecrsa X’ (t) .Qux(¢) + w (t).qz. u(t) cymecreyer onTumaan-

Hoe ynpesaerwme TEna u(t) = -Q'z .B’[Vo ox (t)+ ‘iv1(t’) x(t+2)atl]
% MuEMMyM nexeso#t pymxumm paBmO x’( O )Vo.x(o )+ 2x'(0) j:v1('t‘)x(’£‘5d‘£' +

oo
+{{ xv'(q:')vz('t,f) x (e)dgd't‘. Marpuna Vo M HeNpepHBHNE MaTPHUHHE

dyrxunn '1 (T), Vz('t,g) ABBAADTCS NpefeAbHNM DEmeHMeNM CMCTeMH

ypesreHn#t Tnna Pucern.






- 171 =

UNIVERSITAS COMENIANA
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XXXVI — 1980

THE MEASURE EXTENSION PROBLEM ON ORTHOLATTICES

Peter Volauf, Bratislava

In his papers [3),{4] B. Riecan considered the measure extension
problem on modular orthocompemented and modular complemented
lattices. In these papers the notion of the measurability has
not been used. The present note deals with the problem of exten-
sion of measures on ortholattices using measurability of its
elgmenta.

There are several ways in which this notion can be defined
in lattices. We have chosen the formulation which had been used

for measurability of sets in [2].

NOTATIONS AND NOTIONS

Throughout this paper &£ will denote a g-complete, o-conti-
nuous ortholattice with the least element ¢ and the greatest
element 44 . A non-empty sublattice @ of the lattice & is called
a lattice subalgebra of & if ate Q. for every aeQ .

If A is a lattice subalgebra of & , and if the supremum (in 8 )
of every countable ;ubset of @ belongs to @ » we say that @B
is a o-subalgebra of & . ¥4 will denote the smallest lattice
o-subalgebra of £ over A

We shall write a / a to denote that a € a ,, , n=1,2,..

and as= n?-l a, - %\ a will be interpreted analogously.
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Let @ be a lattice subalgebra of a lattice #& . A function
M ® — (0,1) is a probability measure if

(1) m(e) =0, m()=1
(ii) pm(avb) + M(aADb) = (a) + p(b) for all a,be®
(14i) If a Fa, a.€® , n=1,2,.., a8 then u(a)) /M(a)
All others definitions will be used according to [1].

CONSTRUCTION

Definitionl., Let @& be a lattice subalgebra of
the lattice £ . Then afn{bitza{an}:.l, a€ea, a Ao }. Let

M: A —+40,1) be a probability measure. We define AM,: Qp —+(0,1)

by  py(b) = lim u(a ) ,where a ¢Q , %/‘b , beQy.

Lema 1. A system Q, and a function s have the

following properties :
(a) 4 is unambiguously defined.
(b) aca, , ufo) =0, M) =1, m(a)e<0,1) for all a€ds.
(¢) If a,bedy then avb , aAbeds and
M{avb) + uflasdb) = s(a) + M(Db)
(d) If agb, a,beds . then w(a) < (D)
() If b /b, beQ , then beQ, and K(b) = lim 4 (b))

Proof. (a)let a /b,c /b where ae¢d ,c e,
n®1,2,..., b6 dp. We have a = Y(a ac ) EYyc, and
Mia) = Limpm(a Acy) € lim mu(c, ) , hence 1im m(a)) S lim u(cy)

We can reverse the roles of {a} ., and {c } _, in the argu-

ment and show that lim m(a)) £ lim u(c ).
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According to the proof of (a) we prove only (e). The thira
part of the lemma is as trivial as the second,
Let a; /b , (i/fe), a,6a, b ed,n=l,2,.. b 7 v
k oo
Denote ¢ = M) a, o Then c,eQ@ , for all k and {°k}k=1
is monotone sequence. We have a % c, &« b, for m€n , hence
m(ay ) s u(c )Smu(by) for msSn and A (bp)s limu(c ) s
$ lim x(b ). Hence we have lim ,u'(bl) = lim u(cy) = lim /«'(bn)
and x = xY o, -
Definition?2, Let the symbols @, &p , M, My de-
note the same as above. We define a function M*: & —{0,1) ty
Mle) = inf {p(b) : ccbeqp}

Theorem l. The function ﬂ" has the following
properties :
(a) M*/Gp = gy , 0Su¥c)S 1 for all ce¥ ,
(b) af(avb) + a*aab) s Ma) + Mb) for all a,be® .
(c) If a,beX and asSb then Afa)s Af(b) .
() If a eX , n=1,2,..., & / a, then ,d’(tn) /‘/("(a) .
Proof. (a) The second part of (a) is trivial. u'is
an extension of 4k, because A, ie a monotone function.
(b) Let & be an arbitrary, positive number. Then there exist
elements c¢,d ¢d, such, that ,u*(n) + Q ‘ﬂ,(c) and

pAXB) + % Eu(d). we have f(a) + Af(b) + 8 & m(e) + pM(a) =
= pul cva) + pulcad) ¥ savp) + dfanb) .

(d) Let & be an arbitrary, positive number. Let b € Qy ,

by & & , such, that ,u*(ak) + %u 2 My(b)e Put ¢ = 1§1 b
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Then {c,} ., ie increasing, ¢, ¢Q, 8 €c forall k and
k
;«'(nk) + i2'.'.1 %¢ < Myc,) for k=1,2,3,.. . ( The last ine-

quality may be verified using the mathematical induction.) We
have 1lim p’(ak) +9 ‘/‘,(g ) % u*a) , but the reverse ine-
quality is evident from (c).

Theorem 2. Let a function ¥ : ¥ —(0,1) have the
properties (a),(b),(c),(d) from Theorem 1. Denote
C=f{ac®: "(a)+ P(a*) = 1}. Then € is a lattice o-sub~
algebra of £ and /& is a probability measure on C . If
beX, bsa,a€l and (a) =0, then beC (P is complete
on C ). ’

Proof . let a,bel . We have *(avb) + P(aAab) $
= P(a) + ¥b) and *((avbd)d) + F(aab)t) & Fal) + Foh).
The sum of the right l}andv sides is equal to 2. On the other hand
*(avb) + P((avb)*) &1  and
Y(aab) + #((aab)t) &1 by (b) from Theorem 1.
Hence there is the equality in each of these inequalities and T
is a lattice subalgebra of ¥ and V/& is additive.
Let a¢C , n=1,2,... and a / a . We have V(a) = lim ""h)

and +((va)l) § F(at) for all n. But F(g) + F( (vah)
§ 1 for all n and hence P(va ) + 1’((\/%)“) £ 1 ana¢

is a lattice o-subalgebra of £ . If beé ¥ , b<a , ae€" and
%(a) =0, then W(b) =0 and W(b) + *(bh) = (') 21,

Theorem 3, Let @ be a lattice subalgebra of £ , u
be a probability measure on @ . Then there exists a lattice

o-subalgebra @ of £ , 2c® and a probability measure /2. on @
that 4 is an extension of m . The extension M is uniquely
determined on the smallest lattice o-subalgebra of & over Q.
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Proof . We canextend the probability measure m to
a function My on a sublattice Qp of & . According to Definition
2 and Theorem ]} we can induce the outer measure M’ o With
respect to Theorem 2 ®= {aca: Ma) + Mat) = 1} is
e lattice o-subalgebra of # . Denote M the restriction »e .
Then A is a probability measure on ®@.
Clearly " 8>QA and BOXYA ., Let y be a measure on Y@ such
that /@ = M. With respect to the definition of s*, v < u*
on JA ( observe that y = K, on Qs ). Let a,e¥Q Dbe such
that y(a,) < 4*(a,). With reepect to the last inequality we
have y(u) = y(a,) + v(ag) < ;4'(50) + /4'(-;") = M(u) which
is imposeible, since Y= u on Q.

In his paper (5], B.Riecan presented a construction of the
completion & of a probability measure & , which was defined
on a lattice algebra ( o-algebra ) X of an orthomodular lattice
2 . He proved that A is an extension of 4 and ite domain X
is a lattice algebra ( o-algebra ) of H . It X is a lattice
o-algebra of an orthomodular lattice ¥ , s is a measure on X
and we induce the outer measure ,«' on & by
M%a) = inf { u(b) : asbe 3} aend denote by C the system
of measurable elements ( by Theorem 2 ), then C = K  ana

Il VA
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Suhrn
PROBLEM ROZSTRENIA MIERY V ORTHOZVAZOCH

Peter Volauf, Bratislava

V praci je vyrieseny problém rozsfrenia pravdepodobnostnej
miery u z podalgebry @ orthozvézu £ na o-podalgebru @ zvizu
# za predpokladu, ze x na A eplna M(a) +M(b) = m(avb ) +
+ M(aAb) . Je ukdzané, zZe rozdirenie L je uplnou pravdepodob-

nostnou mierou na B a ze rozsfrenie na Y& je jedind.

Pe3abue

IIPOBAEMA ITPOJIONXERNA MEPH HA CTPYKTYPE
C OPTORONONHEHWEM

Nlerp Boxayd

[lexED 3aMeTKE ABAAGTOA UPOGASME IPOROXXEHNS BEDOATHOCTHOR
Mepd M ompexeaenHORf Ha HexoTopof amsredpe G CTDYRTYpH C OpTO-
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nonoxHeumeM J¢ . [IpoGaema peuleHa XA BEPOATHOCTHHX Mep ABAA-
omEXCA OUeHKO#, Mm(a)+ m(b) = u(avb) + pm(aab).

lipononxeHue /i ABAAETCA MoAHON mepoft Ba 6-axsredpe @ § mpo-
JIOIReHHe HA BAEMEHLEYD © -axbredpy Y comepxamyn (1 eIMHCTBEHHO.
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0 CJOKHOCT/ PEAJM3aLIW: HEKOTOPHX HJIACCOB BYJIEBCKMX &YHKLMA

NBsan Xaseepaxx, Bparsczasa
1, 3AJAYA CHMHTE3A YNPAB/SDIMX CUCTEM

Onuo#t ms sanas xNCKXpeTHOR MaTeMaTNKX, XOoTOopas TpebyeT csoi
co6cTBeHHNR NMOAXOA, SBASKETCS 8AKAYA O CNHTESEe YNPABASDUNX CMCTEM,
Oco6esHOCTHD BTO# 8anaun ABASETCHA TO, UTO 8AGCH CTAIKNBAGMCS C
OTHCKaHNEM OKCTpPEeMyMa AMCKPeTHOR QyHKUNM, XOoTopas obaazaeT 60aAb=
MMM YNCJAOM OTHOCHTEABLHNX EKCTPeMYMOB.,

C pasBuTHeM XuOepHeTHHUECKNMX NCCAGAOBaHNE MEHOrNe OCBHEXTH CTAXX
paccMaTpMBATLCS K&K YNpaBAADmME CHMCTeMH, KAK HanpaMep: HepBHas
TXaRD, OCYmMeCTBAADIAS TO XAN XHOe BosheficTENe Ha opramu; pexeftEo-
KOHTAKTHHE CXOMH, BNMOZHSDIDIE ynpaBasvuie (yHKLNN; CNCTeMa reoche-
PH COXpaHSDmWAS CBOe COCTOfSHME Ha OCHOBe nepexoca xudopmauxx; uxppo-
Basg BHUMCANTEXLHAS MANKHA, OCYNMECTBASDMAS MpOLieC POMEHNS 8anaux
X T.m,

Yxe B 1955 rogy Ouaa C,B.fCaomcxuu [9] caezama nmonurTra Bus -
BNTH CMHCJA YNPaBASKOKX CHCTeM., C MaTeMaTNdecxolf TOUKN BpeHNS Bume
YNoMATHe CHCTEMH XapaxTepusyDTCS TeM, HTO OEN o0aaXaDT HexoTopok
cTpyxrypo#t, cxemolt § M peazmsynT onpenexexmyr dymxmup L .I.nnono
exnscreo (8, 7) cxemu w pymxumm cocraBamer raaBEyn cymmocTs
ynpaBasomei#t cucTemu, B naabHefimen Cynex TOBOPXTS, 4TO cxeMa I
ynpaBasomeid cucreme ( 8, £) peazxsyeT PyHXUND £ , MAR, QWTO QYERUNS

f pecamsyeTca cxemok §,
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Oco6eEHO BAXHYD POXb AAS DACCMOTPEHNS OCHOBHHX sanad o6 ynmpa-
BASDONX CNCTEMAX NrPADT CACAYDINE MOXEAbHNE OOLeKTM: ANSDDHKTNB-
EHe NopMaabHHe Qopumu, peaansypmme (PYNKHINN aireGpH IOrmkm /CyzeB-
cxne Qymxnux/; Popumyan, peasnsyoune PYHKONN aAreGpH JAOTNKN; CXEMH
N8 QYHKINNOHAADHNX BAEMEHTOB; KOHTAKTHHE CXeMH; ABTOMATH MOCTpPOeH-
HNe N8 HeXxoTOporo HaGopa BAGMEHTOB N OCymecTBASDIME NepepaCoTKYy
BXOLHNX MOCAELOBATEAbHOCTEN B BHXOAHNE; Te XKAN NHNe (OPMH aATOPNT-
MOB, peaxNsyDmMe BHUNCAMMHEe QyHKUNM, B naxpmelimem noa ¢ymxumeldt £
6ynAeM NMOHNMATL HEeXOTOPYD OyaeBCKy® QyHKOND, mox cxemo S cxemy
n8 (YHEKINOHAXLHNX SJEMEHTOB HAJ, HEeKOTODHM 6a8MCOM, PeaINSyDmyD BTy
dysknuo £ [4] .

OGosHauNM 4Yepes 2. MHOReCTBO BCeX CXeM S X yepes F - MHO-
xecTBo Bcex ¢pyExumit £ , rge ( S , £ ) npoGeraer mexoTopuit xaxacc
ynpapasomMx cMcTeM, BosEMRaeT sazaua /sazaua 0 CMHTEeSe YNpaBAAD-
mux cmcTeM/, Kax no (ymxmmm L mHakTN cxemy S , peaamsyomyn £
9Ta sajmava, Kax nNpaBNXO, pemaeTcs HEOLHOSHAYHO, MOBTOMYy BBOAST Me-
Py caoxHocTx cxem L(S) /S € T /, apasomyncs PyHxUMOHAAOM /HAN
onepaTopoM/ XN YROBAETBOPSDIYD HEKOTOPHM €CTeCTBEeHHHM YCAOBHMaM. Ja-
xee PopMyaNpyeTCS NMPMHUNI NPeANnoYTEeHHS, KOTOPH# OOHYHO CBISAH C
TeMNM MAN MHHMN SXCTPeMAaAbHMMN cBodicTBamm Pymxuum L ( S), Mocae o-
TOro sazava O CHHTeSe MOXEeT ONTL YTOYHEeHA CJIeAYDIMM o0pasoM: RAS
apboit pyuxunx f € F HailTh cxemy S , nxs xoTopod L( S) o6aagaer
SXCTpeMAXbLHNMK cBolcTBaMx, /82 GoaxbmMHCTBA 8axad Tpebyercf, YTOOH
L(S) OuMxo MNENMAXLHMM. B YacTHOCTN, A8 cXeM N8 (yHKOHOHAABHNX
oAeMEHTOB 8azava CNETe88 CBOANTCH K 8azade O NOCTPOGEKE CXeMH, CO-
Jepxamel MNHMMAXLHOE UNCAO SAEMEHTOB. ECTECTBeHHO 0608HAYNTL 8TO
MNENMBALHOG SHaueHNe L( S) uwepes L(f).

B GoamINHCTBE CaAyHaeB, AAS KOTOPEX SaAAYA CNETEsSs - 8ajxava o

NOCTPOCGHNN MNENMAALHENX CXeM, CymeCTBYDT AATOPNTME JJAS NOCTPOEHNS
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oTHX MMEMMAXBHHX CXeM., OfHAKO TPYAOEMKOCThL OTHMX AAr'OPNTMOB BeChMa
BeaNKa, TMOCKOXbKY OHN OCHOBAHM Ha mepeGopax BCeX CXeM, HanpxMep
cxeM N8 (YHKONOHAABHHX 8JAeMEHTOB, B CuaAy 9TOro naxe mpR KHCnoxrso-
BaHMN OHCTpPOAEH#CTBYDIMX BHYMCAMTEABHHX MANNH MN JANDEHM BOSMOXHOC=
TN HAXOLANTH TAKMM CHOCOGOM MMHNMAJbLHHE CXeMH Jaxe IiAS CpPaBHNTeXb-
HO mpocTHX QyHKUMH /OT HeCOAMNOro YKCAa NEPeMeHHHX - 5 « 10/ [8].
CymecTByDT ABa MOAXOAA B PemMEHNM SanauM o CuHTese. llogxoR
lleEHOHA XapaxTepHsyeTCS OTKAS8OM OT DACCMOTPEHMS 88JauM CNHTEsa MN-
ENMaxbHOf CXeMH NAS NHENBNAyaabHNX Qyuxumit £( xl’x2”'xn)' Buec-
TO BTOr0 PACCMATPMBADT 384AWY ONTAMAABLHOI'O CNHTEsa AJAS HEXOTOpPOro
xzacca QyExuni or n-nepeMeHHNX., Kpome TOro ycaoBxeé MMENMABXLHOCTN
CXeM SaMeHSeTCS YCAOBNEM ACHMNTOTHYeCKO# MMENMAABHOCTX. Bropoit
NOAXOX OCHOBAH HA OrpaHNUYEHMN Ha CpeACTBa DemeHXs (7, 8, 9) .
PaGors K. lenuoma, C.B.i6aosckoro, O.B.lynanosa, D./.XypaBae-
Ba, J..Heumnopyxa, E.ll.JlxnaToBa X Ap. NMpPNBeJN B YACTHOCTK X ORA-
HoMy M8 (yHAaMeHTAJABENX DEesyJAbLTATOB B TEOPEM CHHTESa YNPaBASDIMX
cHCcTeM - OHAO YCTAHOBAEHO, 4TO NOYUTK BCe QYHKONN NOMyCKaDT JANEDB
BeChMA CXOXEYD CXeMHYD peaimsanmp, uTo paxTHyecxm 8sHauMT, 4TO Nnpa-
KTNYECKN HeNOCTYynHH,. [loeToMy MccaeRoBaEMS HaNPABAGHH Ha BHAeJAGHNE
xxaccoB QyHxuNi, Aonyckapmux Goxee NMPOCTYD CXEMHYD DeaxMsauND, 4YeM
GOXHINHCTBO, & TAKXe HA HaXOXJAeHMEe MeTOoNOoB NX cuuTesa., B 1965 roamy
0.B.Jynasos (5] copumyampoBax NPNRLNN XOKSALHOI'0 KOANDOBAHNS, KO-
TopHi He TOABKO MOSBOXNMA AAS NOYTH BCeX NS8BECTHHX kaaccop Qymxumi
NOXYUNTH GCNMIOTOTHYECKN HARiyumMe MeTOZM CHHTES8&, HO M CTMMYANDO-
BaX NCCAEROBAHNS B HANPABAGHNNM OTHCKAHNA CNELNAXBHNX KJXAcCCOB X O-

NMCaHNS MEeTOMOB NMX ONTHMAABHOI'O CHHTESsA.,

2. MMPMHUMAI JIOKAJIBHOI'O KOLMPOBAHMA O.B.JIYIIAHOBA

CyTr npMELKNA JIOKAALHOr'O KOANPOBAHNS, NpeXXoxeHEOro O.B.Jy-
namosuM [5] coctowr B caexyomes, Mycrs F - mexorTopuk xxacc dym-
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xunik, Kaxgo ymxumm ms F nocraeux B cooTBeTcTBMe ee KOX = NO=-
CAeNOBATEABHOCTb M8 HyZek M eXWHMU - pasOMTHE Ha KyckM /KYCKN MO-
ryT OuThr pasmolf ZAMEM M naxe nepecexarscs/. Kaxzauit xycox xoma co-
ZepmuT NEPopMAUND O SEaueHMM QYHKLUMN HA HEXOTOPOM MHOXECTEeé BXOA-
ENX HabopoB, TpefGoBaENe JOKAJABHOCTN (ORMPOBAHKMS e€CTh TpelSoBaHKe
TOro, HTOON KycxX Xofa OHAN HeOOXBIIMMHN .

Peaxnsauus QyRKUKK N8 DACCMATPEBAGMOro KJAACCA NMPOMCXOANT Na
OCHOB® CJXEAYDIEro aAroOpKTMA:

1. Mo BxoaHoMy HAGOpPY /8HAYEGHMKD MEPEeMEHHNX/ ONpPeXeASDTCE "KO-
opgun;ru" COOTBeTCTBYDmMEro KycKa XoZa /HanpiMep, KOODANHATH ero
Havaxa BO BCeM KoJe X ero xaxea/, Cxema, koTopas "BHYUNCXSET" BTN
KOOPANHATH AOAXHA OMTHL B ONMpeAeJeHHOM cMHcXe npocToil.

2. llo xoopaxEaTaM xycxa Koxa BMZAETCH CAM COOTBETCTBYDmME Xy-
coK kona. Kax npaBuxo, 8TO OCHOBHAS MO CAOXKHOCTN YacTh CXEMM pea-
ansyome#t nasEy® QyHKUND,

3. llo BxosHOMYy BEaGopy NepeMeHHMX, KOOPANHATAM KyCKa Koxa X
CaMOro KyCka KoXa BHUNCASEGTCS SHaAueHNe QYHKUMM HA B8aNAHHOM HafBope
nepeMeRHNX, 3Ta YacThL CXeMH peaaxsypmeil ZauryD PyHKUND, TOXe AOA-
xHa ONTH npocTolf nMo CXOXHOCTN,

B raase Il paGom™ [6] wmccaenypTCS TPM YaCTHHX CAy4aS NPXELN-
na AOK8XBHOTO KOANPOBAHMA :

1. npxRUND PaBHOMEDHOr'O KOAMDOBAHMS - KYCKM KOX& He nepece-
KaDTCK X NMEDT OANHAKOBYD AANHY ;

2. NpPNHUND HePABHOMEDHOrO KOANDOBAHNMS - KYCKN KOZK& MOTYT N-
METL PaSANNYRYD AANHY X MOT'YT NEpeCexarThes;

3. NpNHEUNN napaMeTpMeaUMM - KYCKM KOAA COCTOST X8 OXHOro pas-
paxa.

Aas caenypmero HaM noHaxoONTLCS eme OANE vYactumit cayuaRt npum-
LXMa JOKAABHOT'O KOANPOBAHNS mnpexxoxemnuit E.ll.Jixnaromsum [3] , :ofxn

KYCKN KOZ@ MOryT KMETDL DASANYHYD AANKY, HO Ne MepeCexanTCs .
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Myers ¥ = £(X) - ( n, m)-onepaTop oTebpexammmii Habop N8 Hy-
Zelt X efNHML AAMHH n Ha HaGop M8 Hyxell ¥ ¢LNHNO RANEHE m , N NyCTH
eMy MOCTaBXeHN B COOTBOTCTENE Ciexyomue OCDBEXTH:

1, MocaenoBaTeALHOCTs N8 Nyxell M exANHNN T, %, .., T..)
RauEE h (xox omepaTopa), pasSnTas Ha HemepecexarmNecs KYyCKN,
BooOme roBops, pasanumoft famus., O60SHAUNM Wepes Q MAKCNMAXLHYD
RANHY KycCKa KOA&.

1

2. BenoMorarexbEne oneparTops A(u), A(ﬁ), KOTOPHE N0 BXOXHOMY

Ha60py NepeMeEHHX OMpPeAeAINT COOTBETCTBEHHO HOMED KyCKa N ero AaN-

Ky,

3. OmepaTop A(S)-nexoncp, xoTopuit mO BXORHOMy HabOpy mepe-
MeNENX, HOMOPY KyCXa XOXa, ero RLANKe, CaMOMy XYCKy X HeXOTOpuM
ADYTXM BCTOMOrATeXLENM ONEPATOPaM BuZacT SHAUGHHe oneparopa
¥ = £(X) ma eToM BXDANOM HAGOpE.

B (3] ma ocsome Teopems 2.3 B (5] ~ Teopemu HepPaABHOMEpPHOro
ZOKAABROr0 KOANPOBAHMS AOXasaEa CAeZyomas TEOPeMa NepaBNOMEPHOro
AOKAABHOTO KOANPOBAENS RIS Hemepecexamupxcs KyCKOB KOAA8.
Teopewma 1, liyers 7 ""exaacc ( n, m)-oneparopos, M = uxcxo
omepaTopos B xxacce, J(F™™ ) = 208 M __ , oneparopu xs F 7

loglog M
AONYCXADT NEPOBHOMEPHO® KOANpPOBaHAEe C COCADASENEM ycxosxik :

1., h ~ log M

2, L u‘ﬁ’) = 5 W(F"™)) ; i=1,2,3;

3, fdogh . _,

h ',

4, XyCKN XOAa Ee mepecexanT s,

Torzna 1/ e
L(F™) ~eg (F™),

;? NapaxeTp & sammcxT or Gasxca,
" Beoay ® eToli CTATHe NCHOABBYDTCS CIXeZYDNME OCOBHAVEHNSK:
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3, MPOBJIEMA PACTNO3HABAHWA OBPA30B M KJACCH BYJIEBCKMX MATPHMI]
C IAHHHM YMCJIOM YTI'JIOBHX HKJETOK

B TeopNN pacnosHaBaENS 006pPasoOB PACCMATPHBADTCA M NpPoOGAeMH
BOCHPNATNS ¥ OOpaGoTKN 8spMTexbHOR NHPOpMALNN, B HACTHOCTN MNAOCKKX
o6bexToB, B cmgsu ¢ ob6paboTxoit spxTeanHolt mEPopmanmmm F. Attneave
[10] sucxasax npesnmosoxenNe, YTO B pacmosHaBaHNM (GopMH RaiGoxzee
BAXHYD POAb NI'PADT Te TOYKN, B KOTOPHX KOHTYDHHE JAMHMM MEHADT CBOe
HanpaBxeHuNe Xam oOpuBapTCH. JicXons Me eToro Tesuca BBeAeM MOHATNE
NX ANCKPETHOT'O 8HAXOra B TOM YACTHOM CAydae, KOraa NMeeTCH{ JAeJo C
CYyAeBCKNMN MATDPXIAMN ,

B xapTorpadum npx aBTOMATHYECKOM CTPOGHMM KADT pemaeTcs Npo-
Gaema pasHoro Txna xsoaxmnk [10, 13, 14 ] . lpx sToM MOXNO NCMOXB-
80BATH HEXOTOPOE IeoMeTpHYeCKOoe MpeACTaBAeHHe OyaeBCKMX MATPNL .
'Poouorplvocxaa-nocranonxa sazaun paccMaTpuBaeMo B HacTosme#k pa-
6oTe COCTONT E CAGAYDMEM.

HueerTca pemerxa pasMepa N x N r,e. N cTpox x B xaxgot cTpo-
xe N xaxerox (mam N+1 cTpox x B xaxpoit crpoxe N+1 ysaom). CTpo-

KN X CTOAOUM XJAGTOK DEmMETKN S3HYMEPOBAHN B @CTECTBEHHOM NOpPAAKE

a(n) — b ossauaer, wro limaf(n) =0

——

a(n) € b(n) - 1lim -ELLQL- € 1
n -see b(n)

a(n) ~b(n) - lim 8fn) . 1
n-e b(n)

a(n)= (bn)xax a(n £ b(n) - ormomemme orpamwvenc
(cmepxy);
a(n)Xb(n) - a(n)e 0(b(n))ub(n)= 0(a(a))

Cuumox o(a) oGosmavaer EexoTopyD ¢yExmND b , yZRoBaeTBOpADUYD
ycaosun b/a — O , /B wacrmocT™ o(1) oGosEauaer dymxuwm, crpe-

mMamywes x 0./
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qucaamm oT O n0 N ~-1. Kaxgo#f xaeTxe pemeTxN NPENNCENN KOOPDANNATM :
HOMED CTDOKM ¥ HOMep cToafla pemeTKH, B KOTOPHX OH& KAXOANTCS .

B ecTeCTBeHHOM NOPsAXe SBAHYMEDOBAHH X CTPOKN X CTOJXOLN Y8JX0B
pemeTKu uncaauMu oT O Jo N . Ysay pemeTKM nNpANMCANN KOOPANHATH: HO-
Mep CTPOKM K HOMep cToabua /P HyMepanMum CTPoK X cToxbuos/, B XOTO-
PHNX OH HAXOAMTCS.

llycTs xaeTxey pemeTkk npunucaus suavemms xs { 0,1} . 3uage-
HMS KJA@TOK Torjaa o06pasypT HEKOTOPYD KBAAPATHYD OYJAeBCKYD MATDNLY
nopsxka N . Kizacc Bcex OyaeBCKMX KBAIPATHNX MaTpMy nopsaxa N o-
GosHaYMM vepes G‘LN .

ByaeBsckas MATpMila NpeACTABJAf6T TabaARLYy 8Haueuxit /wacTs Taban-
ux/ HexoTopok /HexoTopHx/ QyEKUMM aireCpM Xorsxx oT 2 [logN | ne-
peuenuuxl/. B cayuae, xorza N = P , 1= 1,2,3, ..., MaTpuneh
A € ly,As= (ai,j ), /i,j = O,i,z,...,n-l/, onpesesexa B ToY-
2

BoCTH oxBa OyuxuMs aireOpH JorxxM ', OueBxANO, WTO B Caydae, Kor-

aa g = 1. N <« Zn y MOXHO onpefesuTr yHKUND caenyDmMM oOpasoM:

MaTpuue A € nu cooTBeTCTByeT QyEKINS axreSpM xormxx £ (X% ) € Pg n’

/rae Pgn- xaacc Bcex PyEKON aAre6pH AOrNKN OT 205 NEPEMOHENX/,

XoTopas Ha ma6opax © , mas xoropux 16,6, ,.. , 6| =j< N ,
| 6oyt Cnyss - 1+ 62| = i< N TpuNMMAET sHAWeENN xaeTOR (i ,])
MATpHIH A ¥ Ha OCTAABENX Ha60paX HeonpeXeJeHa /MAM MOXeT ONThL O-
npefeseHa NPOMSBOABLHHM 06pasoM/.
‘B [6,5] paccuarpmBaamcs xaaccu R n,k = Xa8ccE ymkuxit aa-
rebpu Aorux¥ £ ( Xq;X2,000,X, ) NPMAMMADONX 8HaueHMe 1 pPOBNO Ha k

A

S8HAUEGHNMI OPryMeHTOB, AHAJOIMYHHM O0paBOM ONpEeJeASPTCA KJAACCH 1N X
b

1/CHKBOJ fa] oOsHauaeT HaMMeHbUee LeJOe YNCAO, He MGeHHNe & N BCD-

Ay B aToit paoTe CHMBOX log O8HAuaeT JAorapudM no OCHOBAHND 2,

2/ B paGoTe ['7] HasHBADTCS Takue (PyHKLUMM KapTOBHMN,
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- XIACCH KBOAPATHMX OYXGBCKEX MaTpML nopazxa N , coaepxammx DOB-

N0 k XxaeTOX NPNENMADINX SHa4YGHNe 1.,

Onpexexexxe 1,IMycrsAc Ny, A= aij)’ /i, =0,
?
1,000, =1/, UNCEO KXETOK MATPRUN A NPHHAMADUMX 8Ha4YeRMe 1 olos-

maunx | Al . MuoxecTso Bcex MaTpxn A ¢ )y Taxkx, uTo Al =k,
Oyxem oCosmauaTh depes ﬁ N,k Harasgso, 4TO Kxacc ﬁn’k coxep-
xNT 0:2 MATDNL .

Kaaccn ‘Rn,k OpN MAIMX BHAUEHNSX Kk Meyvaamcsr B M .OMHNKOBHM

(6] . Hs ero pesyabraToB cxeayer, uUTO ecaM Kk = 0(log n), To0

& Fie /1/
L ( \Zc n,k) A n
OTCDAA CAeAyeT, NTO B cCaAydae, xXoria k OWeHb BeaNKo, (QyHKUNNM
£(X),Xp,000, X, ) N8 ‘Q’n,k TaKXe peaiNsyDTCR NMpOCTOo, X6O ecan

f € ‘ﬂ'n.k"OEG x’

- . NoeroMy ecax 227X = 0(log n)
n,2 -k

0
L(&,mk)=<n-
OcTaabENe KIaCCH 'ﬂ'n,k Guax msyuens O.B.Jlynemosum (5] .

OGosmaunu wepes L. (n ,k ) = min (k, 2% -k ), 0.B.jlynamor moxasax

/ [5] , Teopema 3.4/, 4TO AAT MOCAGAOBATEALHOCTN kn raxo#f, uTo

log n ’
nMeeT necfoll
k.
log Con
L(R_  )~e 2
n,k log log c;: /2/ ‘

B maapHeldmen OyzneT noxasasa TeCHaf CBSASh MEXAYy KJiaccaMu

A
N KZaccaMx C AAaHHMM YNCAOM YI'ZOBHX KXETOK,
xn,k ) ‘l‘,k A y I

Qnpexeaxeune 2, HOycrs (i,j) - xaerxa uarpunu A€ 1,
NPNENMADEAS SHAYGHNS aj,j¢ {0,1} , Haxomsmagcs Bi -off crpoxe x

1/ Cu. cEOoCxy ma cTp. 183
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j=OM cToxlUe MaTPNOM A, Cocenmmunm xxeTxaMmn xxerxx (i, j) Oymem

masuBaTh xxerxm (i-1, j),(i+1, j),(i, J=1),(1i, j+1), ecan omwn
cymecTBynT. OxpecmocTsd O(( i, j)) xaerxx (i, j) Oynex masumaTs
COBOKYNHOCTH BCEX €6 COCOANNX KAGTOK,

OXpecROCTH y8xa MATDEIHN A € “u ONpeeINM CASAYDUMM crocoloM,

npenexenune 3, lycrs (i, j)* ysex pemerxm passepa
NxN (iyd =0,1,000y ), maxomsmuiics » i-off cTpoxe ysaos x
j=oM cTosbne yszos pemerxx. OxpecmocTsw O(( i, j))* ysaa (i, 3)
GyZeM HasHBaThL COBOKYMHOCTHL Bcex xxerox ( i, jl,(i-1, j=1),
(i=1, §)y( i, j=1) = ecam OHN CVIMeCTBYDT.

Kax yxe Oumao cxasaso, OCHOBHYD xmdopmauxmo o dopme olpasa,
BOSENXWOrO B pemeTXe, HANPNMeD SAKDANNBAHNEM KXETOK NPNENMADMNX
‘sHaveHNe 1, MMEDT yeXN PemeTEM, B KOTOPHX ANNNN KONTYpPa BOSHNK-
meft JNrypM NsMeHSDT cCBoe Hanpamaemxe (caysafl Thna + Ne sBaseTCS
NeMeNeNNOM HanpaBieHMS). (Pxrypa moxer OurTs X He cmssHol.) Oue-
BNANO, HTO COBOKYNEOCTDH TAKNX YSXOB K 8sHauenxe oANof xxeTXN OAHO-
sHaYNo onpexexsnT PNrypy.

MiycTs B pemeTxe NxN xMeeTcs t oOTMewemmNX ysxod ( O € t <
£ ( n+1)2) Tax, 4YTO B xaxzolf cTpoxe XN B XaxioM cToxfune pemeTxX
NAXOANTCS WeTHOE UYNCIO TAaKNX ysioB (ecax t - yeTHo®, TO t < N2y,
Ho TeM caMuM MOXNO HA NOCJISRHYD CTPOXKYy N mnocxeinmuft croafen ysios
pemeTxy ue OCPANATHL BEHNMANNE - ONK ONPOAGAGHN OCTAXLEMMN CTDPOKAMK
X croabuamu, OTMeuenHoMy yexy (i ,j )™ pemerxx npanxmex caexyrmee
smauenxe: oN "NsMeNseT" sHaueENe BCex kaerTox ( P, 4) pemeTxx
(MaTpus), Bas XOTOPNX P 2 i, Q 2 J , npNueM "NeMememNe" mOXN-
M8@TCS TEAK: OCAN UNCAO OTMeUeNHMX ysxo® ( i, )* pemerxx (marTpx-
M) nas xoTopEx i ¢ P, J ¢ @ wNewermos, To xxeTxa ( p,q ) DpNEN-
MSeT sNAUGNNE 1, B OCTAXBEMX CAYUASX (UNCXO OTMOUGNEMX ysxoB O

XaN 4eTHOS), xaxeTxa (p ,q ) NpNENMaeT sHaverxe O,
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He cxasaHHOro cxenyer, 4UTO 8T0 oToOpaxenme ONryp X OTMedeN-
NNX Y8XOB OARO=-OAMOSHauUKOe, Onpeneamx Tenepd PopMAXBHMO OTO OTO-

Opaxenue.

Onpeneaxeunue ilnyc'nA,BeﬂN,A-(aij),B=
’

= (bi,:i ) raxme, wro ecam O(( 193 N7y iy § = 0,100, N-1)
COAGPENT HEHYeTHOE HNCAO KJAETOK MATPHIH A NPNEMMADUME SHAYERNMe 1,
TO bi,;i = .1. B ocTaxpHNX caywasx bi,;j = 0. 3T0 oTobpaxenxe
G6ynem oGosmauaTs G (A) = B, Kaxerxy ( i,j ) marpmuu A, mas xoropok
npX 8TOM OTOOpaxeRNNM bi,j = 1, 6ynex HasumaTs yraosok xxerxok
MaTpuuu A X oToOpaxenne G (A) = B - sagaEmes MAaTPNUE A YrAOBHMN
xaAeTKaMN, MEOXECTBO BCOX MAaTpXI A € nn, Axs xoropux G (A) = B,
rae B e .i N,k ? OyneM HasHBATH KxaccoM OyJAeBCKNMX MaTpHI nopsiAxa
N ¢ k yraoBuums xaeTxaMx X 0608HAHYATH “n,k .

He MaTpuOu B BOCCTARABANBAGTCK COOTBETCTBYDmMAS MATpHOA A
CXeAYDUMM CMOCOCOM: eCAN YNCAO eAMHNUNHX KAeToxk (i ,j ) MaTpuo

B (bi,=1),1gp,j‘p,neuuoe,roa =1, B nporaBoO-

]
NOXOXHOM CAYydYae & = 0.
d Prq

OGosmaunu wepes Y(#1) - mommocTr kaacca # GyzeBmcENX MaTpN,

Psq

OTobpaxenne G SBaseTCS oxuo-oamossauunum x Y ( 'f‘u,k) = c:Z .
Orcoza X Y(ﬂn’k) = c:a .
ByaeM paccMaTpNBATh PEaiNSALND MATDNN A € ﬂn cxeMaMn M8

(YNXUNOHAXBENX OXAGMENTOB EAJ NMPONBBOALENM KONGUNRNEM 6asNCOM

B = (21,32....,3 b} + HanoMumM mexoTopne onpenexenns, Kaxzuk sze-
MONT E i Gasxca B ¢ m; BXOAAMN DEaINSYeT HEXOTOPYD MOXROCTLD
onpefexeRuyD OyaeBy (yRKUND, CYMOCTBORHO SABNCAMYyD OT my apry-
MeETOB, N eMy npunxcamr aexoTopult noxoxmreanmuit mec Pi o Mlox caox-
HOCTBD L(S) cXxeMM S Hag saiaNHNM GasNCOM MOHNMAGTCS CYMMA BeCOB
BXOASHNX B Ne® SAGMONTOB, [IpDN OHeNKAX CAOXNOCTN CYMECTBERHYD POXB

Nrpaer napaseTp & (nmpuBenexmuit mec Gasmca)



- 189 -

€ = min mi—Pé_—{ ’

rae MmEMyM Oepercs mo TeM sxeMeNTsM E; Casnca B, Aas XOTOpPMX
o > 26 .

Mlycrs I(A) manmexsmas xs cxoxmocTell cxem Nag ZaxmuM OasucoM
B peaaxsyoumx Mmarpxnly A (r.e. mo xoopaxmaTaM i ,j onpexexsvuMX
sEavenNe g; ; KIeTEN (1,3)). Nyers L(?'LN) = max I{A), rxe
MaxcuMyM Gepercs mo BceM A€ A, . dymxuns L (N) = L ('ﬂ,) nasu-
saercs dymuxuned Demmoma RIS xaacca ﬂN. Anasornuno xL (ﬂ‘u,k )e

Nycrs 2?1 N < 2%, Ouesmzmo Y (#y) '2M2 . Hs NsBOCTEMX
daxros ((5] Teopemm O.1,,0.8) caexyer

2

L(Ay) ~ ¢ g /3/

Tecmas CBEsH MEXZY XKIACCAMN “N,k 'iu,k A86T BOSMOXNOCTD
NCHOABSOBATS NeXOTODMe CcBoficTma Kzxaccos ﬁn,k NpN NBYHOENN KIAC~
cos “’N,k y EMONEO ONPeZEANTH ACEMITOTNUECKO® NMOBeReNNe (mopazox)
¢ynxnun HexNoNa XIS OTNX KIACCOD.

OGosxauxx wepes 1° MuoxecrTso mcex HOMODPOB CTPOK X 4epes a°
MEOEGCTBO BCOX HOMOPOB CTOXONOB, B KOTOPMX NAXOALTCK YIAOBMO
xaeTex warpumu A€ Ry o Teee I7n {1, 1), wuny 17} 5 I (g,
Jzoﬂ-oak;}lcn STH MHOXGCTBA K& cozepxarT 0, ZoOaBNM 9TOT OAGMONT:

I=1v0; J=J°vo . /4/
Ovesxaxo, wro f(I) = k, & ki' 1; Y@W)= k, € ka' +1;

‘ 4 4
k k1+k2(2k. /5/

Qupexexenne 5, Kzerxx (i ,j ) marpuux A¢ “N,k"m
ROTOPMX i ¢ I ,j 6 J , OyneM masusaTh OCOOMOENMMEN YIIZOBMME KACT-
XaMx MAaTPEOM A x yeam (i ,j )¥* coormercTEyrmeft pemeTxN 06oOmemEM-
ME YrIOBMMN YSJaMN,

OCoCmexNNe YyraoBMe YSAN DPOMETEN MATPENM A NNXYRNPYDT OANO=



- 190 =

SHAYHO DASJOXEeHNEe DemeTKNM HA HemepecexapmMecs NOAPEMETKHM, KOTODPHM
COOTBETCTBYDT NOAMATPMUN Ar.. MaTpHUN A, OueBMAHO, 4YTO TaKMe nox-
MATPNON COCTOST CHAOMD "3 EAMHNL NJAK CnAomb M8 Hyxeit,

PacrnoXoXNM SAEGMEHTH MHOXeCTBA 1 X AHAXOrNYHOro MHOXecTBa 9
B nopsAxe BOSpPacTAaHNS N SaHYMepyeM umcaaumu oT O zo k,, X cooTBer-
cTBeRHO oT O ;o ltz. Taxmu o6pasoM kKaxzoMy 06OCmMEeHHOMY YI'AOBOMY
yeay ( 1,3)" pemerxs marpuuu A (oGoGmeHHoll yraosoit kxeTxe ( 1,3)
MaTpNUH A) COOTBeTCTByeT napa umcex (»,s), rae r= 0,1,..., K3
8= o,1,...,n2. Ta xe napa GyneT NpMHALXEXAT M MOAMATDMLE Apr,g
onpesexaentot ysaou (1,3 ). Mapy (r,s ) Gynem HasuBaTH XOOpAMHATA=-
MR DOAMATPNUN Ap,g= (ag,4), rae i = 1r' 1.+ Toooes 1411
Jmdge gt 1s eee v dgpq =10

MlycTs A€ ﬁ'l.k’ Ha ocHOoBe BHme CKABAHHOr'O MOXHO MATpHLY A
OAHOBHAYHO OMnMpeneaxTsr MHoxecTBamMn I ,J x MmaTpuue# B € ﬂ'm—l X
B= ( hr.. ), ( *y8=0,1,...,K), Taxoit, uTO br.. -gHAYeHNe
xxeTxx (r ,8 ) maTpxuu B coBnajaeT co SHAUEHHSMH KJAETOK MOAMATDM =~
biic Ar,- MATPEUN A (BCe KAGTKH MOAMATPMUN Ar. - NMPHENMADT 3HaYe-
Exe O Max sHaueHMe 1), M Tax, peaamsauwo MATPMUM A € 'n"k MOXHO
CBECTN HA PEAANSALND ABYX GyJIeBCKHX MOHOTOHHNX onepaTopoB (5]
orobpaxapmux HAGOpH naxuu leg N Ha HaGopH AamHH log k, x
COOTBETCTBeHHO HaGopu Aanmen log N Ha HaGOpH AJAMHN log kz X
peaaNsauNDp MaTpNuu B € “’tﬂ,t‘
SamMeuasuuxe ,iocTaTOYHO PACCMATPNBATL TOALKO MATDHUH, Yy
xoTopux xaxerTxa (0,0) He sBagsercs yraoeolt, Ecam xxerxa (0,0) sapas-
eTca B MaTpuue Aé ﬂl.k y A = (li'J ), yraoso#, To Qozno peaanso-
parp mMarpuny X € ﬁ'.k_., , K= ( 51., ), mas xorTopok Kaerxa (0,0)

He SBAgKETCA YraoBodl X ZoGABNTHL OANH KEBEpPTOD.
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4, TOPAJOK ACHMMITOTMUECKOA CJOKHOCTM &YHKUMM NEHHOHA LA KJACCOB
BYJEBCKMX MATPMI C JAHHHM YMCJIOM VIJIOBHX HJETOK

PaccMOTPHM CHauala KIACCH n,m,,. 7,6, KIRCCH BCOX KBA~
ApaTHEX OyXeBCKNX MATPRL mopsSzxa k+l ¢ X YyrIOBMME KIGTKAMN, HAoxa=-

XeM caenypmee YpPaBHEHNE
deuma 1,
L ( nk*i,k) x k L]

JoxasarTeaxscTBho , locTpouu CXeMy AAS POAINSALNN ID-
Goft MaTpmum (cM, sameuanxe) A € ﬁ‘ﬂ". A= (ai,;j ). Crpox:

MaTpNUH A pasfiesNM Ha XB& NOAMHOXeCTBA Ao, A1 B SABNCNMOCTHE OF
TOro, CKXOABKO OHN COXEPEAT YrAOBNX KIeTOX. MuoXecTRy A, mpNNazie-
XaT BCe CTPOKN MaTpMuu A, coxepxamxe Coxrme UeM 1l yraosux xXIxeTOK,
rae napaMerp 1l OyaeT onpejejex mnosxe, TaxNx CTPox 6yzxerT xe Goxp-
me k/1 . MuoxecTBo A1 COREPXNT BCEe OCTaXbENE CTPOKN MATPEONM A,
CTpoxx N8 Ao onpesexsSpT pasOMenNe OCTAXLEMX CTPOX MATPNIM A Ea
rpynmi (MoxeT OMTH M MyCTHe) Tax, WTO B OANY rpynny BXORXT CTPO=
KX X9 A, NAXOASINECS MOELY ABYME "coceamNMR" CTpoXaMM X8 A .
Kaxayo Texy» rpynny CTPoxX paso0beM Na MACCNBM NOAPSA CTOSmNX
CTPOX MATDRUE A Tax, 4TOOM B KaxgoM Maccxse Ouio ®e Goarme 1
JraoBEX KA@TOX, Bcex Taxxx Maccxsos OyxeT me Goarme 2x/1.

AHQIOTKURNM CNOCOOOM pasobnreM X CTOAOHM MATPRIOM A N MOCTPONM
MACCNBH CTOXOLOB, "CAMOCTOSTEABEMX" CTOAONOB OyzeT me Goanme k/1
N MACCNBOB CTOAOHOB OymeT Ne Goxmme 2k/1.

MaccuBH cToa0nOB N "CaMOCTOSTeAbHNE" cTOoa0nN O0pasyDT NexXo-
TOpoe pasCMeHNe CTPOK X8 A, Na 4YacTN, KOTOPNe COnepxaT Ne Goasme
1 YraoBHX KAeTOX (CaM MACCNB COZEPXNT Ne OoAbme YrIOBEX KIXGTOK).

OGosBaUNM

m=f§]&§*1~ | /8/
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YacTelk cTpox N8 Ao onpeZeieNHNX MACCHMBAMN CTOA0NOB X “camo-
CTOSTEALHHMN" cToa0laMn, Oyner He Coanme p,3m = 3 m2 « MEoxecTBO
scex wacTel CTPOX X MACCNBOB CTPOX OoCosHauuM wepes T’ x ero sae-
MONTH uYepes t;, (r= 1.2....,n‘:n" 3m2 +2m § 5 m2 ). Ynopazo~
YNM BAGMENTM t; € T' rax, uTOON cEauaxa Ouax (B eCTEeCTBENHOM
nopaAKe) BCe MACCNBM N nmocxe HMX BCe HacTN CTpox (CTPOKM B ecTec-
TBENHOM MOPSAKE N UYACTN NX TOXEe) X BaHYMepyeM XX HabopaMM AINNH
flog 5 m21. K HOMOpy MaccKBa A0CABMM eme OANE Eyaesodl paspsi X
X EOMEDY UYSCTN CTPOKN OZME exNENuuME paspsa.

ANQIOTNUENM cnocoboM (¢ moMomsDd MHOXECTB Ao,Ai) onpeneanM
MEOXeCTBO T'’ MacCNBOB CTOACNOB N SaNYMEDYOM SAGMENTH tg € T’,
(8 = 1,2,400y0" n"< 5m2 )o ANABZOrNGRO XaX y CTPOK, X HOMEDY
MaccEBa Xo0aBNM eme OANH Kyaemol paspsz X X HOMePYy YacTK CToXC-
nea oANE exxExumui paspsx.

MEOXeCTBO KASTOK "r,a COAGPENT Te XJeTKM MATDNUN A, KOTOpHe
OANOBDOMENNEO NPENSAXGEAT t;. xtg , (tr,g =t;. N tg ). Muoxec-
TBO BCOX tr,s oGosuauny uepes T, OueBNANO, YUTO MOmMNOCTL MNO-
mecTna T me Goanme 25 m"'. SaEyMepyeM MOAPSL BCE OXAGMEHTH tr, st To

Kaxzomy saemexTy t;,e T’ comocTaBNM napaMeTp u;, s OOpeZexexR~
mufl caeayrumu oOpasoM:

1° ecanm t;. YacTs CTPOXX X . > O, mpxues ;jr = min J,
rAe MNENMYM OepeTcs mo BCeM xaeTxaM (i, j) ms tz', y TOU, = ai,a'r-l;

2° » ocraxsmux cayvasx u_= O,

MNapaMeTp u; onpexeaAseT YeTHOCTH UNCA& YrIOBEX KIXeTOX “X0 Hava-
aa”® gacTx cTpoxx B axamuol crpoxe N ‘o‘

ANAIOrNUNNM CNOCOOOM CONMOCTABEM KAXIAOMY OXGMENTY t, € " L
fapaMeTp u= s onpeRexenmufl caexyommM oOpasoM:

1° ecaxt? wacTs croxbua M i >0, npuuemi, =min i,

rAe MNENMYM OepeTcs mo BceM xxerTxaM (i, j) ms t* T0 U= a i
s ? s ie-i,a
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2° B ocraxbENX caydasx u; = Q.
Kaxzouy exemexty t, . € T comocTaBus napaMerp u, . -4eT-
] ]
HOCTDH UNCAa YraoBNX xxeTox (i ,j ) MaTpmum A, RIS XOTOPHX

i<i x ir,s =min p 'jr,s =min q , rge MNENMYM

r,s*d < Jp,s
GepeTcs no BceM xxerxaM (p ,q ) Ns tr,s

lyers (i ,j ) xaerxa mMaTpmuu A, 3mauenxe 85,3 eTolk xxeTxN
ONPeReASeTCS B COOTBOTCTBEN CO CAGAYDUNM S&XTOPNTMOM:

1° no xoopaxmaras i ,j (maGopam mammm [ log (x+1)7] )
ONpeReASDTCS NOMEPa COOTBETCTBYDUNX BAGMEHTOB t;, e T, t; e T
x tZ‘,B € Te

2° no erax HOMEpaM BHIeXSDTCS KOOPANHATH YIAOBHX KIGTOK
B COOTBEeTCTRYDUNX BSACMOHTSX t;, ’ t; ’ t’r g * XOTOpuMe CpaBRNBADTCK

. :

¢ xoopAxEaTaMx xxeTxx (i , j ) B COOTRETCTBYDNNX BXGMEHTAX t;.,
t;’ tras'

3° BugexspTCs SHAYGHNS COOTBETCTBYDNMX NAPaMETPOD u;, u;,

r,s

4° 3uavemne 8y ; xaerxx (1 ,J) marpumu A onpezexeso
cymmoh no (mod 2 ) ee smaueRNA B COOTBEOTCTBYDHNX BICMONTAX t;,

4

t; s "r,e X NapaMeTpoB Ui, u:, ur,e'
B COOTBeTCTBANR C OTEM &AT'OPNTMOM CTPONTCK CXOMA DEAINSYDMASN

MaTpELY A, PYyNXRIMONAABLRYD OIOUNYD sanxch oTOR CXeMN MOEEO mMpex-

CTaBNTD» B BAIS

8,5 = ClA(1,3)) @D (A°(4,3) ,i,i )@
@C"(A"(i,3)) @ D"(a"(i,3 ),1i,i) @ /1/
®Co(AL(A(1,3), 4%1,3)) @

@D (A, (A"(4,5), A"(4,3)),

rae sxax P npescTaBaseT CYMMY NO MOAYAY 2.
Onmmex OXOKN cXeMM peaixsynmel Marpxny A € 4'(«‘,1 x ° Baoxx
. ]
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A’ LA’ ’,Ao onpefeasOT HOMEpPa COOTBETCTBYDIMX OJAGMEHTOB t; ’ t; ’

‘r,e . Baoxm C*', C*’, Co onpesexdnT SHAYCHNS NAPaMETPOD u;, u; ’

Up s cooTBeTcTBeNHO. Baoxm D, D",Do onpenexanT SHAYEHMS KJAETKN

(i,3 ) marpuus A "B paMxax” COOTBETCTBEHHHX 3I6MENTOB t;, ’ t; .
r,s

Onumen Goxee MOXPOOHO OXOKN CXeMHM RIS PeaxMsauNy MATDNOM A €

€ 4‘(.“1" N OLeHNM MX CAOXHOCTb., BAOK A’ cTpomTCHS N8 nATH GAOKOB

n ero (yExmNomaxpsas CxouHas BanuCh NMeeT BMA
Ali,3) = Es(Ey (1), E (E5(E, (1,5, ny

Baox 31 no XOoOpAMHATe i ompezeaseT HoMep Maccusa (ecam
(i,3) He MpuEARXexXMT N OAMOMYy MACCNBY, TO Bupaercd Hyxesoft
mabop (cM., sameuanwe)). OTo omepaTop, oTo6paxapmuit abop AXNEN
1log (x+1))] ma madop aammu [log sz] o CAOXHOCTH oTOro 6ao0xa
(no Teopeme 1 B (4] ) ymomaermopseT HepaBeHCTBY

L(E,) € ¢, log m . e /7/
log k

Baox 32 o XOOpANNATEe i omnpeneaseT HOMEp CTPOKN (conepxa-
mek Goxee 1 YraoBHX KAeTOK - BANYMEPOBANHMX MOAPSA), M €CaN
xxerxa (i , j ) me npumagaexuT mx oxsof Taxolk crpoxe, To BuAsercs
myaesolt maGop. 9Tc omeparop, oroSpamavunit maGop Aammu [ log (x+1 )]
Ea mabop xanmu [ log m|s CaoxmocTs sroro Gaoxa (mo Teopeme 1 3
(4] ) ymomzermopseT mepaBesCTBY

L(Ez) £ ¢, logm . —s_ /8/
log k
Baox E; - o70 Remmpparop. Mosromy (xewmua 2.1 » [(s] )

L(E3) ¢ cym. /9/

Baox E, NpeACTaBASeT I MONOTOHNNX ONepPaTOPOs (oanm zas
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xaxxolk cTpoxm X8 A, ), oToSpaxavmmx HaGops RMEH [1og m| +
+ [ 10g(x+1)] » mabopu zamms [1og Su’] . 9ror oneparop ompeze-
aseT HOMep COOTBEeTCTBeHHOR HacTM CTPOKN, comepxamel xxerxy ( ij).

B cxay aemum 3.7 8 [5]
L(g,) € c4(log m + log k)m2 . /10/

Baox 25 - 9ro0 cxcreMa [ log 5m2\ ANSDHKTOPOB. 3TOT OAOK BH-

AseT Nouep sxememra t_ , Coiepxamero xxerxy (i,j ) x
L(Es) £ c5logm . /11/
He /7/ - /11/ caenyeT, 49TO

L(a") € (cyec))log m —K— + c.m + /12/
log k

+ c4(log m + log k)m2 + cslog m.
Baox A’’ HOCTPOGE ABRaixOruvyno. OH onmpeneaseT HOMEp COOTBeT-
CTByDmEro saeMmenta tg € T'*, coxepxamero xaeTxy (i,j ).
Baox A, N0 NOMepau SXEMEHTOB t_

r
exemenra t . € T, comepxamero xieTxy (i, )e @70 omeparop,
?

| t; onpexexseT HOMED

oroSpaxamamit xsa maGopa maxmEm [ log 5m.21 B HaGop gsxammu [ log 25m4].
Ero CAOXEOCTH YAOBAETBOPSeT COOTHOmMEHND (Teopema 1 B (4] )
2
L(a) € cglogm . —B— ¢ cgm’, /13/
logm
Baox C’ BupeaseT SHaYeENE napaMeTpa u;, o 3TO onepaTop BH-

Aeaexns paspsza. losroMmy (axemma 2,2 B (5] )

Lc) § e nl, /14/

ANaIOrNYHO X Gaox C’’ BujeaseT sHauGHNE napaMeTrpa u;.

Baox C, BugeaseT sHaueHNe mapaMmeTpa Uy g . 9To Toxe omnepa-

TOp BuEGXGHNS Paspsia N



4
L(c°) €cgm, /16/

Baox D’ onmpesexser smauenne xieTKNM (i »J ) "B pauxax" esae-
MeHTA t; , T.6, BHAYGHNE COOTBETCTByDOme} XXETKN B COOTBETCTBY-
ome#k nmogMaTpune, onpeneAeHHON sAEMEHTOM t;. . Panpme, weM ero o-
NNCATH, YKAXeM KOANDOBAHME MATDNLN A & 1(4”1" . Kox maTpmnu
NPeXCTABASDT TPN CNECKA KOOPAMEAT YrJAOBHX KAGTOK - OAMH AJS Kax-
zoro pascmenns /nokputms/ T', T'°’, T. KOOPAMHATH YIJAOBHX KJETOK
BHNNCAHM NOAPAA AAS KAXXOr0 2eJeMeHTa t;. st tr,s cooTBeT~
CTBEHHO, & 8aTeM B NMOPSAKE HOMEDPOB OTNX BAEMEHTOB, LJHHA OAHOIO

TAaKoro cnucka

h = 2% log (k+1)1. /168/

Baox D’ CTPONTCH HA OCHOBE NPNHOMNA JOKAABHOIO KOANPOBAHHS
O.B.Jynanoea [5] . Kycxou xoxa Oyzem cumTaTh HaGop KOOPAMHAT Yriao-
BMX KAETOK COOTBETCTBYDMEro SJeMeHTa t.;, . MaxcmMaxbBRas nanHa KycKa
xona Q Oymer me Goamme 2 1[log (k+1 )] « CAOXHOCTN COOTBETCTBYDmMX
onepaTopos BMOOpPa Xycxa Koxa A%), A(g') /oTo ([log § mz'l s P ) M

( rlog 6 mz'l , @ ) - omepaTops cooTBeTCTBeRHO; cAecs p =10g hyl;

q =Mlog Q1 / YROBAETBOPADT HepaBeHCTBaM /Teopema 1 B [4] /
2
L) o _
L Ccq log k /17/
(‘N) < 9 ¢ log m
x

2
L(A:)) < cw(log 1 + log log k) I;:-; .« /18/

‘B.lou AGKOANDO BAHNS A(s) COCTONT N8 1 ONEpaTopoB CpaBHEHMA
BaBopop zaxmM 2 [1og (k+1)1 x cymmaropa mo (mod 2) 1 - paspaxoB.

HosroMy /aemma 3.1 3 (5] /

x,(;‘:) € ¢ log k + ¢,, 1. 719/
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Iyers 1= [_K_ , TOFAAa m & log k. Orcoga caexyer, uUTo
BUNOAHEHN ycxonalergag;em HepapHOMEDHOr'0 JOKAIBHOrO KOANPOBANNS
NAS HenepecexapuMxcs XycxoB xoxa (Teopema 1) - cooTmHomenxs /16/ -
- /19/, =®

1(d’)~ ¢ Rldorlked)] — . o(x), /20/
log ( 2k[log(k+1)1)

ABAJOr¥YHNM CHOCOOOM CTPOSTCS X OX0XN D", Do' CaoxmocTs
nocaexHero 6I0KA = cyMMaTopa no (mod 2) - OUEBNANO NMEET MOPAXOK
0(1) = G(x). Toraa sas caxoxEOCTX Bced cxemu, peasnsyrmeff mpoxs-

BOABEYD MATDNLY A € 1'0”1’3, nMeeM

L(# $ 30(k)+ o) £ o). /21/

k+1',k)
Tem caMuM noxyuema Bepxuss ouemxa $ynxuxx Hlessoma nis xaacca

ntﬂ.,k « s mMommocT: xxacca ﬁ'kﬂ.,t x Teopemu HJ.1 » (5], caexyer
BNENAS oueHxa Qymxuxy [leHHOEA JIS OTOro Xaacca

LMy, o) Ceed) o /22/

He /21/ m /28/ caemyer

L(kkﬂ'k) X ko

JieMMa noxasana,

Mopanox ¢yrxuun MeHHOEA XIS XIACCOB ﬁ,u.kononuw caenyomas

Teopeua

Teopewua 2, Niyers ﬁ’N,k K28C¢ KBAAPATHNX CyZeBCKNX MaTpNI
nopsaxa N ¢ k yrIoBuMN XieTXaME, X NYCTH NMOCAELZOBATEXBNOCTD ky

Taxosa, 4TO

(10g 10g )2 ¢ ky & X .

Torzma 2
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o
Lty 1) % _m_r_ku .
log log an
Jas noxasarearcTBa oTolk TeOpPeMM PACCMOTPNM TPN OCHOBHENX

cayuas
1° (log log N2 <kgN ;
2° ¥ sk <N/ 40 N)V/2
3° 4108 ¥)V2< x < N2

B cayuse 1° cxema nis peaixsanum MaTpMuu A € ﬂ'u,k cTpoxTes
N& OCHOBE CIGAYDMIOrO aXropNTMA:

1. o xoopaumare i xaxerxx ( i,]) ompexeaseTcs uUNCAO SAeMEH-
TOB MHOXecTBa I MaTpumu A "Bansoumx” Ha xaerxy ( i,Jj), r.e.
xoopaunara i’.

2, ARaxXOrxuEo, nmo xoopammrare j xxerTxx ( i,j) ompeneasercs
YNCAO SAGMEHTOB MHOXECTBA J MATDNIN A "BANSDIMX" HA KIETKY
(i,j)» Tee. xoopammaTa j°.

3, o xoopammaTex i ,j  ompemeasercs smauemme xaerxx
(1i,)5°) marpunu 1/ B, € ”’:*—1,:' coorsercTeyrmelf MaTpune A, 3ma-
9eEN® xxeTxM (i ',j’) MaTPNIH BA coBNagaeT Co SHaAYEHNEM KAeTKN
(i,j) warpuou A,

dyuxnnoraxbHas GEOYHAS BANNCH OTOT0 AATODNTMA (CXeMH) NMeeT
X

e B

= byryc = C (A7), ;). /m/

1/ Hes Toro, uro li, :é € K CAGAYeT, UTO UNCIAO SIACMEHTOP MHOXECTB

I,J MOXEO $OPMAABLHO XOMOXENTS X0 KX+1,
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PasoOreM saeMeHTH MHOXEeCTBa 1 Ha rpynnu, cozepxamme POBHO
2* PAEMEHTOB, KpoMe MoxeT OHTBH nocaexHeil, cozepxameit Mensme uem
2* eaementos. (llapaMerTp A GyxeT onpeseseH nosxe), Komspomamxe x

1/ auc a0 " BaNgOmNX®

AexoauposaHue oneparopa F; , ONpeXexdnmero
PXEMEHTOB MHOXecTBa I Ha KaeTKy (i,j ) MaTpuus A npoBomNTCS aHa-
XOTMYHO TOMYy, K&Kk 9TO Zexaxoch i Kaaccos (ynxuu#i axreSpu Jorn-
KM C NAGHHHM 4YNCJAOM eIMHMO B cayuae [I B [5]. Baox AI CTPOMTCS MO

dynxunonHaapEOo#k Oaounoft cxeme

Kogou onepaTopa F; CAYXHT CHMCOK pasEoCTed Mexiy XoopaWHaTa-
MM OXEMOHTOB MHoXecTBa I nxa MaTpuum A B xaxgoft rpynne camocTod-
TeABLHO, MpHYEM y pasgEocTedl CTUPADTCA BCe HyJAGBNE CTapmNe DASPAAM.,
Mpx BuuMCAGHNK sHaueHus onepaTopa Fy Xxs kieTkx (i,j ) onpeseaser-
cq HOMEp COOTBeTCTBYDmeH# rpynme SAEMeHTOB MEOXeCTBa 1 X BHAGAADT-
CS MepBNEe XOOPANHATH COOTBETCTBYDIMX OOOCMeHHHX YrJAOBHX KJAGTOX,
KOTOPHE CPaBPHMBADTCE ¢ xoopaxEaToff i xaerxx (i,j ). K uxcay "max-
SomuX” O0CGOOmMeHHNX YIIOBHX KIOTOXK MATPNUN A NpNCABAKOTCA UNCIO
SJAGMEHTOB MHOXECTBA 1 BO BCEX NMPEZMAYNMX I'PYNNaxX ®THX SIEMOETOB
(no (mod 2)). Onwmex Gozee NOAPOSHO GAOKM CXOMN XS oneparopa FI
¢yrxunonaapHaAs CaouHag 8ANNCH KOTOpPOro uMeeT BN /IV/ M oneHuM
HX CJAOXHOCTN,

Baox I& onpenexseT HOMED COOTBETCTEBYyDmeilf Ipyuns saAeMEeRTOB
H8 MHOXecTBa I, OTO MOHOTOEENE omepaTop, oTo6paxavmuit HaGop AAK-

Bx [log N1 » maGopu mammu [log dl, rze
REO

1/ Oneparop i& peaansyerca CaoxoM Ay , OXOK A; peaansyeT onepa-
Top Fje
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Mo xemme 3.7 B [5], umMeer mecTO
L(D,) & c,5d logh. /23/

s KoAMpOBaHMA onepaTopsa FI u aeumu 3.9 B (5] caenyer, uTo
aorapudu AAKHEH Koxa hI 9TOro OnepaTopa ACHMNTOTHYEeCKNM He Goapme
k log N . Cxema AJas onepaTopa FI CTPOMTCA HA OCHOBE NPMHOWNNA He-

paBHOMEpPHOro JAOKaAbHOro KoawpoBanua O.B.lynanoma,

MycTs £ a =|_% log kj.Torna

A
log (2 "\log N ) -0 . /24/
k/2

KycxoM Koma SBASETCS COHCOK PASHNMI NMEPBNX KOOPAMHAT BJeMeH-
TOB N8 MHOXeCTBa I B OAHO# rpynne, [JamHa MAKCHMAALHOIO KyCKa KOX
Q (aemma 3,9 B [5] ) He npeBoCXORMT 2*(2 +log (N / 2%)). Orcoaa
caesnyeT, uTO

Q log hI

— 0. /25/
hy

Baox D2 COCTOMT M8 omnepaTopa Eﬁ - BHAeasDmero HoOMep HAYaJAb~-
HOTO paspsia Kycka KO8 MO ero HoMepy (HOMepy rpYNNHE SJeMEeHTOB
N3 MHOXecTBa I ), onepaTopa E, - BHuMCASDmEro AAHY KycKa Koza
X omepaTopa EB - BHOeaspmero AaHAENY# Kycok Koma. OnepaTop E6 oTo~-
Opaxaer maGops Aammy |log d| B maGops aaumu [log (k log k).
MoaToMy (Teopema J.5 B (5] )

L(E6) s —dlogk __ Cqy log k. /26/
log (d log k)

Oneparop E, oroCpaxaeT HaGOpHM AAMHM [1og d] ® maGops axmmu (1og Q]

NosTomy (Teopema 4.5 B [5) )

1/ CuuBoa |a| osHauaeT HaliGoabmee Lexoe UNCAO, He Goxpme a,
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L(E,) —a(2eloglogk) ., log log k « 727/

log (a (2 + log log k))
CxoxsoCTh OmepaTopa le OyZeT oneHeEA HA OCHOBE® TEODeMH He-

POBHOM@PHOr'O XOXKAXBHOI'O KOAXpOBaENS (Teopema 2.3 » (5] ).

Baox D3 npeacraBxserT oCcHoBHOk omepaTop AexozxpoBaENS. OH no
xoopaxsare i xxerxx (i,j ) BuuncaserT xoopaMEaTy eTolt XxeTKM (Ha-
Cop Raxmu A ) B pamxax zamsoff rpynmu (omepaTop Ms 2"“‘"8 N1, A )
X no eToRk XOOpANEaTe, HOMepY KyCKa XKOA& X CAMOrO Xycka XOZa Bu-
UNCASOT UNCIO "BHOWHMX" SXEMEHTOB MHOXECTEA 1 Ea XJeTKy (i,3).
Cxema zxs oToro 6a0Xa CTPONTCS B COOTBETCTBNN CO CACAYDINM 8Ar0=-
PRTMOM

1. Mo moMepy rpynmu (xycxa xXoza) BHUNCASDTCS HabOopH, ABAS-
DINEeCS ZANHAMN BCeX HaCOPOB COCTABASOmMNX fanEull Xycox Xoga. 3To
Aexaer mexoropukt ([log d],llog k+2[ log log k11 ) - omeparop
l9 2, 00pasypTCS KOOPANEATH SIEMEHTOB MHOXecTsa I B paMxax
rpynnu. Uexaer ero cxcrema 2* - 1 mryx (A +/log log k1)-paspax-
NNX CYMMATOPOB, COGAKHOHHNX HAXISXANNM ofpasox co cxemok onepa-
Topa Ey X umexny cofoff, x cxcrema 2? mryx ([log k\)-paspsgumx cyMua
TOpOS,

3. Roopgnani'uonl (i,j ) cpamanmaercs ¢ KOOPANEATAMN
exeMeNTOB ZarHOR rpynmi. 3To gexaeT cucTema 2“[103 k] oneparopos
CPaBNeRNs,

4. Cymumpyercs uUNCAO BCOX"BANSDIMX" PIGMONTOB MEOXecTRA I
X K HOMYy Z0CABASETCE UNCIO BCOX SAEMEETOB B NPEAMAYENX IpynNax.
970 xexaer ommm 2 - paspaguxit cymmaTop, MoHOTOEENM onepaTop,
orobpaxavuxit maopu Zammu [ log d] » maGops zammm [log k| = ozxm
( l10g k] )-paspsamuit cymmarop.
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Hs onpesnexenns napaMeTpoB d X A He TPYAHO yOeaANTHLCS B TOM,
9T0 CXOXHOCTH Oxo0Ka 03 YAOBAETBOPSST COOTHOmMERND (Treopema 1.5,

aoMMa 3.2, aemma 2.3 3 (5] )

L(n3) s 0o /28/

log(k log N

Bepmencs Teneps x Gaoxy D,. He /24/ - /28/ cxexyer, uTO
JCAOBRS TEODEMM NEDABHOMEPHOI'0 AOKAALHOTO KoANpoBamms (Teopema
2.3 3 (5]) sunoamemu, x Torza

L(D,) & cy5 K;‘;ZB;L . /29/

ARGXOTNUYHMM CMOCOOOM CTPONTCS N OUEeHNBaerTcs N Oxox Ay, ompe-
xeasvami xoopanmary j  xxerxm ( i,j) marpmuu Ae nN,k , TMpeAcTaB-
ASDEYD YNCXO "BANSDINX" SAGMEHTOB MHOXECTBa J MATPROM A,

Baox C cTponTcS Ha OCHOBe AeMMM 1, J Tax cxoxmocTs mcelt cxe-
Mu peaansyvmelf mMaTpxLy A € ﬂ.u’k B cayqae 39 YROBAETBOPEET COOT=
momexx» (cm. /23/,/28/,/29/)

L(A) £ -k log N .o k.
(A) ¢ ey log(k log N) 7 7%/

Huxnas oueuxa Qymxuxx QleEEOHAE B 9TOM CAyYae MOXYHYaEeTCH X8

meopesu 1.1 » (5]
L(“v ) ) [ ———kl—ox-!—— - c,. ke /31/
N,k 18 10g(k 1og N) 19
B esToM caywae X/N » O x :JL&‘-% & Cpq MOBTOMY N8 /30/ X
)

/31/ caxexyeT YTBEpXIeHNE uopom.s

Cayuah 2°

B sToM cayuae N < X € "7/4 :I.og!ll/2

o CxeMa mxs maTpERIOm
A€ -ﬁn x CTPONTCS ANSXOI'NYNO TOMY, K&k 9TO OMIO CAexaxo B Aoxa-
9

SaTeALCTBe XeMuu 1, Marpaua A pasOxBaeTcs HAa NMOXOCH CTPOK, COREp-
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xamux He Goaee 1 YrJoBHX KaeToX (nmapaMerp 1 OyAeT onpeleles B sa-
BHCHMOCTY Ha K),., Onpesesgercs sHayeHMe COOTBETCTByDmel# KIeTKX

B cooTeercrBypmeft moxoce, Taxum xe cnocoGoM pasCNBaeTCs& MaTpKLa

A Ha noxocH CTOACLOB X ONpeleJseTcs SHAUEHNEe KJAGTKM B COOTBET=
cTeypvme#f noxoce. [loxock CTPOXK X CTOACLOB OnpeAeasSDT pasCNeENe
MaTpRUN A Ha HenepecexapmMecs NOAMATPHLN, OnpefeaseTcs SHAYGHNE
COOTBETCTBYDme# KIGTKM B DPaMKaX COOTBeTCTByDmek nouuarpinu N 96T~
HOCTH YNCJI@ YIJAOBNX KJIeTOX"Z0 Havaxa" eTo#f noaMaTpmiuu, 3Eadenxe
KAGTKHM MATPEUH A moayuaeTcs cyMumuporanuex 1no ( mod 2) lxauoqul
eTolt XaxeTKX B MOAOCE CTPOK M MOJOCE CTOXCLOB, B NOAMATPENEG X B
YeTHOCTK UNCJE YrAOBHX KJIGTOK "no Havaxa"™ cooTsercTByrmell nox-
MaTpNUN,

He Toro, YTo B ®TOM caxydae log C:2~: log (%) x klog ¥,
KOZOM MaTpNOH A € 11!.& CAYXNT CNNCOX KOOPANHAT YI'IZOBMX RJISTOK
MaTpuuu, (Kon MaTpEus npefcTaBISDT PaxTHUECKN TPM CHNCKE XOODAN=
HAT YrIOBMX KxieTox (B ofmeM Cxyuae DasHNX) = Zaf NOXOC CTPOXK, MO-
X0C CTOACLOB X NOAMATPEL ), CxeMa AAS PEAANSALNNN MATPELN A CTDONT=
CA N8 TpPeX AHAXOrXUHNX vacTe# (cum, aemmy 1),

PaccxoTpxM nBa noacaydas

A Neke w2,
B. k>'3/2.

B caywae A, B OTANUME OT CXOMM LAX DEAXNSAUNN MaTPNL N8

xxaccos 'tk+1,k He BBOSATCE NapaMeTpH u;. uj moToMy, uro BCe

exeMenTH noxpuTuit T°',T’’ oxamuaxosofl npEpoaM - MOXOCH CTPOX Xax

noAoOCH cToalbuoB, I[Ipx onpenexeHNX napaMeTpP& 1 B SaBNCHMOCTX OT X
1 - [—E 1, /32/
log k
BHOOJHEHN YCXOBMS TEOPEMH HEPABHOMEDEOr0 JAOKAABHOr'O KOANPORANKS
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AaS HenepecexapmMXcf KyCKOB KoZa, M CJXOXHOCTHL GA0Ka, BHAEAADMErO
cooTBeTcTByrmmit XycOX KoZa /HanpuMep, AJsS MOXOCH CTPOK/ acKMnTo-

THYECKN HEé NpPeBOCXOANT

h
-
. 1 < oy k log ¥ < 0y klog k /33/
log h, log(k log N) log(k log ~)

Taxags-xe OleHXA NMeeT MeCTO K has 6J0X0B, BHAEGXADOMX COOTBET-
CTRYDmNE® KYCKN KOZ8 RJAS MOXOCH CTOACLOB X MOAMATDML /onepaTops D',

D, /. CaoxBOCTH BCell CXeMM faa MATDHOM A € 'fbl g YAoBaeTBODHET
9

HePaBeHCTBY X
lz 1og Cp2
L(A) 5 3y, ———-;5 .
log(k loc 103 log c:z /34/

B cayuae B, o0peAMHADTCS SAeMeHTH noxpuTkit T', T’’, T, T.e,
NOAOCHM CTPOK, MOXOCH CTOXOHOB X MOAMATPNUN PasCMeHNMS MATPHUIH onpe-
LeXeHHOTO NMOXOGAMN CTPOR K MOXOCAMM CTOAOLOB, Ha IPYNMH TaKNM CMo-
coboM, YTOOM XAMEA KOf@ AAS OAHOE OHXA ACHMNTOTHYECKM paBHOR Heko-
TOpOMY napaMeTpy P, Xoropolk GyzmeT ompexexern nosxe., Cxema axs pea-
ANSALNX MATPNLN COCTONT N8 TPeX OCHOBHHX GXOKOB A’, A'’, A  BHUN-
CASDOMX SHAYGHNE COOTBETCTBYDme# KJeTKN B paMxax NoAOCH CTpPOK,
NOAOCH CTOXOLOB M NMOAMATPKIN COOTBEeTCTBEeHHO. Baox C ompenexaser
YeTHOCT: YrAOBMX KIGTOK MATDNLN "fo0 Havasa" RanHOK nmoAMATPMUM.
Nocxexuuk Gxox, oTo cyummaTop no (mod 2) c UeTHpbHMA BXoxamu. PyH-
KUNOHAXbLHAS GAOYHAS SANMNCH NMeeT BNJ

W A (Az(i.J). A"(4,3)) @
@ c(a5(1,3), (1,10 @ /N/
@A[(1,3) @ A"(4,3) 3

rnoll

AT(1,3) = AJ(1,3) A5(1,3) A5(1,3)

1/ qepes 7B oGosmawaercs maGop cocrTosmmit xs maGopos A, B .,
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A(1,3) = A7(1,3) A3(1,3) A5(4,3)

Bosee moApPoOHO ommmeM AzeicTBHe 6aoka A' /Oiaoxm A'’, Ao aHa=
aornums/, No xoopanuare i xaerxm (4 ,J ) mMaTpuux A onpemeasprcs
HOMEep rpyDNN NOJSOC CTPOK a AJIKHA Xoxa eTod rpynnu, Ilo HoMepy rpyn-
oM X xoopammare i xaerTxu (41 ,J ) onpemeaapTca HOMEpP MOJAOCH JAH-
HOfk rpynne m ZINEA ee xoxa. [lo HoMepy rpynnu BMZEAS€TCE KOA COOT=-
percreyomef rpynnu, [Jo HOMEDY NOAOCHN R ZANHN €€ KOZ& BHAEAKETCS
X8 XOAG I'PYNNE XOf COOTBeTCTByOmeN# noxocu, Ms-=sa Toro, NTO KOANPO-
BAHEG TPNBRSAMEOE, MOXHO KOOPANHATH YTIOBNX KJETOK B BaHHOR noao-
Ce NpAMO CPABENBATHL C KoopAxHaTaMx xieTxxM (1 ,J ) x onpemeanTs
TAK UNCAO "BANSDUNX" YrIOBMX KXGTOXK B JaHHOR noioce Ha KxaeTRy
(4,J), 7.e. snauenne xxerxx (1 ,J ) B nanuoft nosoce. Baox A'
CTPONTCS B COOTBOTCTBNN C BMUWE CKASANEMM X (yRXUNONAZLNAS O6I0UNAS
SANNCH KMEST BNJ »

A%(1,3) = By (Hg(Hg(H,(1),H,y(1)),
l!‘(ll1(1).t).l,(l,(i).t)).i.é))

Onxmen Goaee noApobuo Gx0KN H,_ - H., N OUeNNM XX CAOEROCTN.

/v1/

Baox 31 onpexeaseT EoMep coormercrEyomell rpynnx., 'pynn acHMuyoOrN-
Yecxn xe Coasse h,/p = q + w(¥), rae h, - ganma xoRa MaTPNIM
Aas noxoc crpox ¥ W (N )0 c pocrox N, is sToro caeayer, 4To
6xox Hy - w70 Momoronuuht ( [leg ¥ ] , [legqe+w(W)1) -

= onepaTops ero CIOXNOCTS YROBAGTBOPSET HEPaABENCTRY /aeMMa 3.7 »
(sl

L(R,) s ¢¢ Q log X, /38/

Baox l!z ONPeXGARET RIRHY KOZA COOTBeTCTRyrmied rpynnm., 9To
((log ¥1, flog by ) - omeparop x /recpema 1 » [4] / xmeer
MeCTO
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/38/

Baox Ha onpeseiseT LAMHY XOZA NMOXOCH, XOTOpPasS HE NPOBOCXOANT
21 (log ¥]1 /comepxmuT He Goarme 1 YraoBHX xaeTox/. JTOo Rexaer
mexoropuit ( flog ¥ 1 ,(log (21 [ log ¥ 1) 1 ) - omeparop,

CAOXHOCTD KOTOPOr0 YAOBAETBOPAGT HEPABEHCTBY

L(H;) s e,q log( 21 log l).l‘: - . /37/

Baox }14 onpeneaseT HOMED MOAOCH B gamEofk rpynne. 3TO OANH MO-
Botoruudt ( [log W] , lleg ‘%’] ) - omepaTop /NNCIO BCeX NOXOC
He mpeBocxomMT %X/1 /, oxms mouoroEEuEt ( [ log W\, (log (q +
+ w (¥))] ) - oneparop /umcxo rpynn He Goxrme q + w (N ),
rge W (N )—> 0 c pocrou N /, oame smomorousuik ( [ log ( q +
+ w (@) , T loci'l) - onepaTop BMUYNTaENS / [&‘ -paspsauui/ .
Ha ocuose xesmau 3.7 x aeaw 3.3 8 [5] caoxmocrs Gaoxa H, yxmo-
BIGTBOPSET HEPABEHCTBY

I.(H4) s czgflo‘l + c”qlogl+
+ oanlo‘q + 032§.
Baox Hg BufeiseT N8 KOXA IpYnmM KyCOXK XoXa = KOX COOTBeT-

/38/

creyomek moaocs. OR cocTon? s cxemu gnas ( (log (q + w (¥ ))] +
+ Mog %] » log P1 ) - oneparopa, ompezeasvmero Hataio xoxa
nassoft nozocu B coorsercrayvmeldl rpynne X cXeMu xS onmeparopa Bu-
AeAeHNS 4HacTX Ealopa., Ms Toro, Yro ZANHA KOAA IPYNNH ACKMATOTN-

49ecks paBEHa P, no Teopeme 1 B [4] x xemme 2.3 B [5] caexmyer

L(l6)$c3310¢’.-i!-+e”plo¢p. /39/

Baox H.’ CPaBERBAET KOOPANHATH YrIoBuX xieTox B xamuolk noxoce
N BHuUNCaseT sEHauenme xieTxx (i ,J ) B pamxax sroit moamocu., 3To xe-

saer 1 (2fleg N] ) -pespaauux cxem CpasEemNs ,CyMMaTop no(med 2)
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¢ 1 BXoxami. CAOXHOCTB OTOro 6J0Ka YROBAETBOPSET HEPABEHCTBY

/aeuma 3.1 B [5] /
L(B7) < 35 1l1log ¥ + °361 +1 /40/

BuGepem napamMeTpH 1 ¥ p caeAypmmuM oO6pasoM

2/3
e 1EEL e R

HeTpynuo yOenuTscs B TOM, YTO NpM BTOM OnpeleJeRnMH napaxe-
TpoB 1 M p MMeeT uecrol’/ /cM. /35/ - /40/ /
== klogh .
L(H; ) =o s=1,2, 3, 4, 6, 7. /42/
log &k
Hs /41/ caeayer
P log hy

by

CooTHomenus /42/, /43/ osHauapT, UTO BHNOJAHEHH YCJAOBMS Teope-

- 0. /43/

MM JOKAABHOI'O KOAMPOBEHMS LAJR HenepeCceKarmMxcs KYCKOB Koma M

log C:z
log h ~ log log ;:2

Hs-8a Toro, uTOo 6AOK A’’ CTPOMTCS COBCEeM 8HRXOIMYHO, Xax 6I0%

A', nMeeT MecTO

Cxema Gaoka A  CTPONTCA H& OCHOBE TOro-Xe SArOPATMA, XaK X

cxemn CaoxoB A', A'’, He-8a TOro, 4TO UNCJAO MOAMATDNL HE NPEBOC-

1/ CaoxHOCTL Gaoxa H5 OlleHNBAETCA TeopeMOik AOKAABLHOT'O KOANPOBA~
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2+ w'(])

xoaxt (kA )2 N 4YNCAO IpPYyNnn NOAMATPNL HE MPEBOCXOANT q
rge w’' (W) >0 c pocrox N , caoxHOCTH Gxaoka Hi COOTBeTCTBYDmE~
ro 6aoxy H‘ B cxeMe A’, yAOBAETBOPSET YCJAOBND
. 2
L(E,) s 6, (1:/1)2 log ¥ + oy 10: I
+ o0 (k/1)€ log q + %43 (k/1)%,

AHaaoreuso, CAOXHOCTH Oxoxa Hé, CoOTBeTCTBYDmMEro OXOKY H6 B

/46/

cxeMe A’, yAOBAGTBOPSEeT HEPABEHCTBY
. 2
L(n‘) S o4 log p (is) + ¢45 P log p. /74%/

Hs onpenexenxns napamMeTpoB 1 x p /41/ caenyer, uTo

L) = 3 ( 31:—:‘;—') ' s = 4,6, /48/

Orcoaa caesyeT, 4YTO /TeopeMa JOKAALHOIO KOAMpOBaHNS/

log C
& —ﬁT . /49/

log log c12

Baox C omnpeneaserT 4YeTHOCTH UNCAA YrAOBHX KJGTOK NO Hauaxa
cooTBeTCTByOmelk noxaMaTpEnu. 3TO omepaTop BHAGAGHNS paspsia N ero

CAOXHOCTH YAOBAGTBOPSET HepaBeHCTBY /xemma 2.2 B [5] /
2
LC) 5 o - Sk lekE), /50/

He /44/, /45/,/49/, /50/ caenyeT, 4TO CAOKHOCTH CXEMM peasM-
syomelk maTpuuny A € 4tl,i B 9TOM cCaAy4Yae YAOBASTBOPAST HEPABEHCTBY

k
leg C

x?

L(A) T o, . /51/

log log c:z

Huxuss onemxa ymxuux lleEEOEE YROBAGTBOPSET B 8TOM Caydae y-
caosup /recpexa 4.1 3 (5) /

log ck

I““’l,k) 2 %9 ;‘———-T- o /52/
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He /51/ m /52/ caeanyeT yTBepxneHNMe TeopeMH 2 B noxacaydae B/

caydas 2%,

Cayqak 3° "

B aToM cayuae '7/4 ( log 1)1/2 <k £ —!—— .

KoampoBanue ® RexoAMpOBAHHE B 8TOM Cayyae NOAOCHN KOANPOBAHND
M NeXOoAMPOBAHKD NS HeHYyJAeBHX MHBADMAHTHHX KJAGCCOB, HO SBASDTCK
HepP@BHOMEpHHMN , A KXoAMpOBaEHMA BHONpaeTcs YeTHHHE napauerp d.
Aag xaxgorol , 0 < 1 = 2‘ BCce OyJxeBCKME MATPDHLOH N8 XJaccCa
.@24/21 HyMepynTCS HabopaMM ILIMHH rlo‘ Cld] /nx cl‘ mryx/.
Kozox u;'rpnnu ABASETCS CIONCOK MOMepoB 52 log N =~ d ui'rplm X8
KJA8CCOB ﬁzd/": 3 X HeKoTOpas AonoJHMTeabHas MHGopMaums. Taxmum
cnocoboM maTpuua A € 'ﬂ"k darTuuecKkn pasOEBaeTCS HA NOAMATPNIOM
nopsaaxka 2‘/ 2 » KpoMe, MoxeT OHTH "KpaiHKX", MeHmWero pasuepa. K
KaxfoMy HOMepY MOAMATDMUH K3 -72 2‘/2.1 npr6aBAIDTCS 8HAYGHNS
xpallHNX /MeBEe CBepXy M CXeBa OTHOCHTEABHO NOAMATPHLUN,/ KAGTOK CO-
CeNHHX MOAMATPNL /ecAM TaKMX HeT, To XobaBaserca O/. Ko BceMmy eTo-
My Ro6apageTCs eme OANH Daspas - HETHOCTH YMCAA YrAOBHX KAGTOX "Xo
Havyaza" noaMATpMUN,. Buumcaenwe smHauenws xxerxx ( 4, J ) MaTpunu A€
€ &'.k NPONCXOANT ﬁx. W8 nocaegnux paspazoB /xpoMe nepBux 4/2/
KOODAMHATH 4§ M NOCJAGLHNX PaspimoB /xpoMe mepeux 4/2/ xoopaANHATH
J ompezeaseTca WMCXO eXZMHML N HOMEp MATPMUH M8 Kjacca ﬁzuz.l .
Nlo eTHM xapaxTepuCTMKAM X ROMOXHKTEAbHOR WEHPODMALMN B KyCKe KoZa
BHUNCJASETCS SHAYeHHEe COOTBETCTBYDmeH KJeTXM B noxuarpaue. ONO Cym-
Mupyercd no (mod 2) ¢ YeTHOCTHD YMCJAA YrAOBHX KAGTOK "Ho Havaxa™
NOAMATPHUN /HT RomoaHMTeabHOR MHopMauum B KOHLe Koxa/.

Onmmwen nozpoGHee XoZMPOBAHMe M NEKOAXPOBAHWE, KOTODNe B HaYA-

1/

A€ COBNajamT ™’ ¢ KOAMPOBE&HMEM M AeKoAupoBanueM (yEKnmit aareCpH Xo-

17 Kax yxe Onao cxasaHo, MmaTpmuedt A€ ﬁl,k onpenexena oxua /N 32‘/
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INKN N8 ?/n x B [s] , B cayuae I, noxasaTearcTBa TeopeMu 3.4.
]
Kogxpopaume: [ycTs d - Hexoe HWeTHOe HHCAO, SAKJADYEHHOE MeX-
Ay O x 2 1¢og N /ero Goaee TouHOe ompelexenNe CyAeT RaHO nosxe/,
Oyers ¢ ( x, »Xpsee0s Xo[10g W) ) dyHxOus axreOpH JOTMKM K8
x’zﬁ.o‘ Mk onpeneaesHas MaTpuuei A € ﬂ' X / £( X) MmoxHO HmO-
1

onpefeANThr HYyASMM - CM, CHOCKY 1/. PaccMoTpuM $yEKOUN
LTy 0ee0sT) = T(XqseeesZgyae Farp 4 10 oo+ +T10g W1 **(10g Nkt

ceerX[1og Ni+4/2° “T1og W14a/241°°° rzfleg we

rane

IR GRATTALE SCARE BRI Y CPIORN e APy s b
aro 22(1e6 N -a dyrxuxi, Mycrs = (£(0,...,0),...02p(1,...,1))
- Babop 2‘ sHavenni#t ¢ysxumm £ §/ Ha Bcex HabGopax sHaudeHHil ee
apryMeRToB B eCTeCTBeHHOM nopagxe, Ilycrs 1§, - umcao exmumn B
.’IE';-’: . OueBNZHO, 4TO "eANHMYHHe HaGopu"™ f pacnpemeaaorcs no
dymenux £ § : xaxauit exmEnumnii HaGop fysxnmm T onpesexaser B

TOYHOCTN OANE eamunumufit HaGop B TowuHocTx ozmoRk dymxumm £§ .

k= ;1".

Ha6op &' npamagssexur mmoxectny Bd 17 /umomecTso B, )
1

NoeToMy

COXOPENT HAOOPM C ] GANHNIAMN LANHN N - BCero C: HabopoB, KO-
TOpHe SaEyMepoBaNM B NOpPSAKe BOSPACTAHNS KX 8HaueHxit/. CorxacHo
EyMepanxx malopos xs Bzd 17 sadopy e COOTBETCTBYeT HEKOTO-
1 ]
-
pukk maGop V§ AamEN 24 , IpNYeM eXNENNN B HAGope 7? » MOryT
BCTPEUATLCS ANNDL HA NMEPBMX flo‘ C:Z] MecTax [5] . Oycrs EL('

NaN Hecxkoabxo Pymxuxik aareSpu aAormxm or 2 r log l] nepeMes-
mux (oxEa ¢ymxums ompexexesa Ea HaGopax &= ( 6".1, ?2), rae
15,0 < x o 1§, < ).
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Habop, cocTosumMit M8 nepBHX rlog 61:'] paspagos Hadopa 3?' .

2 -
Kozou ¢ynxumm £ o6pammM HEGOP ( & (0,...,0),.0., ¢ (1,...,1)),
cocTaBJaeHHH! #8 Bcex Ha60poB (za s DBCTNOJOXEHHNX B eCTeCTBEeHHOM

nopsaAke, OueBMAHO, UTO AAMHA OTOr0 KOZ8 PaBHA
. -
L l10gc al
[ 2

zzflog Nl -a caaraeMmux/. Kyckauu koze sBaAfADTCS HAGOpH

/Bcero
~

W§ naoc 3HAYEHMA KJAETOK MATPHMUM A HA XpasX MOAMAaTpMUH /"u8BHE
CBepXy M cCaeBa - eCJM TAKMX HeT, TO CUMTADTCA HYyJeBHMHM/ TaAK, UTO

MaxKcuMmaJsipHasgs AJAKMHA KyCKa Koma Q ynoBaeTBopaeT yCJAOBUD
Qs 28+ 2,292 4 4 = V2 (2 5y .4, /53/

s nemmu 3,11 B [5) cJelyeT, UTO MaKCUMaJIRHAS AJAMHE KoAAa

MaTpPHUH A B BTOM CJay4Yae He NpeBOCXOAUT

n, € 22Mlog N1 -d ok , p2flog N1 =a a2, q)
A "

rhe NoCJAefHMHA HJeH CYMMH - JONOJHMTearHas uHPopMauus, Byzem cum-

TaTh, UYTO AJAA BCAKON MaTpuum A € 11N g RAMHA KORa paBHAa
1

n, = [22/108 N1 =d(,0/2 , 5), 10g 0:2] - /54/

dexonupoeanue: OnumeM onepaTop Aél), A§2), Aﬁa). OnepaTop
(1) & & )
A N no 6 = (edlz +1’o-.,6r1°3 N]"rlos N]"‘ d/2 +1.coo’ 2r105ﬂ
T.e, mo £ [ log N|- 4 paspanau HaGopa % , BHuUMCASeT HOMEp HaYaAb-
HOTO DAspafa COOTBETCTBYDWEro Kycka KoZa - HaGop Aauux p =[log h‘;
9to (2 (log N1=d, p ) - omepaTop u ero CIOXHOCTH yAOBJAETBOPAET

HepaBeHCTBY /TeopeMa 4.5 B [5] /

422r1og Nl =24
2log N1 = )

L(A(;)) < B
log(p 2

+ Po /55/



OnepaTop A(l‘;‘) puunCAsieT MO b LJUHY COOTBeTCTBYDIEro KycKa
KoJa - TOYHee, ee LBOMUHYD 3anuch - Habop AxmHu d . 2To (2(log N}-
- d,d ) - onepatop u no Teopeme A.5 B [5] wumeer mecro
2llog N1=- a
L) 2 gyt 4 /56
log(d 2 )

OnepaTop A(l?) ABASAETCA OCHOBHHM ONEpPaTOPOM AeKOoAMpOBAHMA. OH

no HaGopy ©& u Kycky kKoma BHuYMcaseT sHayenme kuetrxu ( i, J) B
paMKax COOTBeTCTBYDLeid NoAMATpPUUH, Cxema Axasd A(S ) CTPOMTCA B COOT-
BeTCTBUK CO CJACAYDIMM SJATOPUTMOM:

1/ Mo Habopy %" BHUYKcasieTcs Habop ’3’25 , BAMHE 4 - gBOMuU-
Had 8anMChp uucaa 1g, emuHul y ¢yHxUMHN f;-': y- Te€, YHCJIAO YI'JAOBHX
KJAeTOK B COOTBETCTBYDWEH NoAMaTpulie. OTO fesaeT onepaTop A , -
(2[1og N] -4 , 4 ) - onepaTop, CAOXHOCTE KOTOPOro YAOBAETBOpseT

HepaBeHCTBY /TeopeMa i.5 B [S5] /

a 22f1og Nl -4

L(A < ¢ —-——z-m'&c d.
2 50 10g(a 2" 78 A

/5%/

2/ No nabopy fc&-: M KYCKY KOA& ’ (‘7’(,‘ BHuUKMcaAgeTca HaAOG0p =,
sHavenuid dyuxkumu f & - 3To nmexaeT oneparop D 2d y CJAOXHOCTH KO-
Toporo no zemMe 3.10 B [5])] ynoBaeTBOpseT HepaBeHCTBY

k.|
L (Dzd) < e 54— - /58/

3/ OnepaTop C BHumcaseT cymmy no (mod 2) eamsmy B i?f § =xo
KAGTKM C KOODAMHATAMM onpezeseHHHMM gadopou 6" = ( 57, e 6’1’ )
6’" = (6, 6, €472 ), & = (‘flog N) +1°? F[log N)+2'
reers Gflog Mg 9r0 aBa memmppaTopa /Aas Kammodk xoopausars 6, ,

6', oAuH/ HAGOPOB AAMHH 2d , ABa omepaTopa sz , oTo6paxapmme
Ha60op AAMHH 29 ¢ ommoli enmmmuess Ha g -ToM MecTe / 3 = 1,2,..,2‘/

Ha HaOop AAMEN 2“ , le Ha MepBHX g MecTaX CTOST EANHMIH M Ha



OCTAABHHX HYyJau, CHCTeM&a 24 KOHBOHKTOPOB, OCTABAADUMX ELUHNUN B
Habope if&’- /MaTpuua NopsaKAa 2d/2 / TOABKO HO "JeTKM C KOOpPAK~-
HaTaMu, onpejeseHHHMH HabopoM ? ", u cyumaTopoM no (mod 2) ¢ 2d
pxogsaMu . CJAOXHOCTH OTOr0 OnepaTopa YROBJAETBOPSET HEPABEHCTBY /JeM=-

Mma 2.1 8 [5] /
4
L(c) & cgq 27 /59/

4/ To momosHMTeaAbHOK MEPO,MALMM BHUKCAseTcH cyuMua no (mod 2)
KpafiHMX KJAeTOK COCenHMX MoAMaTpul, /cBepXy ¥ caesa/ KO KJIETKH C KO-
~ ~,
opAMHAaTaMH 151” l . lﬁ';,' | o 3T0 nmesaeT OJA0K CJ. npeacrapasoumui -

d/2

xse 22 - jemmgparopa, zma onepatopa K,¥* w cyuuarop no (mod 2)

c 24/2 " BxXoZamu . CAOXHOCTH oToro 6J0Ka YROBAETBOPAET HepaBeHCTBY

L (Cy € ¢, 22, /60/

5/ Mo (mod 2) cyummpyeTcs 8HAueHHEe COOTBeTCTBYDme# KAeTKM B
AaHHOR noaMaTpuue, peayabTarT oOpaboTKM AonoJHuTeabHOM uHDOpMaAUNM
M YeTHOCTM UKCJAA ENKHML /YrJAOBHX XKJAeTOXK/ A0 HAYAaA8 MOLMATPMLH,
970 meaaeT cymmarop no (mod 2) ¢ Tpems BxomamM. OYEBMAHO, UTO €ro
CAOXHOCTL He GOJbme HEKOTOPO# KOHCTAHTH.

He /B67/ - /80/ caemyeT, uTO

MNoaoxuu
a = 2\_%logk-%log log k]« /62/

TorAa MOXHO y6eZMTHCH, YUTO TAKMM OOP28OM BHMOJHEHH YCJAOBMA
TeOpeMH HepPaBHOMEPHOI'0O KOAMPOBAHMS AJAA HenepecexapmyMxcs KyCKOB KO-

na /TeopeMa 1/ M B °oTOM caydae HMeeT MECTO
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log X,
L(®,.) <@ N /63/
N,k log log 652

Huxuas ouenxa ysxuuu llendHoHa noayuaeTcs no Teopeme [.1 B

[5].

log ck2
L(#y )2 @ ' /64/
’ k
log log CNz

s /63/ u /64/ caenyeT yTBepxAeHHe TeopeMH Z B cayyae -

Teopema 2 nokasasna,

JoGaBaenue, B cayuae 1° MoXHO NpM HEKOTOPHX OrpaHNUYEHHAX,

KOHKPEeTHO

ky - log ky

(log log N2 log N
HSMeHUTH Oes YCJOXHeBMs KOHCTpyKuuu O,B.llynaHoBa ajas AokasaTenb-

— 0

CTBa TeopeMu 3.4 B [5] ¥ noayuuTr acuMnroruxky obynxumu lleHHoHa,

B cayuae a® dakTuyecku Aoueahﬂa acumMnrToTuka PyHkuuum [LeHHOHa.
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Sdihrn

0 2LOZITOSTI REALIZACIE NISKTORYCH TRIED BOOLEOVSKYCH mATIC

Iven Haverlik, Bratislava

Vychddzajuc z moZnosti vyuZitia Booleovskych matic /C,1 - ma-
tic/ ako modeladného prostriedku pri riedeni niektorych problémov
rozpoznévenia obrazcov, sui definované triedy tycuto matic podtom
"zakriveni®™ hranice obrazca uréeného prvkemi msatice s rovnzkou
hodnotou. Na zdklade definicie tychto tried Booleovskych metic sa
v praci rie8i dlohe asymptotického ohodnotenis ifunkcie Shannona,
urédujucej zlozitost realizdcie lubovoinej matice z dznej triedy

/urdenie hodnoty prvku z jeho siradnic/.
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Resume
ON REALIZATION COMPLEXITY OF SOME CLASSES OF BOOLEAN MATRICES

Ivan Haverlik, Bratislava

Bcecleun matrices /0,1 - matrices/ can be used as a modelling
tool tu solve some problems of pattern recognition. Classes of
such muatrices wre uetined in terms of the number of "curvatures®
of the boundsry of the pattern determined by the matrix entries
of the same value. Using the definition of those clusses of Boo-
lezn metrices, tne proolem of asymptotic evaluation of Shannon
function, cetermining the realizstion complexity of any matrix in
the given class /finding the vulue of e&n entry from its co-ordi-

nztes/, is solved in the puper.
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DENSITIES OF FIRST ORDER THEORIES

Ivan Kore o, Bratislava

A. R, Meyer [4] stated a problem concerning possible den-
sities of creative subsets of the set N, His problem was motivated
by the idea that a creative set can be considered as the set of all
Godel numbers of an undecidable and effectively axiomatisable theory,
e.8. the formal arithmetic., Some authors solved this problem in L'GJ;
briefly speaking, the results are that the densities of creative
sets can be changed almost arbitrarily. In the present paper rela-

ted but a little less abstract problems are solved

1. RECURSIVE PSEUDONUMBERS

In the whole paper we only deal with nonnegative numbers, hen-
ce "real" means "a nonnegative real”, and analogously for "integer"
and "rational number", The term "recursive pseudonumber" was used
e.g. in [1] and [7] (written in Russian); some results of this
section are contained in [1] . Most of statements of Theorem 1

are not new in essential,

Definition 1. (i) A sequence of rational numbers

(ro. Ty rz,...) is said to be recursive if there are recursive

functions f, g such that ry= é{%} for all i€ N,
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(11) A real r is said to be recursive if its dyadic expansion
is recursive (i.e., if the function £(i) = [21*1.r ] -2.[2%, r]
is recursive).

(111) A real r is said to be a recursive pseudonumber if there
is a recursive sequence of rational numbers which converges to r
‘(in the classical sense).

(iv) A real r is said to be an increasing (or decreasing) re-
cursive pseudonumber if there is an increasing (or decreasing) re-
cursive sequence of rational numbers which converges to r.

(v) A real r is said to be a binary recursive pseudonumber if

there is arecursively enumerable set Mc N such that

r-(rle D -%r-
2

ie M

Remark. PorrS1wemay write r instead of r - [r ]
in (v). If the set M in (v) is infinite and the set N - M is also
infinite then the set M is uniquely determined by r. These state-
ments will often be used implicitely in Section 2.

Theorem 1., (i) A real r is recursive if and only if

there are recursive functions f, g such that for all ne N - {0}

f(n 1
Ir - 281 < =

(11) Bvery recursive real is a binary recursive pseudonumber,

(111) Every binmary recursive pseudonumber is an increasing
recursive pseudonumber,

(iv) A real r is recursive if and only if it is both decreas-
ind recursive pseudonumber and increasing recursive pseudonumber.

(v) There is a binary recursive pseudonumber which is not
a recursive real.

(vi) There is an increasing recursive pseudonumber which is not
& binary recursive pseudenumber.
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(vii) There is a recursive pseudonumber which is neither in-

creasing nor decreasing recursive pseudonumber.,

Proof . The statements (i), (ii), (i1ii), and (iv) easily
follow from the definition. To prove (v) and (vi), consider a creati-
ve set Cc N2 where Nz is the set of positive even integers and
define

1 1 1
r.‘-Z Er-. r2-r1+Z;— (-1‘14'3')

ieC 1ell2

Then r, is a binary recursive pseudonumber, If ry is recursive then
we have an algorithm for recognizing the set C. This contradiction
proves (v). The number r, is obviously an increasing recursive

pseudonumber, Let

JeD

It suffices to show that the set D is not recursively enumerabdle.
Clearly N - C = (N = N,)u (N;n D). Thus if D is recursively enume-
rable then N = C is recursively enumerable, which is a contradic-

tion. The statement (vii) is proved in [1].

2. LENSITIES OF FIRST ORLER THEORIES

Let # be a nonempty finite set of predicate symbols and £
be the set of all first order formulae over # ., (The formulae are
formed by usual rules of inference from the elements of P y Va=-
riables Xqr Xp» Xgreeey logical symbols — ,= , Vv , A, _’ . Y ,3 5
and parentheses.) Let &, be the set of all closed formulae belong-
ing to £ . A set T € & 4is called a (first order) theory if it
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contains the axioms of first order predicate calculus belonging

to & and it is closed under the modus ponens rule. Hote that our
notion of a theory, in essential, is taken from [2]., However, our
results can be extended e.g. to (generalized) first order theories
in the sense of [4], where open formulae can be provable and belong
to theories. lloreover, the finite set # can be replaced by an in-
finite recureive set of predicate symbols and functional symbols
and const;ants may occur in the formulae from & , without any chan-
ge of the results bellow, Recursiveness of sets (and sequences) of
formulae is understood in the obvious sense; analogical notions

are considered e.g. in [3].

vefinition 2. Let

@- ( A.‘, AZ' A3.coo) (2.1)

be a sequence of formulae of &, and let M< &, . The numbers

card {i&n| Age MY
dens(M, 4 ) = 1lim inf

n-—co n

card {15 n/| Ae M}
aens(M, A ) = 1im sup =
n —soo n

oard{iénlAie M}

dens(M, L) = 1lim
n-»oo n
are said to be the lower density, the upper density and the density

of the set M relative to the sequence & , respectively.

Remark . Of course, Lefinition 2 can be used for arbitra-
ry sequence (L and for arbitrary set M but we shall use it only in
the case quoted above, The density dens (M,d ) exists if and only
if dens(M, ) = dens(M,d ). The lower and the upper densities
always exist and clearly 0 & dens(M, ) & dens(M, @) S 1.,
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In general, we shall not suppose . to be one-to-one and
{A1, A2, A, ...} = & . However, Definition 2 is most edequate
under these assumptions. A further convenient property of a 1is

recursiveness,

.Theorem 2, There is a one-to-one recursive sequence
(2.1) containing all members of &, such that for every theory T
in the language < we have:

(1) dens (T, ) exists;

(11) T is inconsistent if and only if dens(T,d ) = 1;

(111) T is complete and consistent if and only if dens(T,A) = %a
(iv) T is incomplete and decidable if and only if dens(T,d )s,“,
and dens (T, ) is a recursive realj;

(v) ¥ 1s incomplete and effectively axiomatisable if and only if

dens(T, 4 ) < % and dens(T, ) is a binary recursive pseudonumber.

Proof. Let (:Bo, By» Byyeos) be & one-to-one recursive
sequence containing all formulae of é&g which do not begin by the
negation 1.

Let

A ™ 11,.. 13
.2k + 1) (i-times) ¥ (2.2)

Then the sequence (41. 12. L3....) is recursive, one~-to-one, and

it contains all the formulae from & (its first ten numbers are

Bos» By» T1Bgs By, TT7TBy, 1By, 7777 By, By 17718, 171 By,.u).
For every set Mc ¥, satisfying

for every X e, , Xe Me=»(T11X)eM (2.3)

the density dens(M,Q ) exists, and it is easy to show that

1
dens(X, @) = ) i ok P T2 (2.

k e U(M) k ¢ V(M)
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where U(M) = {ke N/ B e M}, V(M) = {keN| (7B )eM}, and ¥N is
the set of integers. tvery theory T in & satisfies (2.3), hence
dens (T, A ) exists., If T is inconseistent then U(T) = V(T) = N
and hence dens (T,Q) = -;_ + -% = 1, If T is consistent and complete
then {U(T) , V(T)} 1is a partition of the set N and thus set N

and thus dens(T, A ) = > "1':172' = % . The converses of (ii) and
keN 2
(111) can proved similarly. To prove (iv), assume T to be incomplete

and decidable., The function f defined by

0 if B ¢ T and 1B ¢ T
f(x) = (205)

1 4if Bye T or 'leeT

is recursive and f(x) = O for at least one xeN. Since

dens(T, Q) = Z fxi (2.6)
xelN 2

dens (T,A) is a recursive real, and dens (P,A) < % .
Conversely, let dens (’1‘,&)(% be a recursive real, Since for
every Xe &, a logically equivalent formulc Bx can be found, we
may only consider the formulae B , xeN. Let £ be the (recursive)
function satisfing (2.6), and thus (2.5). T is clearly incomplete.
Choose k such that f(k) = O and consider the (recursive) function
g such that Bg(x) = (B,v Bx)’ If Bye T then f£f(x) = 1 and £(g(x))=1,
Conversely, let f(x) = 1 and f(g(x)) = 1, We have Bs(x)e T or
g(x) € T is impossible and thus Bs(x)'

= (Bkax)e'l‘. It is clear now that 'IBx € T is impossible and

a Bg(x) € T3 however, 1B

hence By & T. Thus we have for every xe€N
By € Pe=df(x) =1 and f£(g(x)) = 1

~and hence T is decidable.
It remains to prove (v). The theory T is effectively axiomatisable



- 225 -

Lf and only if the set M, = {xeM|B € T} is recursively enumerable.
Then I, = {xeN| 1B, €T} and M = MU M, are aleo recursively enu-

mersble and M,n '2 « f, Thus

: 1
dens(T, A) = Z 2—,“72 (2.7)
xe M

is a binary recursive pseudonumber, and since T is incomplete,
dens{T,a) < % . Conversely, let dens(T,d) < 4 be a binary
recursive pseudonumber, There exists unique set M< N such that (2.7)
holds; M is recursively enumerable, It is easy to see that
¥={xeN|B €T or ‘leeT}. Let keN - M and let g be defined

as above, We have
{xeNIB eT} = Mn{xeNlg(x) e}

The sets on the right-hand side are recursively anumerable and
hence the left-hand side also is recursively enumerable, q.e.d.

The statements (iv) and (v) of Theorem 2 characterize decid-
ability and effective axiomatisability of the incomplete theories
in & by their densities relative to a sequence (I . The next
theorem gives analogous characterigation also for complete theories;

of course, the statément (iii) of Theorem 2 cannot be preserved,

Theorem 3, There is a one-to-one recursive sequence
(2.1) containing all members of &, such that for every théory T
in the language & we have:

(1) dens(T,A ) exists;

(11) T is inconsistent if and only if dens(T,4 ) = 1}

(1v’) T is decidable if and only if dens(T, ) is a recursive
real;

(v’) 1T is effectively axiomatisable if and only if dens(T, Q)

is a binary recursive pseudonumber,

Proof . Let (By, By, B,y +eo)bea one-to-one recursive
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sequence of all formulae from &. beginning with at most one nega-
tion, Lefine

« 117,,,17B

A
K. (24 + 1)  2i-times K

Then the sequence (A,, A,, A3....) is a recursive one-to-one
sequence of all formulae from & . If T is a theory in & and

M={xeN|BeT} then dens(T,() = > 1. The parts (1)

xeM 2
and (ii) are almost obvious. It is easy to see that T is decid-

able (resp. effectively axiomatizable) if and only if the set M

is recursive (recursively enumerable). Moreover, M is recursive

(resp. recursively enumerable) if and only if :E: -—31- is
: Ye M 2%t

a recursive real {(resp. a binary recursive pseudonumber).

This completes the proof.
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Sihrn
HUSTOTY TEGRIf PRVEHO RADU

Ivan Korec, Bratislava

V préci sa definuje hustota mnoZiiny uzavretych formil jazyka
J prvého réddu vzhladom na prostd postupnost A vSetkych uzavretych
formil tohoto jazyka. Dalej sa zostrojuje takd postupnost A formil
jazyka J, %e ku¥dd teoria v jazyku J md hustotu a existuje lzky
vztah medzi vlastnostami teorii a vlastnostami ich hustdt vzhIadom

na postupnost A,

Pespopue
[IJIOTHOCTY TEOPM/ NMEPBOI'O MOPHIKA

Mearn Kopen, Eperuciresa

B cTeThe CTBHASDAHHM CNOCOGOM OnMperxensercs NAOTHOCTL MHOXECTBE
88MKHYTHX DOPMYJa HEKOTOPOro S8NHKE NEepBOro fopafka OTHOCHTEABHO
p.{:3:9:00 ] nocresoBATEABHOCTH 3&MKHYTHX $OpMyX 2TOro AsHka. 3arTeM
CTPOUTCS TeKed OAHO-ONRO3HEUHAS NOCTENOBATEABHOCT: 8aMKEYTHX Qopuyx
f8NKB, HTO BCE TEOPMM B OTOM [3HKE MMEDT NMAOTHOCTHL ¥ CymecTmyeT
Gansxes cese Mexay csofcrsamir Teopmit m cmoficTBeMmM ux naorTrOcTeft

OTHOCHTEABHO MOCTPOEHHONR mnocsenoBeTenrbHOCTH.
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