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ON TRANSFINITE CONVERGENCE IN MEASURE SPACES
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The notion of .the transfinite convergence was introduced by .
Sierpinski in [1] . He proved several results on transfinite
pointwise limits of Baire functions. Other types of transfinite
convergences were studied e.g. in [2] and [3] . This is a note
on transfinite convergence in measure spaces.

Notations and notions. In what follows () denotes the

first uncountable ordinal number. Transfinite sequdnces of the type
Q) will be considered. If nothing else is said, { as}§<n
means a transfinite sequence of real numbers. A transfinite sequ-

ence of reel valued functions defined on a set X is denoted as

{fé } E<n *
In secordence with [1], given {ag} <0 end a real
number a, we say that {°§}§<ﬂ is convergeht to a or

%%_!?1 8 = a provided that for any € > O there is A < ()
such thet for (2 A ,lag-al<e :

Given a sequence {fg} £<Q of real functions defined
on X, then it is seid to be (pointwise) convergent to & function
f defined on X if :;lz?lfg (x) = £(x) for every x e X.

The definition of the uniform convergence of {fs} £<Q
is natural and we shall not introduce it. It was studied in rele-
tion with trensfinite convergence of infinite series, In an obvi-

ous way it is posible to formulate, for trensfinite sequences, va-
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rious types of convergences used in the measure theory. We shall -
give some of them, leaving the formulstion of others to the reade‘r.A .

v The notion of a measure space (X, ¥ , m ) and the related
notions are used according to [4].

A transfinite sequence {fg }'g<ﬂ of real functions de-
fined on ‘X is said to be almost uniformly convergent to a function
f if for any € > 0 there exists E € ¥ such that m(E) < £

and {f§}§<ﬂ converges uniformly to £ on X - E.

A sequence {fg} <O of measurable functions is said
to be convergent in mesassure to a measqrable function f if for
eny  £>0 there is lim m({x :I1fg(x) - £(x)|Fe} = 0.

A sequence { fg }£<Q of measurable functions is said
to be fundamental in the messure m if for any £ > 0, d >0
there exists A <) such that for §, 1)>A, . we have
n({x:1g (x) - £, (x)| Ze}) < & .

The definitions.of the convergence almost everywhere and
the convergence uniform almost everywhere may be formulated in a
naturel way.

Results and proofs. The following two lemmas were used in

the sbove mentioned papers (see e.g. [1] end [3] ). Their
proofs will be ommited. '
Lemma 1, If {ag} £< N is a transfinite sequence

a then there exists an ordi-

of real numbers sucﬁ that 1lim 8
£E<Q)

nel number A< ] such the t 8¢ a for £2 A .

Lemma 2, If { £y } £<0 is & transfinite sequence

of real functions defined on a set X such that {fs}g,_n
is uniformly convergent to f then there exists A< () such

that f, =f for 22, £<N .
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The following theorem in which —-%» denotes any of the men-

tiored types of convergences on a measure space:is also evident

and the proof is omitted.

Theorem 1, Let (X, ¥, m) be e measure space. If

e transfinite sequence {fé} £<n of measurable functions
defined on X 1is such that £y < £, f <5 g, where f and g
are measurable then f = g almost everywhere.

There exists a sequence {fé } t<n ‘of measurable func-
r— thet fy %> f, f, “4>g where L4 and £Lt5 are
two different type of the mentioned convergences and f is not

equal to g almost everywhere.

Example 1. Let (X,¥9, m) be as follows:

X = {17 :m<} ,Y¥ is the collection of all subsets of X
which are countable or have a countable complement. The measure
m is defined as m (E) = 0 if E 1is countable and m(E) = 1

if E is not countable.

For any £ < 02 , let
‘ 0 Cif £«
fg (‘)] ) = < . 1’
1 if &zq
The sequence {fi } g<n converges pointwise to the

measurable function f which equals 1 in any n e X. It
converges in measure to the function g which equals O in any
n € X. -

The following theorem shows that for the transfinite sequen-

ces of funeétions it is useless to introduce the almost uniform con-

vergence.
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-T"h e or em 2., A sequence {fg }_‘4“ converges almost

uniformly to f if and only if, it is convergent to f uniformly
elmost everywhere,

. f.. . . -
Proof . Since the suficiency is trivial, let us prove

the necessity. For the numbers % n=1, 2 ... there exist
En e Y suck thet m (En) < -—%— and the convergence is uniform

in X - E . Hence there exists /'Ln<ﬂ. such that fg (x) = £(x)
for & 2 A g

be such thet A ZA, forn=1,2, .. andlet E= A_E.
n=1

end all x € X - E (see lemma 2.). Let A< )

We have m(E) = O and the convergence of {fg } £<n

is uniform to f =f; on X - E. The proof is finished.

The following two theorems charecterize the convergence in

measure and the fundamentalness in measure.

Theorem 3. Atrensfinite sequence {fé }£<_ﬂ of

messurable functions is convergent in measure to 2 measurable func-
tion f if and only if there exists A < ) such that for any
§2 A, <N there is Ege ¥ with m(Eg) =0 eand f;(x) =
f(x) for X &€ X - Eg.

Proof . The sufficieney is obvious. So let {fglecn
be convergent to f in measure, Since for any £€>0
];.il}l m({x :fg (x)-‘f(x) |2€}) = 0; there exists, according to
Lemma 1, Ag< ) such that m({x: | g (x) - fix)lze } ) =0

for 2 Ag, E<n2. .

Hence there exists for any £ 32 Ag & set E;'e.? with

m(ﬁI:) = 0 and lf‘(x) - f(x)|<€e for x e X - EZ . Put succe-

ssively E=¢&, = —3;— ,n=1,2,3, ..., and denote EZ" =
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= E;‘ » Ag = A, . Let A4<(] be such that A>A, for
n=1, 2, ... )
Further let Eg = 34]5“. We have E;e S, m (Es) =0
n=

for any £>A and
0f (£, (x) - £x) | < L for x'eX - B
Hence for x e X - E; we have fg(x) = £ (x) .

Theorem 4. A transfinite sequence {f(} (.

of measurable functions is fundamental in measure if and only if
there exists A< 0 such that for any two £ , n>A there
is Egne ¥ with m (Eg,, ) =0 and f (x) = £, (x), for
xeX-~- Eg,' °

Pr oo f, The sufficiency is again evident. Necessity. For :
any n, k=1, 2, 3, «ss there exist ‘,}Lnk <N such that for

€1’)gﬂ'nk
mifx : 12 () - £ (0 FE1) < 4

For every n let A, < ) be such that A,>A, for
k=1, 2, .... For g,q)>/'lh we have

m(ix:|f(x) -2, )| F-L})=0

Putting E';,' = {x:lf (x) -2, (x)] z -%-.} we have | f; (x) -

-‘r,,,(:)l(—%r forany £,7 £ 1, and any xex-E'é,,'.
_ Further m (E?,,, ) =0, Let A> ;t.,, for n=1, 2, ... be such
that A< () . Putting B¢, = nﬂz E?’, we have = (Eh) = 0 end

for £, 9>2 o‘fg(x)Sf,,l (x)| forany xe X - Eg, .

Theorem 5. A transfinite sequence {fg } £<0 con-
virges in measure to a measurable function f if and only if it is



fundamental in measure.

Proof ., Let {fg} be convergent to f in measure.
According to Theorem 3 there is A< N such that for any
£ >A there exists Ege ¥ with m (E¢) =0 and f; (x) =

=f(x) for xeX-E . Let £, n>A .Put E = E¢UE,.

£ "

We have m (Eg,’) = 0 and rg (x) = f,,, (x) for xeX - Eg,),.
The result follows from Theorem 4.

Conversely, let {f¢ ] be fundemental in measure. There
is 2< 0 such that for £, »2 A exists Eg,, € ¥ with
m (Eg,) =0 and 1 (x) = £, (x) for xeX- E¢, » Hence
z, (x) = £, (x) forany x e Egae So {fé }§< O converges
in measure to f, .

. One of the well known theorems on the convergence in measure.:
spaces is the Jegoroff s theorem (see [4] p. 88) affirming that
the almost everywhere convergence of measurable functions on a set
of a finite measure implies the almost uniform convergence on that
set. It is also known that the theorem is not necessarily valid if

:lhstead of the sequences {fn | B N the convergence os systems
n=

£ (t, x) of real functions, where t is a resl parameter, is con-
sidered (see [5] , [6]). The problem was considered also far
functions with values in more general speces (see [T], [8], [9]).
When transfinite sequences {fé } £<Q are considered then Je-
goroff ‘s theorem in general is not valid. The sequence in Example

l. serves as an counterexample. But the following is a necessary
condition for validity of Jegoroff’s theorem for transfinite sequ-

ences of real valued measurable functions.
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Theorem 6. A necessary condition for validity of Jego»
roff ‘s theorem for transfinite sequences in a measure space
(X, ¥ m) is:

a) For any set E € ¥ of finite measure and any transfinite
sequence {Eg } §<0 of measurable sets such that E, c E,
for <N ,< N and such that UEf=E, 1lim m (E) =

M y P €<0 £ ’ §<’.Q.
= m(E) holds.

- Proof . Let the condition a) be not valid. Take a sequ-
ence Ece¥ ,§< 1 such that ;langs Ee ¥ end E, c E,
for w<v ,w, <l with 1&1:_10 m (E) = m(E).

There exists A , A < {2 such that lim n(E;) = m(E,) and
m(Es) = m(E;) for {22 . Hence m(E - E;) = m(E) - m(Ey) > O.
For any £<[() put fg (x) = zeg(x) and f£(x) = ¥ p(x) for any
x € X. (g, denotes the characteristic function of the set A.)

The functions f; are measurable and lim 1 (x) = £(x) in eny
point x € E. But the convergence is not uniform almost éverywhere.
In fact teke N e ¥ such that m(N) = O. Let & = —4- and A<Q
any ordinal number. There exists x ¢ EA.+1’ x, ¢ N, x,€E.
Hence |f,,, (x,) - flx,)[=1> —%—- =g .

Note. The convergence elmost everywhere of {fg } £<n
to f in general does not imply the convergence in measure to f.
(see example 1). '

It may occur that a sequence {fg } < of measurable

functions converges in measure to a measurable function f but
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does not converge almost everywhere to any measurable function.

Exemple 2. Let (X, ¥, m) have the same meaning as
in Example 1. Let Ec X be such that E ¢ ¥ . Define a sequence
{f }§<_Q as follows:

Given £<.N

fg (n) =0 it m=2¢

’ o} if ¢ E
if < then £, (n ) ={ "
" g g " \l if n e E
The sequence {fgi £E<N is a sequence of measurable func-

tions which converges in measure to the measurable function f = 0.
But the sequence is pointwise convergent to the nonmeasurable func-
tion x E Hence {fé} §<N . does not converge to any measu-

rable function (see Theorem 1).
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Sdihrn

O TRANSFINITNEJ KONVERGENCII V PRIESTOROCH S MIEROU

TIBOR NEUBRUNN, BRATISLAVA

V priestoroch s mierou moZno definovat rczne-fypy konvergen-
cie aj pre transfinitné postupnosti. Vztahy medzi jednotlivymi typ-
mi konvergencif nie su vZdy analogické vztahom platnym pre konver-
genciu oby&ajnych postupnostf. V mréci sa skimajui rdzne typy kon-
vergencie transfinitnych postupnosti na priestore s mierou.

Okrem imého sa tieZ udédva nutnd podmienka k tomu, sby pre trans-
finitné postupnosti platila veta analogick4 Jegorovovej vete.
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PE3DME

O TPAHC®MHMTHO! KOHEEPI'EHLMM B IIPOCTPAHCTBAX C MEPO#

THUBOP HOMEPYH, BPATHUCJIABA
B npocTpaHCTBE C MEpOi MOXHO ONpejeJKTh DaSINMUYHNE TNOHATUS
KOHBEpreHUuM, TaKXe AJAS TPaAaHCOMHMTHHX NocJejoBaTesbHocTeli., He Gce
CBa3H ;exay STHMM THNAMM QHAJOTMYHH CBASAM MEXAy OOHKHOBEHHHMM
nocJefOBaTeJNBHOCTAMN, B paboTe mccaenyeTcsa CUTyauus B caydyae pas-
JAMYHHX TUNOB TpaHCOUHMTHONK KoHBepreruuu. Takxe yYCTaHOBJEHO HEOOGXO-
AuMoe YyCXOBME IAS TOro, YTOOH TeopeMa AHAJOTHYHAS TeopeMe EropoBa

OnJa BepHa.
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PAIRING FORMULAS FOR TRIPOLYKAYS

FRANTISEK LAMOS, Bratislava

l. Introduction

a) The polynomials of the present paper, called "tripolykays"
are symmetric functions in the sense that they are invariant under
permutations of any of the subscripts. This family of polynomials
is an extension, from sets to matrices, of the family of symmetric
polynomials ky, k2’.kll’ k3, ki5y eee eteo, defined by Tukey (3]
and Hook [4] called "bipolykays" and which are a generalization
of the family ki) k5, oo, ete, defined by R. A. Fisher [1] .

This paper defines the tripolykays, shows that they are inhe-

rited on the average, develops the formulas for use in rendom pai-
ring.
b) Generalized symmetric meam is the function which to each

system of real numbers X171 o+ s Xpngy asociates the number

I, P
o b 4 oo
M 1yd1ky Hadgky

where M is the number of ell summands i, i, +.. € {1, 2, «ou,r),
i, # iy, i3 #_12, :i.3 7 i)y <o &nd similarly for 'ju’ k.

For example % > xil‘ilkl xijzkz
t

r s s t 2
PID I IR 5,:1-"11311:1 x3JoK;

o

denotes
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3y ¥ Jor kK F Ky

Obviously M = rs(s - 1) t (t - 1). Let the sum of exponents
be n. All terms of the sum can be expressed in the form of pro-

duct of n coefficients, e.g.
‘i;k"i 5Ky i ik Fin §ok,Fin
191%1 1 d92%2 191Ky 1331k 74, 358

Consider n-tuple of symbols {pl, eeey Pp} in our case it
is a triple {paqr}. Let as define the partition o« of this set
so that two symbols Pi» P; are in the same class exactly, when
the first indices in i-th or Jj=-th coefficient are equal. In our
example aﬁ three indices are equal, therefore all pqr belong to
the same class. Then partition « consists of only one class
{par} . Similarly we define partition /5 of the set
{ql,qu, ceey qn] in dependence on the second indices. In our
example the second indices of the first and the second member are
equel but the third member has the second index different. So A
is combined of two classes {pq} , {t} expressed

P= {pq, t}

Analogicaly we construct partition > which in our case has

the following form
7 =1{prq, r}

Generalized symmetric mean is characterized by the above-
mentioned triple of paﬁitim o, A % ) therefore we denote
it by o< /p | p> . Prom geometrical point of view even the
matrix of entries is suitably applied in [41 .

For example:
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{pasv, u/pgsv, u/pq, svu ) =
1 2

2
= Z‘i s kx- s s xi
Tr - D s - s o o v i ke

NE

2 2
r(r = 1) s(s - 1) t(t - 1) Lk 1"1"2 252k2

or

Sings <a> , <p> eand similar, denote symmetric means
of partition « , A of a set {Pys Ppy eeey Pp} o If o is the
minimal partition, e.i. its claesea‘are Apy} 5 {Po} cees {p‘}
then we define the polykay (o) formally as symmetric mean in the
following way:

(o) = ()

For arbitrary symmetric mean (o> we define the polykay
(c¢) of the degree of m with the help of recurent formula by

equation
(ot D> = (o) + 2 (p)
pel
where r; is the set of all propre ‘subpartitions [ of partition

of ¢ « E.g. o ={pq} consist of the only class,

(p, @) = <p, Q>
<pa)> = (pa) + (p, @) = (pq) + <p, Q>
then )
(pa) = <pa> = <p, 2>

Thus each polykay (x ) can be expressed as a linear combi-

nation of symmetric me;na <'oci> y 121, 2, ¢ee, m.
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() =2185 <ayd
similar is true for the rest.

Let G be a set containing M elements. Let f be a real
function defined on the set c_ of all subsets of G containing
m elements. Then we define ave {f} as an aritmetic mean of all

\

values of f(w), meCp, e.i.
-1
M.\
ave {f} = () Mgc'i:(,w)

Let the real function g be defined on the set of all permu-
tations Pm of a set containing m elements. Then aver g is an

erithmetic mean of all its values, e.i.

aver {g} = e 3 glz)
m! vefR,

The mentioned definition is related to the case when we con-
sider two distinct sets (xl, Xy seey xm) . (yl, Yor seey ym)
and we form a set of type

n * byt ey
where & (1), £(2), ¢e., €&(m) is a permutation of numbers

1’ 2’ eecoy m.

2, Pairing formulas for tripolykays

We define a "dot-multiplicetion” for symmetric means as fol-

lows: .

oo IP 1) if o, B consist of the same symbols
Ca X pXpy (RT3 b

o otherwise

Definition 1. The tripolykays (oc/ﬁ['r)rare de-

fined es
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~
R
~N

=

Alp) = (a)(p)(p)
where « , 5 end § are partiticae er. the same set of symbols,
where it is understood that (o ),. (A) and (9r) are expresed
as sums of symmetric means before the dot-product is taken.

22

1 =
Exampl e . Consider the tripolykay (

l == 1
( l ) = (q, t/qt/q, t) =

(q, t)(at)(q, t). = (q, t> [{qt) - (q, t)] <Kqt) =

{q, t> {aqt) <q, t) - <q, t> <Kq, t> <q, t) ="

(q, t/qt/q, t) =~ {aq, t/q, t/q, t>
(1_-‘- 1> [1 -’- 1] ['1»-|- -]
- eole - - eole - - =l= 1

Definition 2. In dealing with two different popula-

tions, we define -

[ <ad, <AL <T>,<J>.,]'[<5>*<§ w1 =< X d<e ] [P X )],
and by extension this provides a meaning for any expression which
is formaelly written as a dot product of linear combinations of
terms of the type {(x ), <A),,.

Lemma 1.
ave aver {(x){p>{y)} ={ave aver (a)}{ave aver (/4)} { ave aver <{p
ave aver {(x)(3)(7)}={ave aver (x)} {ave aver (p.)}{aveaver (7}

(Dot product the expressions ave aver o, ..., etc. having
meeaning only from the definition just above. Similarly for the tri-
polykays, which must be expressed as sums of g.s.m. before the

above definition gives them meaning).
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Proof is evident.

Lemme 2. (a)(8);(7), ) 06), €)= {)p)Nedl, (AT )E

(Each side of this equation has the meaning, each polykay has
been written as a linear combination of symmetric means). Proof

is evident.

Defimition 3, A aiinple dichotomy of a partition

« is & set {x;,x,} of two partitions o, end «, , such
that it has the property that each part of &« belongs entirely

to “‘1 or to “2'

Definition 4. The tripolykey (x/B /) is said .
to be decomposable if there exist simple dichotomies {al, 062} ’

{py, by} and {p,, 75} of pertitions «, B, 7 such that
xqy,4; and ¢, consist of the same symbols and neither

%3146, mor 2, is null.

Theorem 1, If 2,p eand { are arbitrary partitions. -
If a tripolykay (a/p /7y ) is indecomposable then its pairing
formula is ’

ave aver {(x /A /p)} = (e /B/plg*+ (/B /7 )y
Proof.

ave aver {(a/p/p)} =aveaver i («)(A) 7)) =

= { ave aver ()} { ave aver ()} { ave aver (7 )} =

= 20 (agd (ay) 22 (A (o) o 32 (py) (p)
R L SURGEURD IR FURY s 1

by definitions,ly Lemma 1, where the first sum extends -over all
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simple dichotomies {ocl, oy} of o end similerly for the second
and for the third sum. Hence by Lemma 2

ave aver {(x/p/7)} =
= 2{(aq) (By) () ol (ay) (Bo) ()
gl 107‘10} { °’-2oof~"2007‘2°°

Since {x,,x,} is & simple dichotomy of o , then o,
is a partition consisting of some of the parts of o . Similarly
/.‘>1, T1 consists of some of the parts of 4 and /. The

expression (ocl)o(/bl)o('rl)o venishes unless o ,, A, and
T1 comprise exactly the same symbols. Thus the nonvanishing
terms arise when
1. %q =, ,“’13/'5’ 7‘1’7‘:.“2= /‘52' 72 =g
then 4 .
(xq) (A) (ra) }o{(ay,)d (BA)) (p,) 1 =
¢ 1y Pl T, 2%50 2750 279

= { (@) (B) (p) F.{@) (@) (B) }=(x)(p)(p) =
(0] 0 0 00 00 00 0 0 ]
= (a/B/ )
o /)"o

2. mlz/bl:’rl:ﬁ, 01.230(../523,6,7*2-7"'
then

(ac) (B) () = (/p/P)
OO/bOOTOO 7‘00

Ex_amglg.Ifocs {ra, t}, fb-.{tq.p} .7"'{?‘1) p}
then

ave aver { (/A /y)} =

= , t) (¢ (¢ () ¥) (@ +
{ (pa )o( q, p)o q, p)o} { )oo >°° )oo}
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+ { @ @ @ } {(pa, t) (tq, p) (tq, p) }=
0 0 0 00 00 00

= (pq, t/ta, p/tq, p)o + (pa, t/tq, p/tq, p)oo

ave aver {(a/p/p)} = (oc/b/'r)o-'- (oc//b/'r)oo

Theorem?2. If &,/ and / are arbitrary partitions.

If a tripolykay (o« /p /9 ) is decomposable and is the product
of indecomposable components (oci/ /bi/ 7‘1), then the pairing for-

mula is

ave aver { (a/p/7)} = (oc/ﬂ»'/yn)o L% DI

+ X (/P Cay/ Byl 1ry)
0] 00
where the summetion extends over all simple dichotomies of
a, by '

Proof ., First part of the proof of this theorem, being
virtualy identicel with that of Theorem 1.

Thus the only nonvanishing terms arise when

1o wg=0, hy=hb, pr=7,x,=b,=p, g

2 ay = By=T =8 ay=c, by=h, P,

3. 3 =Ry =7,, ¥, =/, =7, and none of this is null.
The tripolykey is decomposable, case 3., gives exactly the

“v"vhrious terms that correspond to the splitting of the tripolykay
int‘.o indecomposable components.

Example,If = {pq, 8}, A={p, q, 8} , 7=1{pq, 8}
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then

ave aver {(ax/p/p)} = (pq, s/p, q, 8/pq, 9)0 *

A\
+ (pq, s/p, q, 8/pq, 8) + (pa/p, o/pq) (8/8/8) +
00 0 00

+ (s/8/8) (pa/p, /PQ) = (/B/p) + (x/p/7) +
0 00 o 00

+ 22 (g / by 'rl)o (“2/.62/7.2)00
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Sdihrn

VZORCE NA VYTVARANIE DVOJfC PRE TRIPOLYSTATISTIKY
FRANTISEX LAMOS, BRATISLAVA

V prédci sa vySetruji funkcie, ktoré sa nazjveji tripolyitatis-
tiky a ktoré ali definované ako linedrna kombinédcia zov3eobecnenych
symetrickfoch priemerov. Nedvlizuje na préce, ktoré sa zaoberaji né-
hodnym tvorenim dvojfc dvoch r8znych mnoZin. Hlavny vysledok moZno

uviest v nasledovnej vete:

Nech o, A, a si YubovoIné rozklady nejakej mnoZiny zna-
kov. Nech tripoly3tatistika (a/A/p) je

1. nerozloZiteInd, potom plati
ave aver {(/p/p)} = (oc/b/r)o + (a/p /'r)oo
2. rozloZiteInd, potom plati

ave aver {(a/A/7)} = (a.//b/'r)o * (m//b/r)oo*-

+ 7 (ool/ﬁllrl)o(oozllbzlrz)oo

kde ave znamend aritmeticky priemer cez vybery a aver znamend _

aritmeticky priemer cez permutédcie prvkov mnoZiny.
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PE3DME

$OPMYJH [Jid OBPASOBAHMA IIAP TPUIOJUCTATVCTHK

OPAHTMIIEK JIAMOUWl, BPATHCJIABA

B craTe McaenynTcs QYyHKUMM, KOTOpPME HASHBADTCHA TPHIOJAMCTA-
THCTHKM M KOTOPHE onpefeieHH Kax JMHekHAS KoMOMHAUMA 06oOmEHHHX
CHMMETPHYECKHMX CPefHMX, 3Ta paGoTa ABALETCA NPOJOAXeHMeM palorT,
KOTOpDHE BAHMMADTCSH CAYUYAXHHM o6pasoBaHMEM Nap ABYX DASJIMYHHX MHO-

xecTB, ['aBHHil pesyxarTaT cTaTk 8agaE B cJaenyvmeik Teopese :

Nycrs o , /A | 77 TpPOMSBOJbHHE DAasOMEHMS HEeKOTOPOro MHOXeCTBa

aHakoB, [lycTer TpUMmoOJAMCTATHCTHKA
1. HeposJoxXMMas, TOrZa MMeeT MeCTO
ave aver {(w/8/7)} = (a/B/ Py + (/B /D)y
2, pasioxuMas, Torza '
ave aver {(a/B/p)} = (w/b/ply+ (a/h/ )y +
+30 (oey/ By/ '7'1)0(052/L52/7'2)00 ‘
Kie ave O8HauaeT cpejHee apupMmeTHUECKOe BHOODKM M &VEr OsHA=-

4aeT cpeAHee apNPMeTHUECKOEe NEpPeCTAHOBOK eJeMEeHTOB MHOXeCTBa,
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MATHEMATICA XXXV - 1979

SOME FORMULAS FOR GENERALIZED SYMMETRIC
MEANS (G.S.M.’S) AND TRIPOLYKAYS

FRANTISEK LAMOS, Bratislava

l. Introduction

.~ The distinct generalized symmetric means of degree 1, 2 and
3 have been listed in [2] and for degree 3 the notations have
been use Up, Upy eeey Ugqge For example generalized symmetric meen

of degree 1 over a trisample is

)] g

The tripolykeys are linear combinations of g.s.m. s. Those d
of degree 3 can be expressed in similar notation and they will be

denoted by Uy, Uy, «esy U37, (ef. [31 ).

2. Conversion formulas. for g. s.m’s

and tripolykays

The following conversion formulas apply to the tripolykays
of degree 1 and 2:

et (et ) I e b
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+ + + +
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1 [ [ | LI | LI |
LI | 1~ 1~ "~ [ I |
- | - - ~ -
| W — == J 1 J L =3 |
] ! L] + !
r — r r — 1 | e | r 1 L A
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- | -~ ~ -t - 1 -~ | ~ |
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The distinct tripolykays of degree 3 will be denoted by U’s.

U=y

Uzzul-
U = yy -
U4=u4-
Us = u5 =
Us = vg -
Ug =g =
Ug = ug -
U9=u9-
U0 ® Y0
Up = vy
U2 = 9o
U3 = 43
Uiy = My
Uis = W5
Uis = Mg
U17 = g
Ui = Wg
Upg = g
U0 = Y20
Uzy = U5

-3 .

~

e |

b

o

u3-u2+ul

u4-u2+u1

u4-u3+u1

Uy =Wy + 1y

YmhtYy

-04-\13"'“1
-u7-u6A-u5+u4+u3+u2-ul
-ue-u7-u6+u‘+u3+u2-ul
TUTUpcUgtu Uyt -y
TUo TV T U5ty tuytuy -y
Y0 "9 Vgt Uyt U3ty muy
-3u2+2u1

-3u3+2u1
-Ju‘-+‘2ul
-uls-na-2u5+2u3+3u2-2ul
-u17-u8-2u5+2u3+2\12-2“1
-um-u9-2%+2u4+3u2-2u1



Upp = Uy, =

U23= u23 -

Upy = Uy =

U25= u25_
+2u6+

w
w
"
u=
w

==

ul7 - Uy - 2u7 + 2u4 + 3u3 - 2u1

- u9 - 2“6 + 3u‘ + 2u2 - 2u1

Ug = Ujp = 2uq * 3uy + 2u3 + 2u)

M T

U1 < Y9
2u5 - 2u4
Y52 = Y59
2u6 + 2u5
Upg T Up3
2u6 + 2\15
Y1 < Yo
2u5 - 2u4i
Wy = Ban
2u5 - 2u4
Upg = Y23
2\16 -; 3“4

+

2u3

b
2u4

Y18
31.:.4

Y6
2u3

b b 4
3u3

U1g
2u3

Y3
3u2+

Y14
3“3 =
Uig <
Y15 =
3u2 +

2u2 +

2u2 +

Ujp = Ujy *ug tug 2wy 4+
2ul

Yo =Ygy + 9yt ug t

2u2 + 2u1

Uz = Uy + g tug +

2u2 + 2u1

2ujy * 205 *ug +ug +

2u1

2u)y = g + 2ug + ug +

Zul

2ujp + Uy +ug + 2ug +

2u1

~

3uyg = 3upg + 2upg + 2upg + 3ug + 6ug - 6uy -

4uy

3u23 - 3u21 + 2“18 + 2u15 + 3u9 + 6u6 - 6\14 -

4uy

Uy = Juy

4ul

+ 2“18 + 2u17 + 3u1° + 6u7 - 6u4 -

Wiy = Upg = Upg = 2Upg = 2upg + 2uy, + 2uyy +



-34 =

+2u12+2u11-2u10-2u9-3u8-4u7-4u6-6u5+4u4’-
+ 6u, + 6u, - 4u
3 7 O 1
Uss = U3g = U3p = U3p = Upg = 2Upg = 2Uy5 + 2uy, + 3uyy +
f 3uyy + 2upg - 2upg - 2upc + ug *+ 2u, +;2u13 +2u, +

+ 6u2 - 4u1

U = U3g = U3z = U3g = Upg = 2Upyg = 2Upg + 3u,, + 2uyy +
* Uy *2uy5 - 2ujg - 2ugg +oupg + 2up, * 2up5 + 20, +
+ 20y, = 3uy, - 2u9 --.2u8 - 6u7 -'4u5 = 4ug + 6u4 + 6“3 +

Uy ® Ugp = 3u3g = 3u35 = 3ug, + 2ugy + 2uy, + 2u3) + 3uy, +
* 3uyg + 3upg + Buyy *+ buyg + buyg - 6uy, - buyy - Guy, -
= 6uyy - buyg - buyg + dujg * duj, + 4uyg - 3u g -6uy, -
- 6u13 - 6u12 - 6u11'+ 6“10 + 6u9 + 6u8 + 12“7 + 12u6 +

The conioraioi formulas of degree 3:

w=0

Wl + 74

u3 = U3 + U1

u, = U, + Uy
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Rl vy U0
U =Ug * Uy * U + 1
b Ay R R
g =Ug+Uy+ Uy + 1)
Ug =Ug + Uy + Uy + Uy
Uio * Ut Uy * U3+
Uy +Up + Ug + U + U, + U3 + U, + 1)
l.llz-u12+U8*U7+U6"'U“.'U34'U2"'Ul
13+Ug+u7+U5+u4+i13+u;_,+ul
Uy = Upy +Upg* Ug + U + Uy + Uy + U, + U
Uis FUQG Uy + Ug + U, + U3 + Uy + U
Ue = U * 3V + Uy
Vg ® Uyg + 35 + 1
Ujg ¥+ 30, + Uy
Yig = Upg * Uy * Ug + 2Us + U3 43U, + 1)
Upg = Upg *+ Upg + Ug + 2U5'+ 30 + B, + U
Y21 = Uy * Uyg * Ug + 2 + Uy + 30 4 Uy
Yoz * Upp * Upg * Upg + 2Up + Uy + 305 + 4y
Ny = Upy *Upg * Ug + g ¥ 3y +Up+ Ty

Yaq ¥ Upq * Usg + Upo + 207 + 30, + U3 + Uy



Y25

e,

Yar

s

9

Y32

+

Uzs

- 36 o

* Uy *Ujg *Upg + Uy + Upp + Uy + Ug + Ug +

U7** EU6 + 2U5 + U‘ + U3 + 302 + Ul

Uz

*Uyp ¥ Upg * Upp + Upy + Upp + Upy + Ug + 20, +

Taq

2Ug

Vg
20,

Usg

U30

U3y
30,

U2
3U,

U3
3,

Uy

+ U24 + U23 + Uia + 014 + 013 + U11 + U9 + ZUT +_

+ U5 + 2U4 + U3 + U, + U

* Uy +Upg +Upg + Upg + 203, + Uy + Ug + Ug +

+ U4 + U3 + 302 + Ui

*Up + Uyg + Upg + Upg + 2035 + Upg + Ug + U +

+ 2U5 + U4 + 3U§ + UZ + Ul

* Uy * Up3 * Uyg + Upg + 205, + Upy + Ug + Ug +

+ 2U6 + 3U‘ + U3 + 02 + Ul
- .

* Uy * 3Upg * Upq + Ujg + 3Ug + 6U; + 3U4 +

+ Ul

+ 3U23 + 3U21 + UlB + U16 + 2U9 + 606 + 3U4 +

+ Ul'

gy *3Ugp * Upg * Uyg * Uy + 6U7 + 30, +

+ Ui

* U3y + Uyg + Upg *+ 2Upg + 2Upg + Uy, + Uy +

3Upp *+ 3Uyg + Upg + Upg + Upg + 20y, + 2Uy5 + 20y, +



- 37 =
+ 2011 + Ulo + U9 + 308 + 207 + 2U6 + 605 + 04 + 3U3 +.3U2 +
+ Ul
Uyg = 035 + U32 + 030 + U28 + 2U27 + 2025 + 024 + 3U23 + 3021 +
+ ?19 + Ula + U16 + 015 + 2014 + 2013 + 2U12 + 2U11 + Uio +

+ 3U9 + Ué + 2U7 + 6U6 + 205 + 3U4 + U3

+ 302 + Ul

Ugg + Ugy * Ugg + Uyg + 2Upy + 20p¢ + 3Up, + Upy + 3U,, +
*Uyp * Upg *+ Upq + Upg + 2y, + 2Uj3 + 20y, + 2Up) + 3Up, +
+ Ug + Ug + 6U; + 2Ug + 205 + 3U, + 3U; + U, + U;

U7 % U377 ze ¥ U35 * 3Uyy * Uyy * Ugp + Uy + U360 + 3Upg +
+ 3Upg + 6Uyq *+ 6Uyg + 6Uyg + 3Uy, + 3Upy + 3Up, + 3Uyy + 7
* Uy * 3Upg * Upg + Upg * Upg + 3Up5 + 6U), + 6U;, + 6U 5 +
+6U), + 6U)) + 3Upg + 3Ug + 3Ug + 6Uy + 6Ug + 6U + 3, +

+3U3 + 30, + Uy

3. Multiplication formules for

tripolykays

The usefulness of the property of inheritance on the average
is pretty well limited to the case where functions having this pro-
perty occur linearly. Any polynomial in tripolykays for one trisam-
ple, however, can be expressed as a linear combination of tripo-
lykeys for that trisample, given the proper multiplication formu-
les. We give below the multiplication fofmulas for tripolykays.



+

x x + 2: b 4 Xs + b 4 b 4 hd
2 ok idik,  F ik ok = 1 dak An 01K,

+ x A x + x O x - x R x o +
§ 1,3,k 71,35k = 139k 150,k ; 191k 1535k

I

+

x & b <
& 1y9:k 4535k,

G e ) Pt e g

1-f--= 1-|-1
+ (8 -1) (¢t - l)[ 1 ]+ (r - 1(t - 1)[ - _I_ - ]+
1 == =
+ (r-1)(s - 1) [_ 1| - _]

‘ 1 - - -
+ (r-1)(s ='1)(t = 1) [ l? 1]

Then after a little manipulation we obtain
]

N e e Y et g P G i

N Gt i T Gl B E N Gt L



1
+ 8 ( 1

2|
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e (I D) eme (2 2]27)

Products of tripolykays of degree 1 and 2 are more complica=-

ted, therefore we introduce only results.

l -
rst \ _ _I

rst

rst

rst

rst

rst

(2:

(2:

). (2

-1

el 1 -

1l

)

)

o)

o)

|

)

2015 + 2014 + 2013 + 2U12 + 2rUlo +
2303 + 2108 + 2!0# + 2506 + 2t05 +
2rsU; + 2rtU3 + ZatUz + ratUl

2U30 + 2027 + 2r024 + 23023 + rsU18 +
2tq12 + 2tU11 + 2rtU7 + 2utU6 +

retU‘

2028 + 2025 + 23U21 + 2t019 + stUls +

2rU14 + 2rU11 + 2raU6 + 2rt05 + rat02

+
2029 + 2Uyg + 2rU, 1 2tU2°A+ rtUl7 +

2BU13 + 23U11 +.2rsU7 + 29tq5 + ratU3

203‘ + tU31 + 2’“26 + 23025 + rt020 +

at019 + ZraUlz + ratUa

2U36 + rU33 + 2!U27 + 2t026 + rle‘ +

rtUz2 + 20tUl4 + rstUlo
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]

[ ]

L d
—_
[
"\
1 1!
"
—
e
—
-
L ]
LI |
[}
~—
"

2035 + 3032 + 2rU27 + 2tUa5 +

+ rsU23 + stUzl + 2rt.U13 + rstU9

"

e (PI00).0200)

037 + rU36 + 3035 + t034 + rspBo +

+ rtU29 + etU28 + ratU15

The multiplication results of this section enables us to find
the variances and covariances, in taking trisamples from a popula-

tion matrix, of tripolykays of degree 1, 2 or 3.
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Sihrn

NIEKOIXO VZTAHOV PRE VSEOBECNE SYMETRICKE PRIEMERY A
TRIPOLYSTAT IST IKY

FRANT I5EK LAMOS, BRATISLAVA

8lénok hovori o v3eobecnych symetrickfch priemeroch a o tri-
poly3tatistikdch. Opisuji sa obrédtené vztahy medzi tripolyStati-
stikemi a v3eobecnymi symetrickymi priemermi. V zdvere su odvode-

né vztahy pre su¥in tripoly3tatistik 1 a 2 stupna.

PE3KME

[IECHONBHC OTHOUEHMA 4iJid OBOBIEHHHX C/MMETPWUECKMX CPELHMUX
W TPANCLACTATACTHYK

SPAHTHUIEK JAMOU, BPATACJLABA

B craTeu usyuanTca 06OCmMEHHHE CHUMMETpPMYECKNEe CpelHMe ¥ TpH-
NONMUCTATUCTUKM, OHMCHBADTCA COOTHOMEHUA MEXAy TPUNOJMCTATHCTUKAMM
¥ 06OCmEHHHMN CUMMETDUUYECKUMYU CDEeIHUMM .,

b XOHLUe CTATbYM MBJOXEHH COOTHOWEHMS LJAS NPOMBBELEHMS TPUNOAM-

CTaTUCTUK J-0i M -0l cTeneHei.






UNIVERSITAS COMENIANA
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE

MATHEMATICA XXXV - 1979

CLASSICAL RUNGE-KUTTA FORMULAS OF THE FIFTH
ORDER WITH RATIONAL COEFFICIENTS
FOR AN ORDINARY DIFFERENTIAL AQUATION
OF THE FOURTH ORDER

JAN STEKAUER, Bratislava

The contents of this paper is the numerical solution of an or-
dinary differential equation of the fourth order by means of classic-
al Runge-Kutta method. The requirement all coefficients to be ra-
tional numbers is given. Conditional equations are then identically
fulfilled in contrast to the case, vhen the coefficients are roun-
ded decimal numbers. The formulas of the 5th order are derived and

in addition weights are Newton-Cotes numbers.

1., Formuletion of the problem. Let us consider the differen-
tial equation

’ oo
)

(1.1) ¥y = tx, v, ¥,y
with) the initial contitions
(1.2) v () = y{P, 120, 1, 2,3

Denoting y = u, we can transform problem (1.1), (1.2) to
the problem for the system of four differential equations of the
1lst order

(1.3) CHE R u£ = £(x, uy, vy, Uy, y), 1=0,1,2
with the initial conditions

(1.4) uy(xg) = wyg, 120, 1,2, 3
which is equivalent to the problem (1.1), (1.2).
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Let the solution

(1.5) u; = Fy(x), i=0,1, 2,3

of the problem (1.3), (1.4) exist. Then our task is to determine
the increments Ky of functions Fi(x), for i=0, 1, 2, 3, if
the increment of the independent variable is h:

(1.6) Uy * Ky = Fylxg + h), i = 0,1, 2, 3

é; The Taylor series method. Expending the right sides of
(1.6) in Taylor series with respect of (1.3) and (1.5) we have:

-1 .3 oe J o
h h (j+i-4)
(2.1) Ki = j%al r uj,._i,o + %-i T b 4 (XO",'OO’“IO’uZO’u_}O)’
i=o0,12
oo .
Y _(j-1)
(2..2) Ky = g;i ¢t (xgy» Uggr Uygr Yoy U3g)
For the simplification of the following derivation it is
useful to introduce some symbols. If we denote

(2.3) r(x, %, ul,.\l2, u3) L f

0 p+q+r+s+t . P
=
3xPIudduTIuBIut arfst

(2.4)
we can introduce the operator

k
(2.5) ¥ ¢ =D (p, q, r, 8, t)
L1y 43, T PRgerrertex

q
. Pe. autr osat
11+q,12+rf;3 + 8,4+t Loyt

where k, p, q, T, 8, t, i, i,, 13, 14 are non-negative integers



- 45 -

k k!
and (p, q, r, s, gl ® pTqTrTsTer is the polynomi:} coefficient.
ros,

In the denotation (2.4) we shall omit "unnecesary" We shall also
write only x, uy instead of Xqy U3qy for i=o,1, 2, 3.

It is easy to show, that

’

k = pktl k-1

+ gDkl

+ s £ s
. 1112 i3+1,:|.4

k-1
u,D L P +
3 11,12+l :1314

k=1
+ DfD L. )
1112 13,i4+1

Using the relations (2.3) - (2.6) and denoting

(2.7) Ay=t2 '
(2.8) - A = Df

(2.9) A, = P2 % up y0f + up )£ 4+ £F o0+ £ DE
(2.20) a4 = D3¢ + fOIsz + fngf + 2,0 +
+ 3 (upD)gf + uDy)f + £DL + DIDLG)) *+ uy 1 of + £ (if +
* (up gof *+ uy of + £115)85;
(2.11) A, = ptr + f°1D3f + rglnzf + flonzr + 4Df°1D2f +
: 2 2 2 2 2
6 (uyD? 15 + ugd? 2 + #0270 + DEDPe ) + 320, (00)2 +
+ fglnr + ADE)DE + 281 £ Df 4 £DL + T£ DE DL +
6 (uy 1ofgDf + U3 3f)DF + ££7;DF + wyuy )T + u £ 10%0 *
*tuy L ogf) + 3(uDyaf + uDy £ + £DF) £, +
4 (uy 1ofDfG) + U3 3fDfy *+ £30DfG) + usDyof + D5, 1) +

2 g2 2 2
3 (U3 pof+uy gof + 27 f0) *+ (uy 3of + uy f + £fy) £y +
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+ (uy gof + T )f)85y *+ (W 3of + uy 3 + £14) £74 +
* 1 30f

we can (2.1) and (2.2) rewrite:

¥y e, + i 2
(2.12) Ki = = 3"— uj"'i + e 3‘!_ j+i-4 seey =0, 1,

( gnl, .
; 2 ola) K3 j‘l 31— j-l eoe

3. Runge-Kutta method - the 5th order formulas. Now we shall

look for the approximate solutions k; of Ky, for i=o0,1, 2, 3.
Let
Wyo = Uieqs Byp = £(x, Uy, Uy, Uy, uy)
(3.1) miq ® Yiey * 'iqh’ myq = f(x + aqh, uy + ioqh, u, +
u; + 11qh, u2 + 12qh, uy + 13qh), i=o0,1, 2

q= 1, 2, seey 5
where

-l '
(3.2) 'iq = ko Biqj lli,._l’j, q= 1, 2’ ceey 5; i = 0' 1, 2

q-1
(3.3) l:lq = ‘% biq:) ﬂijs Q=1, 2, o0y 5 1=0,1, 2, 3
Let us still denote:

(3.4) kg5 =mysh, 1 =0,1,2,3 J=0, 1, eee, 5

Then we shall look for ki in the form:

5
(3.5) ki = g;s pijkij’ i=o0,1,2,3
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Our aim is to determine coefficients 8gs» Bygjr byqy and
weights Pjj ®° that expansions kg and K, in Taylor series,
for 4 =0, 1, 2, 3, conform one another up to the terms with h’,
In eddition we require all coefficients to be rational numbers.

Let the coefficients Biqj’ biqj satisfy so called Runge’s condi-

" tions:
-1 q-1
(3.6) %55 Biqk = EEB biqx =8y Q% 1, 2, eeey 53%

i=20,1,2; j=0,1, 2, 3

Extending (3.1) in Taylor series, introducing into (3.5), with
respect of (3.4), and comparing with the corresponding terms of
(2.12) and (2.13) we can get following system of nonlinear equa-

tions:
' 5
(3.1 5 ey - EFT k=0,1;3=0,1,2,3
3.8 = pyel® =, i=0,1,2
f=2 91
.9 3 Pj1die) 51 =3 §=0,1
=3 Jti,1L

5

(3.10) pk1r§§{ =g k=1,2; §=0,1, oo, 4=k
5 i

(3.11) > Pjid.(igl}iz = '%5; J=1,2

2 -
(3.12) EZ ;'Pjicgng) = m» Jyk=2,3



(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
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pk"’l,if:(jgi = 2%_ ’ k‘= l’ 2; 'j-. O' 1’ esey 4 -k

k) _ _1 - :
pk+2'ig‘(ji]). = Ir ’ 3 0’ l; J = o' 1’ ecey 3 - k A

p21°§gi = I%U’ i=0,1,2,3

p3i‘£ =3 } T»J3=2 3,4

P31‘§°;(;ﬂ = Nz'lrn »J=0,1,2,3k=0,1, 2

p3id§gi = ?%-' J= 0,1, 2,3

() .1 <.
P33d582 = g5 i=2, 3

Pysciileril =28 §=0,1,2, 35 k=4, .., 3
p3iaid§§i = 3%_ » d=0,1, 2; k=2, 3

P31’§?i= I%U »d=1,2

p3ir§§‘1‘*1’ 35, k=0,1; §=0,1, ear, k + 2

PyiT5a1 =Thy » 4= 0, 1



(3.25)

(3.26)

(3.27)

(3.28)

5
2=
i=2

Gl

>
]

Mo

4

Poi®241

(0) 1

(1) _
P3383¢332 =

® 120

1
5

(1) 3) .
P3i(8331 * #3931) %

(1) (2) 1
pn(r311 +r =

2i1

In this system particular symbols have following meaning:

(o)
¢ijk

(0)
455k

(0)
€231

(1)
ik

(1)
94 5k

(k)
®ij1

(2)
9 jk

j=1
=

J=-1

ok

(0)
' ciqui-l,

(o)
d2qlBO.jq'

Pijqr 3= 21 31 4, 5

i=

i=
jq? J=3, 4, 55<<

J=4,5

i=
a:bijq' Jj=2,3, 4, 5;<::i -

(1)
°iqk525q’

(k)
43918k jq?

(o)
3qk%i jq?

(1)
©jqkP3jq°

i=3,4, 5 <::I i

k=1, 2; j=4, 5

i.=

J=3, 4, 5; <:fi -

. i’
i=3,4, 5‘<1-

0,1; k=1
2, k=1,2,3

i=1;ks=1
i=2;x=1, 2

9,1, 2; k=1
33k=1, 2,3

0,1, 2; k=1
3; k=1, 2

i=0'1| .oo"-k

0, 1; k=1
2; k=1, 2
0,1, 2; k= 1.
33 k=11, 2
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-1
(. 40

.ijl qg3 iql qu’ J': 4, 5; i-= 0,1, 2, 3
j=1
Sigi = éé; aqciiiazjq’ q =3,4,5;1i=0,1, 2,3

J=1 )
3-%{ ‘chibﬁq' j=3,4,51i=0,121,2,3

0 . & L) : .
rijl % aiqlbiol’qu J =4, 5, i

1, 2

X j-1 _
riji = 2 d:{:ibk*-l,jq’ k=1,2; =4, 5 120, 1, coopd=k

=1
"8{ = q% dﬁibﬁq. j=4,5 i=0,1, 2, 3

The system (3.7) - (3.28) is the system of 96 equations con-
taining 99 unknou#: Bijk’ for i=0,1,2; j=2, 3, 4, 5; k =
=1,2, eeey §= 1, bygy, for £20,1,2,3; §=2,3,4,5;
k=1, 2, eeey J =1, Py s for i =0,1, 2, 3; =0, 1, ece, 5,
ay, for 121, 2, vesy 5.

Solving this systeménalogically to Huta [3] we can get the
following formulas of the fifth order (in the variables of the
original problem (1.1) and (1.2):

(3.29) Ny=O0, Ny =4, N=izd i=2,3,4,5

(3.30) My; = 0

(3.32) My = I%-(kio + 3kyy)



(3.33)
(3.34)

(3.35)

(3.36)

(3.37)

(3,38)

K
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- 1
My; = =7 (kjo = 3kjy + 4ky5)

Mgy = g (syo + 3iy3)
Mgy = - (kg * 3kyy + 12k, + Bky,)
ell for i =0, 1, 2, 3

k.. = (yo(i*l) + M,

1) J,i+1)h’ i 3;0, 1’ 2; j = o’ lgovc,s

5= Tlxo * Ny ¥o * Myps g * Mg1s o * Myph Yo *

+ lj3) ’ j = O, 1, ecey 5
1. .

i=o0,1, 2, 3.

We can see that the requirement given above is fulfilled and

in addition the weights in (3,38) arelﬂewton-COtoo numbers. From

the form of the formula (3.29) - (3.38) follows their easy using .

on digital computers.
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Sihrn

KLASICKE VZORCE RUNGE-KUTTA PIATEHO RADU S RACIONALNYMI
KOEF IC IENTMI PRE OBYSAJNU DIFERENCIALNU ROVNICU STVRTEHO
RADU
JAN STEKAUER, BRATISLAVA

' Obsahom ¥lénku je numerické rieSenie obyZajnej diferencidlnej
rovnice 3tvrtého ré4du klasickou metddou Runge-Kutta. V préci je
vyslovend poZiadavka, aby v3etky koeficienty boli racionédlne &isla.
SuU odvodené vzorce piateho rddu, priZom navyde védhy si Newtonove-

Cotesove &isla.

PE3WME

KJACCHYECKME $OPMYJIH PYHI'E-KYTTA IATOLO MNOPAAKA C PALVOHAJB-
HHMJ KO3®SMUMEHTAMM AJA OBHKHOBEHHOI'O AM®SEPEHLMAJILHOIO YPAB-
HEHM YETBEPTOI'O MOPALKA

AH WTEKAYEP, BPATHCJIABA

ComepxaHueM 8TOH CTaThbM SABASETCA UYUCJAEHHOe pemeHMe OOHKHOBEH~-

Horo anddepeHUNMAALHOrO YPABHEHNS YeTBEpTOro MOPSAKA KJIACCHYECKUM
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meTonoM PyrHre-Kyrra. IllpuToM npeabsBiaeHo TpebGoBaHMe, UTOOH Gce
xkospduuuenTH OHAM panuOHALbHHE uMcaa. B crarpe SuBeZeHH dopMyan
NATOro nopsaaxka M BRoGaBOK K 8TOMYy TpeGOBAHHMD BeCH ABJASDTCH YMLJAAMHA

HroToHa-Koreca.






UNIVERSITAS COMENIANA
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE

MATHEMATICA XXXV - 1979

ON A NONLINEARY STATIONARY PARABOLIC
BOUNDARY VALUE PROBLEM

VLADIMIR DURIKOVIC, Bratislava
l. Introduction

In the widely worked classic and non-classical theory of pa-
;abolic differential equations (see for instance [4] , (5] , (6]),
the different mixed problems are studied on thé finite time-cylin-
der Q= x <, T» , where () is a domain of the Euclidean
space R. and T is a fixed positive number. In the paper [8] an
initisl-boundary value problem for the system

D,u - t) Xu = F(x, t
(4] N |k|Z=2b Ay (x, ). = x, t)u

with the nonlinear differential operator F(x, t) of the order

= 2b - 1 was considered on Q.

The present paper deals with a stationary ﬁixod problem for
the equation of the type (Al) on the infinite cylinder (] x <0,c0).
This problem is studied in a complete topological space of locally
bounded and locally H¥lder continuous functions. Using the S. D.
E’jdeYman’s and S. D. Ivesilen’s estimation of the Green function
from [1] we establish sufficient conditions for.ihe existence of
solution and investigate its structure. These conditions restriet
the growth of F(x, t) much more than the conditions (17) Pormulated
in [8] , however they express the dependence of the growth of F
by the selection of the time cylinder.
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By the below described method we may solve the nonlinear
Cauchy problem for the equation (Al) on the unbounded sets
R,x <0, > " orR x {0,00) in a class of the locally H¥lder

continuous functions.

2. The formulation of problem.

First of all we introduce notions and notations which will
be used throughout this paper.

The symbol (1 means a bounded domain of R- for m% 1
with the boundary &) and the diameter diam () . For 0 < T<oo
we define the bounded cylindricel domain Qp =0 x <0, T> with
the lateral surface [, =31 x <0, T> and for T =co we put
Qo= N x <0,00) with [ = 80 x <0, 00).

For any integer r the symbol t(r) means Card {k =
= (Kyy eeey Kp)i |k =1}

2b-1
and s = Zo t(r) for b & 1. The Cartesian product
r=

Qo x i'l ‘ :ﬁl ‘_{.-oo < u}(w} for p = 1 will be denoted
by H, .

By J and (¢ the (p x 1) - unit vector and the (p x 1) -
sero voc.tor'ia denoted respectively. E; means the (p x p) - matrix
whose all elements are equal to 1 and E means the (p x p) - unit
matrix,

The class of the holder continuous vector functions with
respect to x on (), with exponent O < © ¥ 1 and uniformly
with respect to A on (1, will be denoted by



« 8] =

Hp (xy 275 A, N,). The class of locally Holder continuous
vector functions with respect to x #‘loc,p (x, ﬂl; A,Ny) =
= {ue Hy (x, A 1;A1): for eny subset A, of the domain n,
such that 51 cn 1} « The system of Hdélder continuous vector -
functions with respect to x and locally uniformly with respect
to A H%“ (x, N3 2, 2,) = {ue Ho(x, 1,5 A, A,): for
eny subset A, of the domain (), such that A'2 = .0.2}.
Consider the system of p 2 1 aifferential equations of the
2b-th order (b = 1) with p unknown functions

ar ' ku
(1) L (x, Dgy Dy) u=1Dyu = IESZb A (x) Dpu =

= F(x' L) ceey D; u, ooo), (x, t) e ﬂ”

where T*= ( YSURIEY 7-.) is @ multiindex such that 0 = ITI £
=2b - 1.

The solution of (1) is required to fulfil the initial condition
(2) u(x, 0) = (", xe (]

and the boundary conditions

ar
(@) Kk .
(3) B (x, Dx)ulr“ = (qu » Df u)ln” = 0

Ikl=rq

N

P
2b -1 end q=1, ..., bp; A(.) = (alV(L)) nge is &
’ =

matrix function and Biq) (.) = (bkql Codiy wiony bkqp (.)) is a

for rq
vector function on Q and F = (fl, veey fp) on H, .

The just formulated problem (1), (2), (3), will be solved
in the following class of Holder continuous functions:
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Consider the nondecreasing paerametric function fB - mapping
the interval <0, c0) into 0,00 ) with the properties

t ¢
2 Bz
(By) fp,s (t) % S(; z e dz
fd t € (O,c0) &and B> 0 and 0< e <1 and
(B,) . o> o
Further; for a reel function v on Roe1 and for 0< a <1l
we put
<vix, > o =lvix, t) ~v(y, )] Ix-yl™®
’ .
and
<vix, 8> 4 g =lvilx, t) = vix, I [t - W
Then for b2 1 and 0< x <1 we define the linear space
2b -1+0, (2b -1 +0)/2b
Cx,t,f(B”°’/""" v)

= (ul(x, )5 weey up(x, t)) from Q_ into Rp by the foquality

(Q,, ) of the vector functions u(x, t) =

(4) £(B ) ar
Nl » s oy <
2b-1 +x , Q_,

. -1 -
. l:lf’ > { izi:o l:vL—-i Bgf.[ID: uj(x, ) fB,z ()] +

+

[(Dlx‘uj(x, D 1 51 )]+

su]
Ikl§2bol (x, t),p(y, t)e Q Byw
x¥y

2b-1

+ > - sup
0 Ikl (x, t), (5, t)eQ,
trt



-5 -

[<og us(x, > (5p1 o= [K[)/2b, ¢
-1 ’ -1
- fg,, (It =7 £g0 ()]} <o

where the parameters 3, m, and v belong to the interval

(0, 1) ent t'= max (t, t°).

Remarkl a) We immediately see that if the function ue
2b-1 +o ,(2b-1 +0)/2b '
' (@) then DX ue H%(x,N; t,<0,00))
Xy t,£(By2e ,pu, v) «
k s
for |lk| = 2b-= 1 and Dx ue Hloc,(2b-l+0£-|k|)/2b(t’ < 0,00), x,ﬂ)
for |kl = 0, l, ccey 2b - 1,

b) The derivatives D:u for |kl =2b -1 mey be continu- "
ously proceeded on R, x (0, T) foreny T € (0,00 ) &and then

using the mean value theorem and the relation
(5) RN PRI A DI gy
x:| = Ix| = x
;' =0 1

for xe R, and kK e (0, (l/AV—'Z)"l) ~one obtains: D: ue
e B%(x, N; t, 0,00)) for |kl =0, 1, cc.y 2b = 2.

The operator L and B from (1) and (3) and the boundary

q
91 satisfy the following assumptions:

(A) The system (1) is uniformly parebolic in the sense of
I. G. Petrovskij ( [5] ).

(B) The operator B q and the system (1).are connected by

the "uniform supplementary” condition ( [5]1 , [8] ).

(Dgy, ) The coefficients A, and Béq) end the boundery 932
satisfy the condition (C,) from [1] (or the modified condition
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(Ct,,,“) for the domain 1 from [8]) for 0 < «x < 1 &and an
integer 4 % O,

The estimations of the Green’s matrix of the operator L
and its derivetives on the infinite cylinder Q. are established
by

Theorem 1, (S. D, E‘iderman and S. D, Ivasifen [1].)
Let the aasuﬁptions (4), (B), Dy, ) be fulfilled. Then there
exists the Green’s matrix function G(x, t; £ , = ) of the problem
(1), (2), (3), (WithF =0). For 0 £ v <t ¢ t < oo and
x, ¥y, £ € Ry (r=1/(2b = 1)) we have
(6) 15,.%K Glx, 45 € , 5 )1 &

-(m+2bk.+1k|)/2b
S Cc(t -v) %o x

x exp {A(t -7) - clx -§I2br/(t -7 )F} Ey
if 2bky + |k| = 2b + £;
M In?n:c(x, t 6 ,v ) - D:OD:G(y, t 6,0 ) =

- (m¥2bk# Ik I+ ) /2b

Sclx-yI"(t-7)
. exp {A(t - 7 ) - clx*-iler/(t - ¢)F} Ey

if 2bky +lk|=2b + £ end [x"-£| =min (Ix=§1, |y - £1);
k : K

8 100K atx, t; & ,v) -D00K atx, vty 6 , 00l

; {2b(1-kj )+~ 1kl +oc} /20 ( = (m+2b+£+ o) /2b

‘é'c('t-to ty =) .

cexp A {(t -7 ) =clx £ 2PT/(¢ - v )T}E,
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it £ < 2bk, + k| £ 2b+ 4£; A,C, ¢ are positive constants
independing of x, y, t, ty and £ , T .

Remark 2, In our considerations we shall often use

instead of estimation (6) its modified form

2by, -(m+2bk +1k|)
(6')ID:°D:G(1, t3 6,7 )l Sc(t - 7))z -£)| B ‘o .

Clx -£120(y = g y] PP FIKIm 22

L]
s

exp { - clx - 1257 (¢ - ¢ )T} Al - 7)) E,

2bw -(m*+2bk, +Ik|)
- g' it k0 GA(t - 7)) El

[[1,N

K(t - © )™¥|x

£

for 0% 7 < t<oo and x,§ € R, §#x and w
£ (m+ 2bky +lk1)/2b, where K > O does not depend of x, t,{
and ? . If the fraction Ix -€|2b/(t-t ) 2 €& >0 then this

estimation holds for any w € (=00, 00 ).

An obvious consequence of Remark 2 and Theorem 3 from [8] is

Theorem 2. Let the assumptions (A), (B), (Dg, . ) 'ba'
satisfied and let § e c%(Qy) n HL®(x, N; t, < 0,00 )) be boun-
ded (p x 1) - vector function in the norm || . ”O,QT ( [8] )on
any cylinder Qm, T e (0, o0 ). Then the function

u(x, t) = g dt'}fl(}(x,t;g,c')@(g,r)dg

is a solution of the linear equation L (x; D

g D¢) u = P (x, t)

on Q, satisfying data (2) and (3).

For brevity in the following text we shall denote arbitrary

positive constants by L.
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3. The existence of sesolution

. To derive the fundamental theorem we introduce some properties
of the space P(Q, ) =
2b-1+cc , (2b=1+0)/2b ,
=C (Q,, ). and the Green's function G and the
x, t,£(B,% yM VY )

integro-differential operator
(9) A(x, t) us= Edr 30(:, t;‘g yT)I)FLE&E, v, ...

cee sy hul k6, v, o0 ak

It is obvious that the space P(Q_ ) with the norm defined
in (4) does not form the Banach space. The sequence of the functio-
o .

nal {an} defined by
. n=1

f(By, e , w,v )

oplu) = (lull 5 5 vou,Q s B= Y, 2, oo

determines a countable, monotone family of seminorms on P(QR)
satisfying the axiom of separation, that is, for any uy € P(Q))

t
uy # 0 there is n, suchh.tano (uq) # O. The linear space P(Q_ ),

topologized by the family of seminorms '{cn(u)}”l in such way
- ns

that an arbitrary neighbourhood N( " , n, ¢ ) of the zero element

0 e P(Q,,) is determined by )
N(0,n, &) ={uePQy): o (W<e} ,n=1,2,...,
£ > 0,

is a locally convex, linear topologicel Hausdorff space. Denote it

by (P.(Qw ), ¢ ), where ?° is the above constructed topology.
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Lemma 1. The locally convex, linear topological space
®Q,, ), v ) is complete.

Proof , Since the topology = 1is defined by the countable

family of seminorms {¢ 3@ N it is sufficient to show that the
n=
space (P(Q_ ), v ) is sequentially complete for p = 1. Let
{ug(x, t) [ N be a fundamental sequence of real functions of
a=

(P(Qy), = ), that is, up-u,e N( 0, n, € ) for any ¢, s > 8
”"(n, (A )(so is a fixed positive integer) and any neighbourhood

N( &, n, £ ). Hence

k k < <
| Dy up(x, t) = D u lx, t)| = € fB,ae (t) = ¢ £ (n)

B,yae
for |k| =0, 1, ¢esey, 2b = 1 on any finite cylinder Q- Consequ-

ently there is a function ue CZb'l(Q”) such that

lim D: ug(x, t) = ok u(x, t) at every point (x, t) e Q. for

8—%co =

|kl = 0, 1, eeey 2b = 1, Letting 8—>e in the relations

| DX u (x, t)1 fgl"“ () $L for Ikl =0, 1, eesy 2b = 1

iDSu, (x, t) - 0f u (3, ¥)] fg}w‘(t) £L)x-y™ for Ikl =2b -1

ID§ uglx, ©) = D uy(x, +] £ (-t g5l (17 &

5 . , (2b=1+a = 1k | )/2b
.th-tl forlkl"o, 1’ ecey Zb-l

we get u e P(Q, ). From the inequality o plup - u°)< £ we

easily obtain that u, ~ue N(O , n, L& ) for all s > sy(n,€)

what guarantees the convergence of the sequence {ua(x, t)}® N
8=

to u(x, t) in the topology 7.
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Lemma 2, Let (x, t), (y, t), (x, t°), t < t’ be points
of Q_ and |k( =0, 1, se0y 2b -1 eand P €(0, 1). If the hypo-
theses (A), (B), (D,) hold then

. |
(10) 1, 4 (x, ©) = § av § IDf alx, t; & , > )| at $Lg,  (L)E

for O0< 2% <(m+ |k| )/2b ( 3¢ < 1) and

(11) Iz,k(" ¥, t) =

%
-,(S) dt’:‘fl DK 6(x, t;6 ,¢ ) -DEaly, t; ¢ ,7 )l ag &

Z <) 4 A

2 Lix -yl f‘m (t)g(lx - y1) E, = Lix - yl fa,,u (t) Ey
for s e (0, 1) such that (Ik| + 1)/2b €4 £ (m + |k [)/2b if
0f/k I $2b-2 and (2b -1 +p )/2b &w if |k| = 2b - 1, where

1-p +2b(w - 1) [| k| /(2b - 1)]
glg) = 2 b G Ll . (The expression [x] in the

exponent denotes the integer for which [x] £ x <[x] + 1.)

If the conditions (), (B) end (D, _,,, ) are satisfied then

(12) I3’k(x, t, t’) =

%
.g d'r}gID:G(x, t36,0)-056(x, t'5 4,00 ag +

£, , , (2b-1+p -1k1)/2b
+{ dt'}‘ln:c(x,t;g,c)ldgéL(t-t) p 5

’, 4 4 P4
AR OO E A O ICERR
,  (2b=1+p-|k|)/2b , ,
£ L(t'- t) S, Wm0, () E

?
2bp -2b+1-
for (4b -1+ )/4b € v <1, where h(z) = 2 (B abtl=pa) ity

1
. B,» (z).
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Proof . The estimation (10) follows directly by (6°). For
0% k| £ 2b-2 the inequality (11) may be established by (6°)

using the mean value theorem. Really, there is

x; = (yl’ soey Yio1r £ 49 Xj41r v xl) € Bn (y = (yl’ ooy ylll)) |

such that

D:G(x,taé,v)-D:G(y,t;é,z’) é»

m .
= 2, 1x -yl I DKok, 856, o)1

where k(i) =.(k1, coey Ky_qy Ky*L, Kiyqy eeey k) and gi lies
between x; and y; adn |x - ¥ I>lx{- x|. Hence, in view of (5)

we obtain for (k| + 1)/2b< m £ (m+ Ik |)/2b (w < 1)
< ' '
12,k(x, Yy, t) = Lix - yl fA)W (t)o

2b -(m+ k(i) ]) "

£y B

- max sup {5 lx}i - £]|
i=1,...,lll xi* n A

which proves (11).

Let now |lk| = 2b - 1, Divide the domain (1 into two subset
Sl={ EeN :lx-£>2lx-yl} and S, = 1 - S;. From the
inequality |£ - x| > 2|]x -y| weget Ix =£&| < ZIx;-U

) P m+2b=-2b yu
whence I, ,(x, y, t) §Lf, (1) {2

2by -(n+2b)d

£ lx -yl

2bu = (m+2b-1)

clx =€ £ +S§[1x-¢1 +
S

2bw - (m+2b-1)
+ly -¢1 o ]ag} E,.

The both integrals converge for (2b - 1 + 5 )/2b £ MWL
and so (11) is true for |k| = 2b - 1 too.

To prove the third estimation we put S, s{fen:|£-x>
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, 1/2b
>lti=-tl } ana S4 =) -_S3. By the mean value theorem we
£ind t e (t, t°) such that for [k |= 0, 1, eeey 2b - 1 end
(b -1+ p)/2b < (4b=-1+p)/4b€ v <1 and 0< 2 <[kl/2b

Iy x(xy t, t0) ﬁg d‘l“galD: 6(x, t;¢,0) - DX o(x, t';g,‘ﬁ')‘ldé +

t’ d k .
+{d't‘§|D:G(x.t'ié.’L“)l at + z!: “’i’pxa("’ tié, ) ak+
3

4

+ g av Jioka, t56,7) af %
Sy

(2bw -2b-1k1)/2b ¢ v
£L {(t™- )= 1) § - A7) gz

. (2ba-Ikl)/2p . . (2bv -1k1)/2b
+ (t°-t) fA,Z. (t'=t) + (t'-t) fA’v(t)+

. (2bv -lkl)/2b e
+ (t°- t) Ty,p (¢ )} E.

Since 1< ¥ <1 we easily see that (t'- t)* 7 £, (-t
]

< fA,v (t°- t). Hence and by the monotonicity of fA,v one

obtains

- ., (2bw=1k1)(2b ,
Ip(x ¢, tDEL (7= t) £, (t7) B

Finally the relation (12) follows from the boundedness of

the function
(2by =2b+1=-p)/2b  t=t -1
(t°- t) P ( % ~V A% ag)

for (t, t°) € <0,00 ) x <0, 00 ),
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Lemma 3. Let the conditions (A), (B), (DZb-l'Hx,) be *

fulfilled and let the (p x 1) - vector function F : H > Rp be.
continuous and bounded in the norm |Il. Il 5 , . Then there is
94400
@ real number R > O such that f? (x, t) P(?..) © S, where the
. A,z sy P
sphere Sp = {ue P(Q,) : llull 2b-1+x ,Q,. £ R}* (The velues of

parameters %, . and v are defined es in Lemma 2.)

Proof.Lt ueP(@Q,) end IFll € L. Using (9) end
9 *%00
Lemma 2 for 5 = we have for (x, ®), (y, t), (x, t') € Q, and
t <4’

k £ £
D A (x, t) ul = I‘Il,k(x' t) J = poA,ae(t)J

and

DX A (x, ) u-DEA (x, t") ulf LIy y(x, t, 1) £

é , (2b-1+a -1k [)/2b T ,
= pL(t - t) fA’, (t'= ")fA,v (t')J

for 1kl =0, 1, «e., 2b - 1 and

IDf & (x, hu-DfA @y, »ulLy (x,y, )%

£ ' o0
EpLilx -yl fA,,.,(t)J

for Ikl = 2b - 1. Thus it is sufficient to teake R 2
2 pL {28 + t(2b -1)} .

Now we may formulate the existence theorem.

ITheorem 3. Let the conditions (A), (B), (Dyp_ 14,4 )
be satisfied end let the right hand side F : H >R, of (1) be

the continuous and bounded (p x 1) - vector function in the norm

~ " 8 - £ .i¢
e llg g _» where H_=q_x g jfrl{ REy L, (1) & uj € RE, (t)}e

c Hy, .(R is the constant of Lemma 3.) Further, let the Holder con-

dition
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(13) IF(X, ty eoey U’ , ved) =F(¥, t, eee, V', o.)| %

b-1

€ {q(t) Ix - y|b+ % S (@”, |’ - v7'|'$7‘} J
1:

Ipl=i

be fulfilled for p, Pp € (0, 1> end (x, t, ..., oL,

(Fy ty eoey, VI, vue) € ﬁw, where qf (t) = (q]’_' ()5 anusy qg (t))
end qg (t) 20, qt)>0for j=1, cooy pend Ipl=0,1, ..., 2b-1
are bounded and integrable real functions on <0, T) for every

T > 0. Then the problem (1), (2), '(35 has at least one solution

u belonging to

2b-1+a ,(2b-1+a )/2b

f(A,“,/.U,'P ) i
cx,t,f(A,n,,w,v) 5

Q. ) for which llull 5 .. Q-

Ry

where Ro 4 R. Here the parameter 3 < 1 such that 0 < 2 <
<(m +]k|)/2b for |k| =0, 1, ¢s., 2b = 1 and w (0, 1) such
thet ( Ikl + 1)/2b = € (m+Ik| )/2b for |k| =0, 1, eo., 2b=2
and w2 (2b-1+p)/2bfor |kl=2b-1and (4b-1+p0)/4b%

£

=p < 1.

2b-1+ ¢ , (2b-1+ o ) /2b
x,t,f(A, ey, V) (an)"c')

is the locally convex complete linear topological Hausdorf space.

Pr oof . According to Lemma 1, (C

The sphere SR is bounded, closed and convex set in the topology <7~
end the operator A (x, t) from (9) maps Sp into itself (see
‘Lemma 3). In virtue of ('13) and Remark 1b) for any v & Sy the
vector function F (x, t) =F[x, t, ..., Dz vix, t), ...] satis-
fies the ix;equality

|F,(x, t) - F(y, )] %

< A, 2 PR A
= {q(t) - + (L)LT (t) Ix - T
falt) Ix -y | gc lng:i f; q x=-y|T+

=]
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+ S i q}:(t)[RfA (‘t.)|x-y|0(']/ba‘}J
|pf=2b-1 §=1 9 .

where L(t) > O is a bounded function on every interval <0, T >
for T € (0, 00 ). Consequently F_e H},oc(x,ﬂ 3 t, C0,0)),
where P = min(f, fp, xf) )< 1. Moreover Fj e c%(Q,, ) end so
the problems(l), (2), (3) and the operator equation A (x, t) u=u
are mutually equivalent on Sp (Theorem 2).

The existence of solution of A(x,-t) u = u will be proved
by the Tychonoff fixed point theorem (see [2]).

First of all we establish the continuity of the operator

sA (x, t).
" Let {us(x, 01> 1 be a sequence of elements u, (x, t) =
8=
= (u? (x, t), «ee, W(x, t))of S, such that u_—s u, in the to-
1 % R s Yo

pology 7 ; uo(x, t) = (ug(x, ), eony ug(x, t)) e Sge Then to any

neighbourhood N ( #, n, £ )e® there is a positive integer
ao(n, € ) such that for all s > 8y, the relation
ug - uy € N(, n, € ) holds. Hence

L
(14) ID:u'(x, t) - D:’uo(x, t)| = fA,ac (n) ¢ J

for (x, t) e Q end [k|=0,1, ..., 2b - 1. From the hypo-
thesis (13) we get for (x, t), (y, t), (x, t°) e Q, end |kl= 2b -1
IDE A (x, ¥) ug - DK & (x, thyy - DE Ay, t)g, + DE A (3, t)uylE
L& 3, %) ca)d
andfor |k|=0, l’ coeey 2b-l

IDf & (x, V)u, = Df & (x, t)ugl® I) ,(x, t) C(n)
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and
10K A (x, t)u, - DE A (x, )y - DE A (x, ')y, + DE A (x, t )yl &
H Iy, (x t, t7) Cla)d

where C(n) =
2b= .
= sup %_—1 'Z(qr(t),lDzu.(g ,'c')-Diuo(g ,t')l/sr).
Qn i=0 |[p1=i

Using Lemma 2 for /A =x and the estimation (14) we have

£(A, ¢, p,v)

A - A t
Il A (x, t)u, (x, t)yyll olew,q  <MAE

i.e. A (x, t)u, - A (x, t) uyje N(O,n, L (n) € ) for
s > so(n, € ). The constant L(n) > O dependes only of n and so
the operator A(x, t) is continuous in the topology 7 .

To prove the relative compactness of A (x, t) Sg in +~ we

use the well known N. Dunford’s lemma (see [3]).

Put v (x, t) = (v](x, t), ..., v;(x, t)) € A (x, t)Spe S
for s=1, 2, ... « Then there exists a sequence of elements
u.(x, t) = (n;(x, t)yeee, u;(x, t)) e Sg sueh that v, = A (x, t)ua
for s =1, 2, so0 &

LA, 2, ,v ),

By Ilv,ll = Lii, the sequence of derivatives
B 2b-1+u- ’Q”

{D:vS(x, t) }* N is uniformly bounded on Q, for any n = 1, 2, ...
8=

and j =1, ..., p &and |kl =0, 1, .c., 2b = 1, With respect to the
assumption HFIIO <L for Ikl =0, 1, ¢e0y 2b = 1
?*%00

IDKv, (x, t) - DX v (y, ¢7)1 % 1DK A (x, thu, - DX A (3, t)u,l+
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+ID: A (y, t)u, - D: A (y, t')usl
SLIL (x5, 0+ I 40y, ¢, DT 0.

Thus Lemma 2 guarantees the equicontinuity of the sequence

{Dlx"vg(x, 1)} ® . Then there is a subsequence {va{(x, t)}:'l =

s=1

= {A (x, t)us{} :-l of the sequence {v,(x, t)} o:al and vy(x, t) =

= (vg(x, LYy eseey vg(x, t)) such that |l D: I‘—£ - D: voll — 0

Q
**n
a8 €0 forn=1 2, ... and |k|=0,1, ¢ec, 2b - 1. Consequ-

00

ently the sequence Dk v, (x, t) } converges to Dkv (x, t)
x '8, x 0

at every point (x, t) € Q_ .

Letting for fixed (x, t), (y, t), (x, t') € Q,, £ in
the inequalities

| 0Kvy(x, ) - Dvo(y, 01 €
£ Ipkvy(x, t) - D‘;v%(x, )|+ 1L, \(x, 3, t)J +
+ \D;%%(y', t) « DSvy(y, t)]
for |k| = 2b - 1 and
| DEvy(x, )1 & [ DEvy(x, t) - D:v'&(x, O + LIy (x, 1),
| kv (x, t) - Divy(x, )| €
Y lDlx‘vo(x,'t) - D:va{(x, )+ LI3’k(x, t,t )+
+1D:v‘£(x, ") - Divy(x, t)|
for |ki= 0,1, ¢ecy, 2b - 1 we immediately obtain that v, belongs to

2b-1+ o , (2b=1+ o ) /2b
%, t, L (4, g - s 9 ) (Q“ ). Moreover we must show the convergence of

Q

the sequence {v_ (x, t)}* to v,(x, t) in the topology 7. .
S¢e s=1 0
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Denote S;'n the completi on of the set A (x, t)Sp in the norm

b-1
Hant = max L% >_  sup ll): uj(x, t) 1}
2b-1,Qn J=l,...,p 1i=0 lkl=1 Qn

forn=1, 2, ... «. The sequence {S; a }"l possesses the following
] n=
properties: R

. ¥
a) vy € SR,n for any n = 1, 2, ...
b) The non-void intersection S; = f'\ Sn 6 is a subset of
=l

Cib;'l;a,iz?;}t: g/Zb(Q ) [Reelly for vix, t) = (vy(x,t), ...,vp(x,t)e

eSR there is a sequence {w (x, t) } c A (x, ’t.)SR such that

s=1

hwy - v.'IZb-l,Qn—’ O @8 s8—»c0 for any n=1, 2, ... . Thus

{Divs }w converges to D)l:v at every point (x, t) € Q_ . Hence
s=1

using the some considerations as above for Vo we obtain that ve

C2b-1+ @, (2b-1+«)/2b

c)ByLemZtorvesg

1im | v, HEARY - v, 5 01 t'l (t) lx - y1™%=
x>y

uniformly with respect to te (0,00) for |k|=2b -1 and

4

Lim _lD’x‘vj(x, t) -'D;%j(x, £7) 1 fAl (t’- t) tAl .

. (47 ¢)-(2b-1re=lk1)/2b

uniformly with respect to xeQ for |k|=0, 1, ¢ee, 2b=-1 and
j = 1, eeey Po

=0

In view of ¢) to each £¢ > O andn=1, 2, ... we find
é (&,n) > O such that for every j=1, ..., pand £ =1, 2, ...
end (x, t), (x, te Q, t<t’
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; 8¢ 0 -
¢ Di]%j (x, t) - Dx‘%j(x, V> o xTa,, W< E

if |kl=2b-1end O<Ix - yl<d and

8
pkv.t(x, t) - D5x, t) :
SPTy s x'§x ? (2b-1+ o~ k )/2b,t

el (- n) f;]"v (t“)<¢ if |kl =0, 1, «so, 2b - 1 end
o<t-t<d.

Y  — 0 if €—c0 follows

From the relation llv8 -V
L 2b-1,Q,

the existence of a positive integer {O( €, n) such that for

€> £, ) end |x-yl QJ'onQn

. .
<D§rj‘(x, t) - D‘x%g(x, ) > £l (v) &

w,x Bom
- 8
£l ()™ max su | Dg.‘z(x t) - Dkv(?(x t)| +
A’/“" j=1,...'p‘{ (x’ t)peq.n X J 2 x J l
8
# | o5 . E(y, ©) - DNy, )13 <
(;x’tg)e% At i Vlce

if |k|=2b-1, Fort'-t2d

8
¢ofvsfix, €1 - D, ©) 26, "
V5 (s 3% 2 o dew -tk /2,

-(2b-1+x - | k|)/2b

| . -1 oy & =2
< Thy (BT 0 £ (80) = 5 (0)d

8%
. v ¥(x, ) - D59 (x, ¥
7 L g T T R T

a‘e . o .
+ (x,tet)lpéin Dgv;ix, ¢ - DpSix, D13 e

if |k|=0, 1, ecey Zb“lo Fm.m
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”f(A,x :;u,v)
€770 e Q

un

” va‘

2b=-1
max { >~ > sup lev (x, t) - D%o(x, t)] f'l (t) +
J=1l,eee,p 1=0 \ki|=1 Qn

[[]8

r = mex [ < Dkv ‘(x, t) - B, t)) r;l (%),
K =2b-1 (£,1), (0 teq, _
’ 0< lix=-yl<d

8¢ 0 =1

<n“v (x,t) - D5vO J(x, t) 71 ()] +

x50, veq ? oy Ao
Ix-y| £6

2b-1
+ > 2 max <Dkv c(x t) -

i=0 |k|=i [(x, ), (x t )eQ.n
0<t -t <d

= Dﬁg(x, t)> (b= t) £ (7))

(2b—1+oc-lkl)/2b t "‘ »

8
<o Ex, ) - DN0x, )7
(x,t), (t, t;)s Q *J * <3 (20-1+oc =1k [)/2b,t .
t’-t

N AR tAl ()1} ¢

<E.[f .(0)s + t(2b - 1) + 8]

for € > £, (n, £ ) end arbitrary n =1, 2, ees o Hence v“- Vo€

-1
€ N(O, n, E [fA,x(O” +t(2b-1) +8]) for £ > &y(n,¢e)
which concludes the proof of this theorem.
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Sdihrn

O NELINEARNEJ STACIONARNEJ PARABOLICKEJ OKRAJOVEJ ULOHE

vLADIMIR DURIKOVIE, BRATISLAVA

V préci sa vySetruje exiatqncia riedenia nelineérnej zmieda-
nej dlohy parabolického typu (1), (2), (3) metddou Greenovych
funkcif a jeho 3truktira na nekone&nom valei () x < 0,00 ).

Td4to dloha sa rie3i v lokélne konvexnych‘topologickych priestoroch
dostato¥ne hladkych holderovskych funkcii.

PESDODME

O HEJVHENHOA CTaLAOHAPHO! KPAEEON 3AZAUM IAPABOJIMUECKOI'O
THIIA

EJAJAMP OUPHKOBKMY, BPATHCJIABA

B sToli craTre MccaenyeTCs CymeCTBOBaHME pelleHMA HeauHeiHol
cuemaHHOK samaum (1), (2), (3) meronoM GyHxkumi I'puHa ¥ ero CTpyx-
Typa B GeckoHeunoM uuamagpe () x {0, oo ). 3Ta sagaua pemeHHa
B JOKAQJABHO BHOYKJHX Tononornqécxkx OpOCTPAHCTBAX HNOCTATOYHO raaj-

kux dykumii Mearepa.



UNIVERSITAS COMENIANA
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE

MATHEMATICA XXXV - 1979

ON SOME PROPERTIES OF STATIONARY PARABOLIC
MIXED PROBLEM

VLADIMIR DURIKOVIC, Bratislava

l. Introduction

In the paper [2] the existence of solution ;>f the statio-
nary parabolic initial-boundary value problem was studied for the
system of p £ 1 differential equations with p unknown func-

tions

k _ >
(1) D, - Ik‘g a A (x)Dfu = F(x, t, .., pxu. ces)

for 0%|r| £2b-1,b21 on the infinity cylinder Q.=
=0 x {0, =) with data

(2) =0 , xen

.
t=0

(3) v @), pky) =0
k| 'S ry = g

for an integer r_  S2b -1 and q =1, ..., bp; © is a bounded

domain of the Euciidean space Rm with the-boundary 302 end [ =
= 9R x ¢ 0, o).

The present paper is a continuation of the paper [2] ahd it
deals with some further fundamental questions of the problem (1),
(2), (3). Nemely, the regularity, uniqueness and asymptotic be-
haviours of the solution and the convergence of successive appro-

ximations are treated. In the quoted paper [2] the reader can
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£ind all notations, notions, assumptions (A), (B), (Dy,, ) and
statements used in this paper and not defined here (for brevity).

Therefore it is suitable first to acquaint oneself with the paper
[2].

Our considerations will be carried out in the following
space of Holder continuous vector functions:

With the help of real functions Bk k' (O, ) = (0,00).
for i=1, 2, and 53,k0,k : (o, ) x {0, ) = (0, o0)
(ko is a non-negative integer and k is e multiindex
(Kyy soey k,)) which are (j) bounded end integrable on (O T>

and (0, ‘I‘) x (0, ‘I'> , respeetively for any real T > O,
e+ <, (L+ ) /2D )
Cx t,g ] Qe

of vector functions u(x, t) = (uy(x, t), ..., up(x, t)) from

we define the linear space

Qe into R, for en integer £ 20 and b2 1 and 0< o <1

by the inequality

(4) lup R

ar

J
ar -1
= max Z Z. "sup [lDfoD:uj(x, t) l'gl,ko,k(t) ]1-

J=1,e..,p 120 2bky*lkl=i Q..

(nkon“u (x, t)) N O
Kok

X 2,

2bk0+tkl=! (x, t)x#; 1) € Qe

+ . sup, H(x, t, t')<oe,
0< l+« -2bky- k1< 2b  (x, t),(x;t')C Qe .
t#z

where

H(x, t, t)=<Dk°D us(x, L))

-] ’
(t,t7)
( &+ L-2bk - |k 1/2b,t 3 Kgs X

and
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(vix, V) = ivlx, t) - vy, ) |x - 5|7, {olx, ey o =
a,x

= |v(x. t) = vix. t)] |t =-¢717%,

2b-1+ « , (2b=1+ X ) /2b

Note, the space cx,t,f(B,l ey V) (Qw) is a special case of

£+ o, (+ ) /2D

the just defined space Cx’ t, g

(Qew) for £ = 2b - 1 and
sl,ko,k(t‘) = fB,'ac (t), 52,ko,k(t) = fB,/L(t) and 83,k0,k(t’ t°) =
= fB,v (It - ¢’ fB,)) (t*) (t%= max (t, t7); see [2] s Pé 3o

Remark 1, If 0 < § < «<1 then there is

d € (1 - (£-9)/2b, 1) such that,c:i:(rﬂ/n Q)
t+f,(2+¢)/2b
Ce, t, B (Qe, ), where gl,ko,k(t)/' gl,ko,k(t) , .

Ez,ko,k(t) = 52,1:0,1:(*') and '3‘3,]‘0,,‘(1., t’) = 33’,:0’]:(':., t) .
<ty gClt -t

In addition to the estimations of the Green’s function (6),

(1), (8) from Theorem 1 and (6°) from Remark 2 of [2] we shall
use the following modification of the quoted estimation (7):

K
(5) ID:OD:G(J:, t;§,T) - 0.%%(y, t;¥,7) | %

2bu - (m+2bk,+ |k |+ « )

Kk - y1% (6 - =l O o A=) g

for 4% (m + 2bky +|k|+«)/2b, A > 0, K >0 and

05 T<t <oo, § #x and |x"- f[= min (|x -'gl, ly - ED.
Theorem 1, (A, Delesnu - G. Marinescu (1] .) Let

(R, T) be a locally convéx, sequentially complete space and let
F be a saturated family of seminorms defining the topology < .
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Let ¢: F—. F be a mapping for which P2(&) = ¢ (&) for
any 6 € F and let S be a closed subset of P and thk operator
A : S—S satisfying the following conditions:

a) For any 6 ¢ F there is q. > O such that

[ a-2vl % agle-vige

for any u, v € S;
b) qP(6)<1forovery 6 € F. |
Then the operator A has a unique fixed point in S.

This theorem is a generalizetion of the Banach’s principle of
the contractive mappings for locally convex spaces. It will be

applied only in the special case if ¢ is an identical mepping.

2. The smoothness of solution,

In the paper [2] (Theorem 3) we have proved that the solu-
tion of problem (1), (2), (3) possesses H¥lder continuous deriva-
tives according to x up to the order 2b - 1l. The following
theorem investigates the struct.ure of the derivatives Dibu and

Dtu and shows that they are Hdlder continuous in a subdomain of

Q.

T heorem 2, Let the assumptions (A), (B), (Dope « )
be satisfied. Let F : ﬁ,,—- Rp be a continuous and bounded vector
o e h
function in the norm || ]IO,H, , where

=1

Hoa= Qo X iﬂ ﬁl {Rfy x(t) 2uy &R rA,,e(t)} C H,

and let the Holder condition
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(6) IF(x, t, eeey UT , cee) =F(¥, t°, coe, VT, «eu)| &

[[13

(a(t) Ix - 3P + p(2) [t - 7|72,

b-1
20

+

;- (@ (t), |ur_,vr|g’r)} J
IM=1

hold on H_, where q” (t) = (@] (£), «.., q; (t)) end qg (t) 2
20for j=1, «eo, p and q(t) > 0, p(t) > O are bounded and
integrable real functions on {0, T)> for any T > O (J is 1 x p=-
unit vector). Then to each 3, g' and 4,  belonging to the interval
5 i s
(0,;) and 0 < ¢ < min (3, P A, ) (< 1) there. exist functions

si,ko,k for i =1, 2, 3 with the property (j) such that the solu-

2b+9,(2b+9)/2b
tion of (1), (2), (3) belongs to Cp ¢ g Qw ),
? ?

where Q% = <0, o) x 2" and Q" is an arbitrary subdomain of
=
£2 which closure lies in Q) , iee. Qc2,

Proof . According to Theorem 3 of [2] ‘the solution u

of (1), (2), (3) belongs to the space CZb-]“'dv(Zb'l"")/Zb(Q
x)t’r(A'an(u”v )

2b=1+ ¢, (2b-1+8)/2b
and with respect to Remark 1 it appertains to cx,t.,g

)

(Q',,,} and satisfies the operator equation u = A (x, t) uon Q..
(The integral operator A (x, t) is defined by the formula (9)

from [2] .) To prove this theorem we have to show that the expres-

sion ||uﬂ g defined by
2b+

Qe

2b

-1 :
w J=1,??f.p Eo lklgi ’?.[ID:UJ“’ 2l 81.0.l=(*‘)“] *
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-1
* g (1o vy V] e 0] +

+ [(D:uj(x, t))9 X ggl;o’k(t)] .

sup .
lki=2b (x, t), (i;‘yt) € Q.

+ [(Dtuj(x, t)) 9,x 8;}1,0 (t)] *

: sup
(x,t),;(‘y, t) e Q*

x#y
2
+ su Dku-(x, t) .
igl k=i (x, t),-(f:" 1) eq‘K X9 > (2b+9- [ki)/2b,t
t#t ‘
-1 (¢, t7)] + su , (Dyu:(x, t) .
- 83,0,k ) (x, t),é,,t ) e d'o[. L $/2b,t
t

. g;::‘l\,o(t, t')]
(see (4)) is finite.

Put

inf -€l=@ >0 and [x"- §|= min (|x - - ED
jng 1x -8 end |x"- €|= min (|x - §|,|y - §I

xe 2
for £6X end (x, t), (y, t), (x, t)eQr, t<t’, Employing
the Gren’s formule and the estimation (6°) of [2] and (5) (with

the exponent < = € ) and the assumption (6) we obtain for |k/= 2b

%
|pfucx, © | F L $ ac ]JD:G(x, t;8,T) ag| J+

+ I ac ‘{ ID:G(x, t;g,‘t‘)] |F [g, €, seny D:u(g,f),...] -

- F[x,‘C’, , D: u(x, ), ...]ld; £
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2bi -m=2b+1
£
L {mee (00 )w fA,(u,(t) +

t > e 2bu -(m+2b)
+ [ ac S{ (¢ -2) &A= T x P, (x,§,T) a¢}y

and '
IDb.l(x, t) - D:u(y, t)| #

£ Z dcu[nﬁa(x-, t;E,%) - DGy, t;8,€) ) af | g+
* :g' dCQI]D:G(x, t; §,T) - Df6(y, t; §,) | [F[E, €, ...,

| Dqu(¥,T), o..]-F[x*, T, oo, Dl ulx, €), ... || af €

2b(u_ - (m+2b-1+ @)

lex-yP{mes (092 ))w rA’JL(t) +
' 2bu~ (m+2b+ § )
+ z ac f(t - C)’{‘e‘(t’ T)lx’-gl a Py (xf?,‘t‘)d;} J,
Q
where
' 2b=2
- _elP r B _ellr

Pulx, £,T) = () [x - ¢] "130 |ﬂgi(q (o), fA’(‘L( T) [x -g|Fa)+

+ (@(c), &% (&) |x-g|%P J).
efiapa A ]

Hence if we take 4 such that max {[Zb- (- ¢)] /2v,
[2b - (<A -9)] /2b<c <1 for |7=0, 1, ..., 2b - 1 80

|pRux, ©)|F 18 o L (0) 3.

[phace, ) - By, 0[S ufx = 3| gy 0 (0
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where the functions 8 o0.x and 8 o.x @are uniquely determined
t R L A
by the preceding estimations.

The equation (1) and assumption (Dg ) and the last estima-

tions yield

IDtu(x, t)l £|[F x, t, ooy D: ulx; ), wes ]I +

+'k|§2b|Ak(x)| | Dputx, )] £ 1gy 5 o(8) 0

énd '
|p,utx, t) - Duty, t)|%
& |F[x,"t, -ooc, D:Il(x, t:), .ooc] -.ng’ t, eeny D;u(y,'t), "oo'o] l +. .

+lk|§2i)'|Ak(X)| | Dkux, ¢) - puy, 0| +

+|k’2’-‘2b|‘k(x) = Ak(y)l ID:II(Z, t)l E le - yle 52,1,0(“ J.

For |k|=1, ..., 2b we have

‘]D’x‘u(x, t) - Dfu(x, t°)|%
£ {L § d‘t"é[D:G(x, 4§, ©) ¥D§G(x, tE, )] ag| +

+ i' ac lg_f- D:G(x, t';g,r) dfl}J +

. ‘
+ [ ac Jlofecx, +; €, - facx, ¢, ©)

JR[E T, oo, DQu(E, D), o ]-Fx, T, .., Dux, @), ... )| aE s

L4

.4'3 ac § [ofe(x, 75 §,0)
n
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.IF[g,'T" so0 D:u(g ’C)’ saen = F[X’T’ ey D;u(x,t:),...]l'df.

Denote gradually the integrals in the last inequelity by I,
12, I3 and I4. Using the Green’s formula and the mean value theorem

and assumption (6) one obtains

([1N

I, L(t = t)fA’{u(t')El

L

To estimate I we put Sy ={ tEeQ ]} -x ] > (- t)l/zb}
S4 =Q - Sy« Then there is Te(t, t°) for which

1N

Lfy At =4 B

t o 2b -(m+2b+|k|)
L {1 d atfer (= O)(i ¢)Mx-¢| .
5

% 2bu~ (m+ (k1)
CR(x,EL,T) Af + f A€ (- ) UAt= T ]p ¢ ¢ "
¢ 0

t 5 2b -(m+{k|)

. P{L(x, E ,‘C’) d; + g dc gg (t’_ fl‘) QA(t "c)lx -fl °
' *

B (x,8,T)a¢} g

Further

. £ . A A= D) 2o -(m* k)
I4=L{{dtg(t-€)e |x - ¢l

. B (x,§, ) ag § a.

If max [(2b +Q- |k| )/2b, (4b +©-p@)/4b, (Ik|-p)/2b,
(1kl- kB, ) /20 ] € o< 1 and mex [(IkI-B)/2b, (Ik| - LB, )/2b <
< A <(lk| =9)/2b for || = 0, 1, «v., 2b - 1 &nd (k| = 1, ...,2b

then the functions
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1

, (lkl-®)/2b t'=t
(t'- ) (

g 7 7eh% dz)-

1

4

(2br-2b-9+8)/2b  t-=t -
(t"- t) s F (§ 2 et az)
are bounded for teé { 0, =), t’e {0,%0) and t< t’ and the

estimation

-(2b+9-1k1)/2b t'-t t7-t _
(t°= t) 2 Reh%az £ g~ oAt

: -8

holds for % = 1 - (lkl-S)/2b+ A and t, t e (0, o), t<t’.

daz

Hence for Il’ 12, 13 and I4 we get A
< , (2b+ 9-|k1)/2b ; ;
11 L(t = t) fA’[L (t )fA,(u, (t'=t) El .

(2b+ 9-(k| )/2b

< 4 . , .

(2b+ 9~ k )/2b

I = L(t"- t) wit, t°)J
- . (2b+ 9-|k1)/2b , ,
I, <L -t [1+ ‘fzi(t ) + !ﬁ%}b(t ).

'fA,QC (t'-t)J,

where W is a positive function with the property (j) and T is

a positive nondecreasing function on: <0, ). Consequently

| . . (20+Q=lkl)42b ,

which gives the required inequality. The function 33'0,k is de-
termined by (8).

In conclusion of this proof we establish the estimation for
the difference
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|Dgulx, t) - Dyulx, t) | %

= IF[x, T, eee, D:u(x, t), ...] - F[x, t°, eee, D:u(x, t'),...]l-i-

-

k .
' lkl§2b I_“‘(x)l | Dx(x, ®) - Dpu(x, 1) | .

2b-1+ « , (2b-1+« )/2b .
Since u e cx,t,f(A,ac,,w, v) (Q. ), by (6) we can majorize

the first member of the previous inequality by

, A/2b
{p(t) (t'-t) +

2b-1 ,
+ L r; (t
i=0  |1f=2b-1

A CUECIN 24,9 (t°- t) £4,y (t%) J)} J.

oy (G (2om2e = 1712 /25

We easily see that for max [1—( p=9) (2b)-1,
1 - (2b=-1- (7)) /6, (2b)‘1, 1-(of[£, -9)(2b)']}f < 1 end

, , , ’ =9)/2b
t, t"e (0, ), t <t", the functions (t'- t) .
t =t -1 (2b-1-|™])/2b  t°-t -1
«( g 2" k% az) and (t’- t)é. ( AT dz)
(f3y ~©)/20  t'=t -1

for (#]= 0, 1, eee, 2b = 2,(t - t) ( g z %% ag )

for || = 2b - 1 are bounded in t and t°,

Hence analogically to the difference ID:\:(:, t) - D:(x, )
we may conclude that

9/2b - ]
[Dyulx, t) = Dyulx, t7)]%F L(t"- ¢) 83,1,0(t) t7) J.
where |

83,1,0(ts t7) = (I, (t°= ) +
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-2 ,
2 L4 &, L4 @, 4
+ rA,# (t'- t) :21 | Fg:i(q"(t), 47y (t'= ) 27y (t")J) +

. Ed ﬁ"’ . ﬂ'v ,
WAL t)mg%_l(q (1), 2.5 (t'- %, (299) +
+ 33,0,k(t, t )-
Thié finishes the proof,

Remark 2, If there exists the solution

2b-1+eC , (2b-1+& )/2b
ueCrt,ra,e,u,) (Qg) of (1), (2), (3) then for the

smoothness of this solution it is sufficient to assume that 'IFI =
£ g(t)J on 'ﬁ'“ , where q is a bounded and integrable real function
on every interval (0, T) for any T > O, instesd of the assump~-
tion ﬂ F” 0.’ £ L in Theorem 2.

18e

3, The uniqueness
Using the Theorem 1 we get the following uniqueness

Theorem3. Let the assumptions (A), (B), (D2b-1+°9) be
fulfilled end F : ﬁ,,;»np be continuous and bounded vector function

in the norm ". |l 0.§. - Let the Lipschitz condition
, 0,He _

(9) IF(I, t,’ooo, ur, eee) = F(x, t, seey vr ’ ooa)l ‘

. !
= (| @), [W=-v[) g
L e Wl

be satisfied on ﬁ'“. The vector funcion r®(t) = (rr (t)yees ,r;' L))
is integrable on Q, for |%}=0, 1, «.., 2b - 1 and

¢ 2% )|, £, ) D EL for te <0, n) , where L, >0
andn=1, 2, ... . Further let B, = LLp° [28 + t(2b-1)] < 1
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forn=1, 2, ... (L is a constant from the estimations in Lemma
2 of [2] end s and t(r) are defined in [2] P. 2). Then
the integro-differential equation u = A (x, t) u has one and

CZb"l"'* ’ (2b-1+ ")/2b(q°‘ )

oniy one solution belonging to
x,tof(Asapc‘";” )

and

furthemore the successive approximations u, = A (x, t) ug 4
tend to this unique solution as €—> % in the norm

o f(A, R, Y) 2b-1+ «, (2b=1+x)/2b
" . zb-l“_&’qm for m \b € cx,t,f(‘, “'/L’ v ) (Q“)O

Pr oof . Consider the locally convex space (P(Q.), €) =

2b=1+ £, (2b=1+ £)/2b . .
=(Cx,t,f(A, 2,40,V ) (Q.); T) topologized by the family of

£(A, 2 V)
seminorms &, (u) = ”u” 2b-1’.+o::‘;; for n =1, 2, ees &

According to hypothesis (9) and Lemma 2 of [2] for u, ve
€ P(Q.) and (x, t) € Q  we have

|DE & (x, t)u - Df & «x, t}vlé{gd‘t‘:g|0(x, 1 8,TH].

2b~1 '
B B0 o

Tl=

¥ -1 < .
va(§ , ©) | fA,,n(C'))dfj JELp Il,k("-’ t) 6,(u - v)J 2

2
2 LLpLy 4 (4) 6p(u - v)J, Ikl =0, 1, ..., 2b-1
and
| DX A (x, ) u-05a(x, tiv-DKa (3, Vuw+ KA (5, tav] S

N

LanzfA,(w(t) G‘n(u -v) ]x - y]‘* J, lkl = 2b =1
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and

’ k P .
|DE A (x, t)u-DEA (x, t)v-DE A (x, tIu+Df4(x, t)v]E"

£ Lp 13’k(x, t, t°) 6,(u=-v)J &

P 2 , , . (2b-1+X - |k|)/2b
= LLp fA,.v (t'- t)fA’y (t )6”nr(u -v)(t'-t)

for |k| = 6, 1, ¢es, 2b- 1. Hence we obtain

6, [A (x, hu-A(x, t)v]ZFLLp? (28 + t(2b - 1] 6 (u-v)
which gives the conditions a) and b) of Theorem 1 for the identi-
cal mapping .

The remained claims in Theorem 1 are evidently satisfied and
so the uniqueness of solution of u = A (x, t)u is proved. .

Since the space (P(Q,), €) is complete (see Lemma 1 of [2] )

and the sequence of the successive approximations {uﬂ - ie
i 4]

fundemental (i.e. 6,(ug - ‘i!.ﬂn) = Br{ (1 - Bn)-.l
-S'n(uo - A (x, t)uy)) forn=1,2, ... and uye P(Q,)) there
exists a vector function u"e P(Y_ ) such that %in ug = u* in

. > 00

(P(Qy ), T). For sufficiently l'arge index £ >0 and ¢ >0

G- A (x, ) &

é 6~n(“t° u.'t) + By %‘“e-l - <E

whence u*= A (x, t)u* on every Qn’ n=1, 2, «ee ¢« The proof

is complete.
4, Asymptotic behaviours

The aim of this part is to investigate the solution of
problem (1), (2), (3) as t — oo,
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Theorem 4. Lzt the condition

(10} |Flx, £y eoey Wy 0ee) =Flx, t°, cee, v, oooi | €
- ¥ L1 B'/28
=te ¥ {|t-1t] .
2b-1 -AB_|t-t"| -c AL t*
¥ 2 e Pe e 2P (d, _lu‘"- v"'|{sr )}J
i=0  Iv=i
hold on ﬁe_\ . Here 4 is a positive constunt from the estimatidn_ ;

(6) of [2] and L>0,c;>4A for $=1,2 end B8, 4 (0,

for

=1, ..., ?2b=1 ep3 t = max(t, t'); morenver

F{x, B; seey Q, ieel =0 on Q . Then to eech soluticn

v e peomlt e, (2b-1l4a )/Zb(Qn) of the rroblem (1), (2), (3)

x,t,f{a,2,uw,”)
there exists e resl number to(u) > 0 such that
a~Bty

lD;fU(‘i, t)l = 0( J ror xef2 , t >t (0

«nd for |x| =3, 1, ..., 2b=1, where O< B < min(c,-A, ¢, - £).

(2b=1+ &, {2b=1+« )
‘Xyt,F(Ae 0,y )

Pv - eve u cee
dt‘{lnxﬂ(.,t,s,ﬂllr‘[j,t, JTRucg ,0),... )] ag+

Eroof . .For ue (Qqe ) one obtains

t
!
. z dcx{lnﬁc(x, t;E,IT')”F[§,T,...,D:u(§,f),...] -

) ar
- F [§, ty, eee, DJu(E, t), ... ]2 = 1, + I,
on Qg for |k| =0, 1, ..., 2b=1.
Using the hypothesis (12) and the estimetion of the Green’s
function {§”) from [2] we get .

-c,t /2b
LT Le A {tﬁ +

2b-1 ~(a+c,) B, t, ¢ ; t
+p L Irfgi e 2’ B (l eh2 zzdz)ﬂt} ('2 e““z 2 dz) J
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- t /2b
I g{Leclt J ghe z-‘a'[ 2'612 +
o

2b=1+ &=~ || ) /2b
o-(Az+e, t)Ag 2P (2b-1+ =] )/ .
i=o [*[=1

t
. ( } ¥ iy du)/\31v ( 5 eAv v’ av )/3’”] dz} J.
o )

For' sufficiently large to(u) > 0Oand t > to(u) we easily

obtain
-c,t A/2p S _
(11) ecl t z eAzz‘“'dzf-’-'LeBt
me2t g Az -2 .. < -Bt
e e z dz = L e
and
-ARt -cit _
(12) QAA' e ! IeAzz‘wdzéLeBt
0
similarly
t >
-c,t /2b- _
(13) e 1 j As z'ﬁ (Ldz € Le Bt
0
and
-c,t o _
(14) e ! 5 rz(1-4.) zﬁ,,(Zb-l-nc )/2b (a,.
0
z
. ( 5 eAu u-vdu)ﬂr dz é L e-Bt
0

where L is a positive constent.
Hence the essertion of this theorem is true.
If at least one constant c,, i =1, 2, from hypothesis (10)

is equal to the constant & we get a weaker result than the one

in Theorem 4. The following theorem is true:
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Theorem 5, Let the assumptions of Theorem 4 be satis-

fied with the constents c¢; ¥ A for i = 1, 2. Then for the solution

2b=1+ =, (2b-1+«x)/2b
4 vatvf(A)“,(“vV )

2b-1 + = || < (‘/L//ir) + 7Y we have

(Q_ ) of the problem (1), (2), (3) with

K a
IDxu(x, t)I = 0 (1/t ), xed2 , t >ty ty> O, where

kl = o, l, ecey 2b - 1 and 0 < acx< min((“"-ﬂ‘/zb’ v ) and

By

30 = ' min
|#1=0,1,0046, 2b = 1

The proof is the same as in Theorem 4.
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Sihrn

0 NIEKTORYCH VLASTNOSTIACH STACIONARNEJ PARABOLICKEJ
' ZMIESANES ULOHY

VvLADIMIR DURIKOVIE, BRATISLAVA

v ﬁréci sa vy3etruje hladkost a jednozna¥nost rie3enia ulohy

(1), (2), £3), jeho asymptotické vlastnosti a konvergencia postup-

nych aproiimécii v priestore holderovskych funkcii

c2b-l+ of ,(2b=1+cC )/Zb(Qeo )
x,t,f(A, Yot V)

PE3KME
v

0 HEKOTOPHX CBOMCTBAX CTALMOHAPHOM CMENAHHOM BALAUN
MAPABOJIMUECKOI'O THIIA

BJIAAMMIP AWPHKOEKY, BPATHCIIABA
B arTof crTaTne mccaenyeTcs OLHOBHAYHOCTH M DEryJapHOCThL 8ajav::

(1), (2), :3), acuMnToTHYeCKOe NOBEJEHMEe PemeHHS ¥ CXOAUMOCTH NOCJe-

ZoBaTesLANX NPHOAMXeHMA B mpocTpaHcTBax ymKumi [exbzepa

b1t &, (2b-sr£)/2bg 5
x,t, f(A,2¢,u,v) "7
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It is well-known, that each real number x € (0, 1) can be

uniquely expressed in the form

(1) x = l+_1..._].'_+..—1._1 +———L—— 1
d1+1 8, d2+1 8,8, d3+1 8:8,0..8, dn+1

+ LN ]

where d; = d;(x) are positive integers and s; = a;(a4 + 1)
(i=1, 2, «..). The expression (1) is called th& Luroth’s expan-
‘sion of x and the numbers d; digits of x (see il , ».
116-122).

It is proved in [2] (see also [5] ), that for almost all
x € (0, 1) the equality

A=1in B/ @ 6,0 ... a0 = [1 /0D
ny oo - n k=1

hodls.

~ This result is analogous to a well-known Chin&in’s result on
continued fractions (see [3] y Pe 110-111).

We shall d;al in this paper with numerical calculation of ) .

The calculation of A leads to the calculation of then sum of in-
finite series for 1n A . We shall estimate the remainder of this
series in an elementary way, what allows to estimate its sum with
arbitrarily high accuracy. Following there is given the way, how
to correct this estimation by using of higher differences. The esti-
mation of A by Euler’s summation formula is given at the end of
this paper. '
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l. Elementary estimations for /\

We consider the convergent series

@
)‘ = ln k = E
dn ézm) s Tl

where f(x) = 1n x/x(x + 1) is decreasing funciion for x>= 2.

Hence for each integer k 22 we have
k+1
£(0)? [ T£(x) ax> £(x + 1)
k
and so we get
oo
£(N) + £(N + 1) + ...> gf(x) dx >£(N+ 1) + £(N + 2) + ...

by summation for k=N +1, ... &

upper estimation
lower estimation ———ee--

£(N) L_=>=
1 1 | H (=} x
N N+41 Ne2
Hence
¥ e = E o 7
S=1nA=2e(k) = I £(k) + £(k) € Sy + ) £(x) d
k=2 1‘:7"-32 x2=‘;«+1 <5y 1§ ik
and similary
.00 )
S=lnh= 2 (k) = éf(k) + 2 2> sy + J ) ax,
. x=2 . =2 k=N+1 N+1
where SN' is a N-th partial sum of the series EZ £(k),
Hence
o0 oo
(2) S+ § £(x) axe S5 <s, + § £(x) ax
N N+ N

and if E, (E®) ies a lower (upper) estimation of the integral
in (2), then it is possible to write
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. %
&} SN+E*(N+1)<S<SN+E(N). A

Some "symmetrization" of estimations from ['3] is shown in
(3), to get an improvement of lower estimation. We can get the

o0
s s ln x > s
estimations of the integral dx for a= N in the
£ x(x+1)

following way: we write

1 - 1 1 1 2
m)-?.m-—xz.(l-l/x+l/x-...).

- We get from this

oo o
2
;“ (1/x° -l/x3) ln x dx < ) ﬂhxl_:—l') dx<‘£(l/x - 1/x3+ 1/14) ~

e ln x dx .
Since
? (%3
1n x S -8t 1 1+s8lna .
—1—dx= t.e dt = o« =———===_for 8> 0
a x” ln a 8 as

we get following estimations from previous inequalities:

1+ 1n a 1 i1+ 21n a
(4) Bela) = 25— S !

E,(a) = E (a) +—}9—.. i+ Jlna |

It is possible to improve these estimations. Thé improvement
would have sense only with adequate improvement of the estimation
(2). It could be done in the following way (what is an intuitive
geometrical interpretation): i

Let us suppose that Z:of(k) is a convergent series, f(x)
is positive and decreasing for x 2 Xgs £ (x)=» O monotonically
(x-» @), Let there exist derivatives £’ and £’ for x 2 X,

and they monotonically tend to zero as x—>90,
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Hence £'(x) < 0, £°°(x)> 0 for x 2z Xy. Then for every -
x € (k, k + 1) (k2 X;) there exists an s € (k, k + 1) such
that f(x) - £(k) = £°(s ). (x - k) < £°(x) . (x - k). Hence

f;lfm dx<ks:1[f(k) +£°(x) (x - k)] ax =

ki
=[rooxe £(x) (x - x)]-§ £(x) dx,
' k

This yields

k+l
(5) i £(x) axg HEL Ik + 1)

Since there is r € (x, k + 1), such that f(x) = f(k + 1) =
-(k+1-x). (f'(rx) and f'<c 0 is increasing, we get

£(x) =2(k+1) = (k+1-x).2%(r)>f(k+1)-(x+1-x).
« £7(k + 1), Since there is some t € (k + 1, k + 2), such that
f(k+2) - f£(k+1) =2(t)> £°( k + 1), we get for x

€ (k, k + 1) the following result:

f(k+1)+(k+1-x)[r(k+1)-r(k+2’]< £(x)

hence

) £ 1) S £kt 2) T £(x) ax.

We get for k=N, N+ 1, ... by summation of both inequalities
(5), (6):

20

_ o co ‘
(7 —%—f(u +1) + k=§+1 f(k)<£r(x) ax < - —'}-r(i) + 12;! £(k)

and from (7) by replacing N into N + 1 we obtain
oo

oo a0
St ax+ F-2na1) < Z r0< § e ax - 3 £(w1),
N1 | k=N+1 N
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Hence, if E_(N) (E®(n)) is lower (upper) estimation fo_r.

the- integral in (7), then we have

(8) SN + E(N+ 1) + 4 £(N+ 1) < S< Sy + FE(N) - —5-£(N + 1),

This inequality was used for the computation of A . The following

table gives some values:

,_4

N 100 1000 4000 7000
Sy |0-7329597935 0.7806299615 0.7862075874 0.7871230852
{}f(n + 1)|0.0002239915 0.0000034440 0.0000002590 0.0000000903
E,(N + 1)|0.0553445360 0.0078971569 0.0023227195 0.0014073904
E®(N) |0.0557980895 0.0079040538 0.0023232376 0,0014075711

S,(N) |0.7885283210 0.7885305624 0.7885305658 0.7885305659 °
s®(N) |0.7885338915 0.7885305712 0.7885305660 ‘0.7885305659
expS,, (N) 2.20Q1561189 2.2001610504 2.2001610579 2.2001610580
expS®(N) |2.2001683750 2.2001610697 2.2001610582 2.2001610580

where

Se(N) = B (N + 1)

Hence

in A = 0,7885305659

+ 32N+ 1) + 5y,

S*(N) = 5y + E'(N) - § £(N + 1),

[

i1+ 1+

J, (S1< 1,2.16'°

rounding errors the sum

A\ = 2.2001610580
vhere |E|« 9.10711, In order to eliminate
Sy = Zkfa £(k) was calculated in double precision (23 digits).
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2. Estimations of remainder bY

using of higher deriveaetives

Previouos estimations are associated with the approximation
of f(x) on the interval fk, k + 1.] by a constant or a linear
function. It is natural to try to spproximate f by a polynomial
of higher. degree. This method, used on finite interval, gives
Gregory ‘s formula or Laplace’s formula;for numerical quedrature.
We shall deal with an arrangement for the estimation of the re-
mainder of the series Zz:lf(k).‘ .

Let us suppose that the function f is defined on the in-
terval [;0,90 ), it has all derivatives and f(i)(x)-v 0
(i=0,1, ..) monotonically as x-»9, Suppose, that f is
positive on the interval [xo, ©0 ) &and all its derivatives are
integrable on [xo, Q).

We seek for f(x) an interpolation polynomial La(x) (of
degree s) at tabular points x =k, k+ 1, ..., k + 3,

Let previouos assumptions for f(x) hold. Then for

xc[k,k+1] we have

T £ o @ -0 (x -k - Dauux - k e,

£(x) = Lg(x) + 157

We shall consid;r Ls(x) in the form
- (9) Ls(x) = £(k) + (x -'k) A £(k) + %l (x - kK)(x - x - 1)A2f(k) +
+ + 1 ( 8

eece ;' x-k)...(x-k-s"'l)A £(k).

Then we get for p =0, 1, eee,y 8

Ly (k+p) = £(k) + p AL(k) + §p(p - 1) A%r(k) +
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+ o+ Re Do =82 1) ASe(y) =

8
=£ P Ade (k)
=

=% (-Lirx

i=0

Jﬁ;o(g) lﬂ;o (-1)j'i(flj)f(k v i) =

1) Jgi -13(8) (9)= éo(-nir(x

+
+

i) Jgi(-l) i(gﬁ:}) .

=1£;b (-1¥(k + 1) ) in = £(k + p)

.3, 0

a-ln-

or, in an operator form by using A = e

Ly(k + p) = §0(§) A (k) = (1 + APe(k) = P £(k) =

= ¢PD £(x) = £(k + p).

Hence (9) is the interpolation polynomial indeed and in the

notation

1k1
A=1,A=;!i(X-k)(I-k-l)-..(!-k-p"‘l)dx‘

1
1 Sl - -p+1)at= R
-3 t(t = 1) eee (t = p+ 1) So (p) t
we get after the integration on [k, k + 1] :

k+l '
1) ax = AT + MALZ) + .+ g A°2(k) + AL,y f(""”(n]k)’

where -’1]‘ € (k, k+ 1),

By the summetion for k=N, N +1, ... we get

(- -] o
éf(x) ax = Ay X £(k) = AL(N) = A,AL(N) = ... - A,A"l £(N) +
k=N ,

o0
s+l =N k’°
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' We have to estimate the sum

o - g f(a+1)(/7k)' /I?k €(k, k+1)
k=N

in the last relation.

l, If s+ 1 is even then f(°*1) is a monotonically

decreasing positive function, thus

ob )
Nflr‘"l’(x) ax >0 + e Dy v 1)+ Liis v »

o0
> 2% (yaa) + 2B (N v 2) 4 LS NSlf(’*l)(x) ax.
+

Hence '
e w1 ey 2w e 1),

Since sgn A3+1 = (-1)® = -1 in this case, we get for s + 1 even
NG T IR RN SN C J
“fa+l a+l'" < "Ags1 s

2, If s + 1 is o0dd then f(°+1) is & monotonically in-

creasing negative function, thus

od
J 2o (x) ax < £V w) + 2BV n 4 1) + 1L < g

N-1 )
00
2B (n e 1)+ 2V y w2y 4 .. < 5 20 (1) ax.
| ~ N+1
Hence

-t N c-2 (e 1).

Since sgn As;l = (-1)® = 1 in this case, we have again

SR LU I P W P Y L 2N R

s+l

So we get
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o0
(10) S £x) ax - (@ - ADEW) + 4y AZOD + oo+ 4, &%) +

o0
* Aot - 1> ry > £ 0 ax - (- ) £ 4y ATOD +

s~1
Yoeee v hg AT p) + Ay, £+ 1),

If we denote by E, (E®) the lower (upper) estimation of the
integral in (10) and if

(11) W (N) = E(N) = (1 = A)IE(N) + Ay AL(N) + ..o + A, A% 2e(N),

WEN) = ER(N) - (1 - A)) £(N) + A, AZ(N) + oo + A, A% 2(N),

then we get

£(8) (yo1),

(12) Sy + W (N) + A, 2080 (1) & 5 < s + WRN) + Ay,

where Sy 8['1' f(k) is again the N-th partial sum of the series

k,l f(k) o
=

The relations (11), (12) give estimations of the sum of the
series Zbl f(k) and they allow to take far less terms in Sll ne-

cessary for the estimation of S with given accuracy.

It is neceesarj to know koefficients Ap = 5%(; dt. for the
using of these estimations. The simpliest way how to define numbers
Ap is to use the recurrent relation. We get this relation in
following way [4] : ’

The generating function Ap is

;i,:o A, xP = pz;'oxp g(;’)dt = “o pgo(;)xp at = %(1 +x)t at = I;Tf'lq-_x)'
= = >
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We get
1= pgé s, =P Z (-1 ¢ E = Zox z é—);— Aoge
Hence |
1= 1, 4= qz::l ;—‘%L}.—l Mg
it ieana .

Ag =1, Ay = 1/2, Ay = = 1/12, Ay = 1/24, A, = - 19/720, Ag = 3/160,...

Given assumptions are mostly fulfilled in practice, or it is

possible to transform the series to fulfill given assumptions.

3. Application of Euller 8d8umma-~-

tion formula (ESF)

We transform the given problem to get an easy estimation of

the integral in ESF. We have

a o0 [

© )
S tuge-f dua-p
k=2 k=2
Hencé

S "Z;"P(k)o where ¥(x) = = 1n(1 - ——-).

Now we use ESF on ¥ (x) to compute S (see [4]

¢
-8= g\V(x) + \P (x) ax + W(Nﬂ) - I% YZN+1) %
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1 vre s
+ao5g ¥UT(N+ 1) + Ry,
where A
1 (5)
IRl sozgo[ W77 + 1))
It is easy to compute derivatives-of ¥ and we get

(@ = (v + 1)1

o

S iy 9 1n(1 - w) 1w + v2/2 + '3/3 + 3

135 S (x) dx ==_ /3w - s dw =
N+l‘y So v ‘o v

J

therefore

§
(x) d&x = -
N+lq) k=1

i i;— + Ry, where |R,| < le- (1+q+. .. )=

M+1
= g'_'E . ‘—;— .
) l1-q

(M+1

Hence we get

N k '
(13)ln)\=-;2ql(k)+él%‘,—-%‘¥(}i+l)+1%-\V(N+1)-

-wim YN+ 1) 4R
where |R| = Ry + Ry ¥ [R)] + |Ry].
The application of (33) for N = 50, M = 20 gave the éame )\
value as estimations with linear approximation for N = 7000. It
is possible to use ESF for original series too. For example formula

(4) gives estimations of f(x) = 1n x/(x(x + 1)).

4, Conclusion

By given methods we are able to computé the sum of series on
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eomputer, or to seek lower and upper estimations for these series.
The application of ESP is most effective, but it is necessary to
know the derivatives. The application of finite difference formu-
las is more simple. There is a strong relation between ESF and the
estimation (12), evocated by changing of derivatives with differen-
ces. The c‘omputation of \ , resp. 1ln A with derived relations

was made on computer GE 427 in VS Tesla RoZnov.
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Sdihrn

ODHADY GEOMETRICKYCH PRIEMEROV LUROTHOVYCH CIFIER
A. DAVID - S. DVORAK, BRATISLAVA - ROZEov

8lénok sa zaobers numerickym vypoZtom sudtu pomaly konver-
gentného radu S =2 = 1In k/(k(k + 1)), ktory hrd d8lefitd dlohu
v Lurothovych rozvojoch. V prvej Zasti su odvodené odhady zvydku
prislusného radu, ktoré dovoTujld urlit jeho sifet s IubovoInou
presnostou. V druhej %asti je ukézand metoda korekcif tychto od-
hadov pomocou derivédcif vy#8ieho réddu. V poslednej %asti je odvo-
deny odhad Qﬁétu radu pomocou Eulerovej sumaZnej formuly. Metody
uvedené v tomto &lénku s vhodné &j pre iné pomaly konvergentné
rady.

PE3KUME
OLEHKM NMPEAEJA TEOMETPMYECHKAX CPEAHWX LWOP JICPOTA
A, dabil - C, ABOPEAK, BPATHCJIABA - POEHOB

B BTOﬁ cTaThe NPUBOAATCA BHUMCJACHUSA uenaenno cxompgmerocs

PAla S = Z 1n k/(k(k + 1)) xoTopuik MrpaeT BaxXHYD POAB B PASBMTBLAX
k=1

ﬂnpowa. E nepBoit yacTH OLEHKHM OCTaTKa JAHHOIO pAjAa, NOosBoJAADmEe
BHUMCANTL €ro CYMMy C NpoMsBoJabHO# ToWYHOCTHD., Bo BTOpO# wacTm no-
KasaH MeTOX JaJbHeWmMX MCnpaBJeHME BTMX OLleHOKR 38 MOMOIM NPOKSBOX-
HHX BHCmero nopsgxa. B nocxezredt wacTu cmamb; LeHa ONeHKAa pAxae NpxR
noMomm cyMmmaumoHHo## dopmyam Eitzepa. MeToxm 8Toit cTaThM YROORH X

RAS DPYrMX MeLJEeHHO CXOAbAmMMI~H [diCB,
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CATEGORIES OF KLEIN SPACES

MILAN HEJNY, Bratislava

In authors paper [ 3] several definitions of "(in)dependency"
in Klein spaces are described and mutualiy compared. The main tool
for this investigation is one special kind of a closure operation.

This paper gives a categorical approach to both Klein spaces

and the mentioned closure operation.

1. Prelimi.nary

Let M be a nonempty set of points. A bijective map
f : M— M is said to be a transformation of M. The set T(M)
of all transformations of M has a natural group structure given
by the'composition (£, g)—f o g, where (f o g) (x) = £(g(x)).
An alternative notation for f o g is fg. The full transformation
group (T(M), o) will be denoted briefly by T(M). As usually 1
or 1y is the identity in T(M); the inverse transformation to
£ e T(M) is denoted by f£~1.

Definition 1. Let G be a subgroup of the full

trensformation group T(M) of M. Then M = (G, M) is Klein
space (briefly k-space) with the underlying set M and the trans-

formation group G. If G  is trivial then M is called trivial.

The simplest k-space is the singleton X= ({1} , {kx}) whose
underlying set {*} consists of exactly one point.
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It is occasionelly convenient to introduce a k-spa~ce via re-
presentation or action. Let (G, ) be an "abstract" group with
the identity e and let M # @ be a set (of points).

A representation (of G on M) is any homomorphism

4 : G—>T(M), gr—»Ag'
An action (of G on M) is map.
o : Gx M—>M, (g, Xx)—> (g, x)
such that for all xe M end all f, g G it holds
«x(e, x) = x and x(g, x(f, x)) = x(g . £, x)

There is only a formal difference between a representation

and an action. In fact

if A is a representation then a: (g, x)»——,As(x) is an
action,
if « 4is an action then o: gr>o(g, - ) is & representa-

tion.

Here (g, -): M—> M, x—>a(g, x) is a transformation
of M, A k-space M described by a representation A or an action a
will be sometimes written (A, G, M) or (x, G, M), This nota-
tion will be used even in the case G c T(M) where both A and

sre canonical: ,As(x) = g(x) and (g, x) = g(x).
Given a k-space M = (G, M), we recall some terms:

G(a) = {gla) | ge G} is the orbit of a point ae M,
M/G = {G(x) | x e M} is the orbital decomposition of M , i

M: Gc M x M is the equivalence relation en M given by the
orbital decomposition M/G: (x, y)e M : G & G(x) = G(y),
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7 y:M —> M/G, x+—>G(x) is the natural projection,
orb. (M) = M/G = ({1} , M/G) is the orbital k-space (trivial,

of course),
M|N= (a, G, N) is the restriction of a k-space M to a

subset N where N # @ is a union of orbits of M and

o« (g, x) = g(x).
A k-space M = (G, M) is homogenous (i.e., G acts transi-

tively on M) if card M/G = 1.

Exgmple 1, Let V?(K) be an n-dimensional vector spa-
ce over a field K and GV(n, K) its group of all automorphisms.
The k-space V®(K) = (GV(n, K), V?(K)) has exactly two orbits,
nemely {0} and *VR(K) = V*(k) - ’{0}‘ o The definition of the
projective k-space PP 1(x) started from the k-space *W(K) =
= V2(k) |'"V®(K) which is the restriction of the k-space VZ(K) to
the orbit *Vn(K), see Section 5. We will write "VR(K) = (G%(n,l(),
*?(k)). The groups G'\{l(n, K) end GV(n, K) eare isomorphic.

2. The Klein Kategory
Our first task is to introduce the category point of view
into the class of all k-spaces.
QefinitioLL.__Apai‘rofmapa
. n: 6 —G,, w: M) — M,
is said to be a k-morphism from a k-space M; = (G, M;)
k-space M, = (G,, My) if the square '

to a

'lll % > W
gl l N(g) = QB
o] = - W
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commutes for all g e Gl‘ If in addition ) is a group homomorw-
phism then the k-morphism ({2, cv ) is called the strong
k-morphism. A k-morphism ({2, w) will be briefly denoted by w.

'There is & very simple example of a k-morphism which is not
a strong k-morphism. In fact, let M be a set consisting of at
least three points and m ¢ M a point. Choose f e T(M) such
that £ # 1; and f(m) = m. The k-morphism @w: X +—> (T(M), M)
given by W :x+—>m and (2 : 1——> £ is not a strong
k-morphism. However the lack of "strong" in this example seems
to be very unsubstantial, for the k-morphism w can be turn to
a strong k-morphism by replacing ~~>()' where N': 1+—>1,
The following example shows that' such a replacing does not exists

in general.

Example 2. Letus define k-spaces M; = (G;, M),
i='1, 2 as follows: M; = {a, b} , G = T(My) = {1, g},
M, ={a’, b’, ¢;lie 2} and G, is generated by the transfor-
mation f e T(M,), f(a’) =b’, £(b’) = a’, fleg) = ¢5,q, i€ Z.
The k-morphism « : M,—> M, is given by w(a) a’, wi() =1,
0(1) =1, N(g) = £. Since G, £ 2, and G, ¥ Z there is no

homomorphism o' Gl——-—> G, except the trivial one.

Definitio n_ 3. Each of the following four"éategories

0

will be called the Klein category:

K the category of k-spaces and k-morphisms

K_ the category of k-spaces and strong k-morphisms

8

¥ the full subcategory of K whose objects have a given
set M # @ as a common underlying set

K"‘ the' intersection of categories KM and Kg.
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~ The categories ¥ and x;‘ are small and it is obvious that

Ka c K
v v
K o Mt

where each inclusion means "t;he subcategory” and those two verti-
cal mean even "the full subcategory”.

At first sight it seems that K‘a‘ is "equal" to vthe small
category of all subgroups of T(M) and homomorphisms. However
this is true only if card M £ 3. '

Example 3. Let card M = 4, say M.={a, b, c, a}
and define transformations f : (a, b, ¢, d)—> (b, a, ¢, d) and
g: (a, b, ¢, )—> (b, &, d, c). The k-spaces M, = (G;, M),
G; = {1, f} end M, = (G,, M), G, ={1, g} are different ob-
Jjects of Kr but Gl S 62. Moreover the isomorphism f): Gl-——> 62'
Q(1) =1, (f) = g can not be extended to a k-morphism

(N,w) : M, —> M.

3. Similarity

Let M# @ be a set and t e T(M) a trensformation. The
inner automorphism Zt: T(M) — T(M), g |—->tgt-l or more preci-
sely its restriction to a subgroup G c T(M), leads to the concept
of "similarity" in the small Klein category Ku.

Definition 4. Let M = (G, M) be a k-space and

t € T(M) a transformation. The k-space sm'tu = (32,6 M,

called the similar k-space to M, is given by the represantation

24 6 —T(M), b I3% (g) : x—> (tm.'l)(x) ;

this k-space will be frequently denoted by (tgt'l)(x)
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this k-space will be frequently denoted by (th'l,l)l

Two k-spaces M, = (Gl, M) and M, = (G5, My) are said to
be similar, My sim M, if ) and M, = Simtlll for some
te T(M).

Following three propositions can be easily verified.

Proposition 1, Let M= (G, M) be a k-space and

t, 8 € T(M) transformations. Then
Simt S:|.ma M= Sim“ M
and .
Slml M= M.
Hence sim is the equivalence relation on the set of all objects

of the Klein category Kl.

Proposition 2. Let ‘M = (G, M) be a k-space and

t, 8 € T(M) transformations. Then there exists a strong

k-morphism
6, = (Zt’ o’t): M—-—>Simt M
given by

1l

Zt : G — tGt™, gr— tgt"l, Oy M— M, x— tx

Moreover

a) 0y 04 04
and J
Hence € % Tis an isomorphism in the category Kl.

Remark, Slightly confusing symbolic, Z.’t is a map
T(M) —> T(M) or G —> T(M) or G —7th'1, does not leads

to misunderstanding.
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Proposition 3J.Let w= (Nw) :M¥= + .y
= (Gl’ ll)—'>M2= (G,, M) Dbe a k-morphism and t e T(M) a

transformation. Then there is a k-'morphiam

Sim,c w: Simt M) —> Simt M,
given by the components
1 1

1 1

1677 —> tG,t7, tgt” ——-ptﬂgt'

and -1
M— M, x— (tw t ) (x).

Hence Simt is the covariant furctor from the Klein catego-

M

ry K~ to itself.

4, Monomorphism and Epimorphisnm.
The main result of this section is

Theorem 1, Letbe given a k-morphism or a strong

k-morphism

w= (N,w): 4 — M4, M = (Gg, My), i =1, 2

regarded as a morphism of the Klein category X or Ka‘ Then
a) W is a monomorphism &> both ()} &and w are injective,
b) ¢« is an epimorphism <& both () and w are surjective.
Before to prove Theorem 1 we have to solve the problem of de-

pendancy between the meps () and w .

Proposition 4.Let w = (N,w): M—> M, be
a k-morphism. _Then

¢) w is injective == () is injectiye
d) w is surjective == () is a group homomorphism.
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Proof . Choose f,ggGl,f#g and a point xeml.‘
such that f£(x) # g(x). Since «w is injective, it is w f(x) #
# w g(x), hence ﬂf( wx) # -Qg( @ x). Therefore f)r # ﬂg, and

c) is proved.

To prove the second implication let us denote h = gf. The

commutativity of the diagream

@ (3]

M M - M
"2 1 2
0 P f}f/ ~
w
n h /Ml-———» M, 0o 0

w g '(k
s 7] -

M, e | u,

yields .Qha.) = wh = ‘Qg flpw , hence ( w is surjective)

Now the proof of Theorem 1 is divided into three parts:

l. (a), =) )y 2. (b), =), 3. (a) and b), ).

l. If w is-not injective, say wx = Wy, x #y, x,ye M
then there are two different strong k—-morphisms 10 W, from
the singelton X into the k-space M;, given by wl(*) = x
and wW,(») =y. Thus W, # W, and WW,; = WW,, hence
W is not monomorphism. So if w is monomorphism then wW and
hence () (see Proposition 4) are injective. '

2. Suppose by contradiction that at least one of the maps

w , {) is not surjective. Then we shall find two strong k-morphisms
W, UZ: M, —> M= (T(ﬂ), M) such that w,w = W,w but
W, # W,

Case A. @ is not surjective. Denote L = w (M), N =M, - L.

Thus M2 = Lu N is the nontrivial decomposition of the set Mz.

Let us now define
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the set M=Lyi{Nx{1l, 2} ),
x for xe L

two injections w.: M, —> M, x>
(x,i) for xe N

1

and two homomorphisms

0 Gy— (M), O (@): 'x.-—,<(018®{1>(1=> for x € w M,
: x for x¢ wiM,.

It is easy to verify that M, w 1 and @, are the required
k-space and strong- k-morphisms.

Cese B: w is surjective and () ie_ not surjective., It is
known (see [5] pg 38) that there exists a group G and two ho-
momorphisms f);: G,—> G, i =1, 2 such that Q,N = 0,0
but (2, # 2,. Define '

the set M= “2“ G,

two injections W= Wy i My — M, x> x

and two homomorphisms

g(x) for x e M,

N.:6,— M), .(g) : x—>
i 72 ’ i€ <.Qi(g).xforxe G.

Both @, = ( 'Qi’ @;), i =1, 2, are the strong k-morphisms,
end W, W = W,W . If N,(g) # f1,(g) then also

0,(@) . x# N,(g) « x, hence W, ¥ W,.
3+ This part by the direct computation.
As a corollary of Theorem 1 we obtain

Proposition 9. The Klein cetegories K and Ky
are balanced i.e. if a k-morphism W is both mono and epi then

it is isomorphism.
Similar results about two small Klein categories are given

in Prohosition 6 and Zxample 4.

Proposition 6. After the replacement K or l(a



- 118 -

by l{“ or K’: Theorem 1 remains true with one only exception,

a is balahced.

nemely the implication (b),==). Neither M nor K

Pr oo f . The proof of the part 1 is the same as in Theore-
me 1; instead of the singelton X we can teke the trivial k-space
( {1} , M). Part 3 is proved by the direct computation. The rest

of Proposition 6 is proved via Example 4.

Exemple 4, Let M= {a, b, ¢} be a set and
f: (a, b, ¢) —> (b, &, ¢) an involution. Define two groups
Gy = {1, £} end G, = T(M). The k-morphism (1, @):(Gy, M)
— (G,, M) uniquely given by its part « : (a, b, ¢)— (a, a, ¢c)

M and Kg, but neither {2 nor

is the strong k-epimorphism, in K
' w 1is surjective.

The k-morphism ( (), @' ):(Gy, M) — (G,, M) uniquely given by
its part ': (a, b, ¢c)+——>(a, b, ¢) is the strong k-morphism,
which is both mono and epi in K and K:‘; however, (', &)

is not the isomorphism.

5 Faetorisation

The factorisation process -is a valuable tool for a production
of new k-spaces from a given one. A well known example is the fac-
torisation in vn*l which leads to the k-space PP (see Example 1)
or the antipodal glueing of the sphere k-space (0(n+l), S™) which
leads to the n-dimensionsal éienannian k-space. .

We recall that an eduivalence relation ~ on M # @ is said
to be a congruence relation on M = (G, M) if it is compatible
with the action G i.e. if _ V - - &

X~y =—> B ~ &Y ¥x, Yye M, ¥ge G.

In uucix a case we define the k-quotient space
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M/~ = (TT, G, M/~ ) whose underlying set M/~ consists of all
cosets [al={x e M[x~a}l, a&e M and whose representation

TT: G—T(M/~ ) is defined by
M) : [xl—[gx]

Moreover the natural projection = : M—> M/~ . together

with the homomorphism T] formed the strong k-morphism

= (TT,w) : M—> M/~
called the natural k-projection.
There are several "canonical" congruences on a given k-space
M. To find these we shall first express a congruence on M in
terms of subgroups of T(M).
A subgroup H ‘of T(M) is said to be compatible with a
k-space M = (G, M) if the equivalence relation M : H is a

congruence on M i.,e. if

H(x) = H(y) = H(gx) = H(gy) ¥ x,ye M, ¥ ge G

Proposition 7. If ~ is a congruence on M
then there is a subgroup H c T(M) such that ~ is equal to

M: H and H is generated only by involutions.

Proof . To each couple of congruent points an~ b we
assign the involution f e T(M) given by f(a) = b, f(b) = a,
f(x) = x for all xe M, x # a, b, The subgroup of T(M) genera-

ted by all just described involutions is the required group H.

Proposition 8 Let M = (G, M) be a k-space and

let Np(H) means the normalizer of H in F. The sufficient con-

dition for Hc T(M) to be compatible with M is G c Np(,, (H).
Proof . Letbe geGc NT(“)(H) and H(x) = H(y). Then

we have H(gx) = ghg t(gx) = g(H(x)) = g(H(y)) = ghg l(ay) = H(gy).
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Exemple 5. The sufficient condition Gc NT(M)(H)-
for H to be compatible with M is not necessary.

Let M = {ai, bj, ¢; 14 =1, 2, 3} be a set and let Gc T(M)
be a group generated by the following two transformations

f:(a,, a,, 83, by, by, b3, e1s Cp c3) —

> (by, by, b3, C1s G5y C3, 8y, 8y, a3)
g:(ay, ay, a3, by, by, by, ¢, €5, €3) >
— (8,5, a3, by, by, by, &y, ¢y, g, c,)

Define H= {1, £, £}, then gfg l(s)) = ¢; and
.‘;gfg-l(az) = b2, hence gfg-1¢ H. Neverthless M : H is a con-
gruence on M.

Now the "canonical" congruences on M claimed above esre des-

cribed by

Corollary.Let M = (G, M) be a k-space. Each of

the groups

(%) T(M), G, Cp(G) end G = Cq(G)

is compatible with M . Here CF(G) is the centre of a group G
in a group F.

Associated - k-quetient spaces of the firgt two of the groups
(x) ere well known k-spaces: M/T(M) is the singelton + and
M/G is the orbital k-space of M. In addition both

M— M/T)M) end M-— M/G
havé the functorial properties, as the functor from K to Ks.
Th;.aecond of these functors is frequnetly denoted by Orb.
If w: M— N 'is @ k-morphism then Orbw = (1, Orbw ) is
the k-morphiem Ml/Gl-——»Mz/G2 uniquely defined by the commuta-

tive square
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Ty 5
@ l Oorb w
T, .
L M,/G,

6. Projectivisation

More interesting factorisations, as those two mentioned in
Section 5 arise from the last two of the groups (%).” Becaumse

of the inclusion Ce < CT(M) there is the strong k-epimorphism

We shall restricted our attention only to M/CG, the "finest"

of these two k-quotient spaces.

.

Definition 5. Let M= (G, M) be a k-space and

let C be the centre of the group G. Then the k-quotient space

M/C = (TT, G, M/C) is called the projectivisation of a k-space M.
We have already seen that the projectivisa}ion of the k-space

*Vn+1(K) is the projective k-spece P®(K) and the projectivisation

of the sphere k-space (0(n+l),S™)is the n-dimensional Riemann-k-space.

R emark ., Rather more general situation, which will be

mentioned just in this short remark, comes from replecement of C
by some its proper subgroup. For example if L is a subfield of a
field K &nd E the unit matrix in GL(n + 1, K) then W =
={kElk ¢ L'} is & subgroup of the centre C = {kiEl ke K} of
GL(n + 1, K). The strong k-morphisms '
L) —s W ) m— v (k) /¢ = PR(K)
are similar to projections in fibre bundles.
Next we are going to prove the following three results concer-

ning the projectivisation:
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1. Cc KerTT but in general C # KerTT.

2. Each k-space can be obtein as the projectivisation M/C
of a suiteble k-spece M. ) .

3. The netural projection M—;M/C has functorial proper-
ties if and only if we restricted ourself to the category Kep'i
of all k-spaces and k-epimorphisms.

Proposition 9. Let M= (G, M) be & k~space and

M/C = (TT, G, M/C) its projectivisation. Then C c KerlT , but
in ‘general C # Ker TT .

P roof . The first assertion is obvious, the second one
follows from

Example 6., Let M= {a, b, c, d} be a set and G c T(M)
a group generated by the transformations f : (a, b, ¢, d) ——>

(b, ¢, 4, a) end g: (a, b, ¢, d)——> (¢, b, a, d). Since
c = {1, £2} is & centre of G, M/C consists of two cosets

{a, c} and {b, d}. Now ge KerTT but gg¢ C.

Theorem 2. Each k-space M is k-isomorphic to the

projectivisation of a suitable k-space N .

Pr oo f . The construction of the k-space M = (G, ﬁ;
sterted with the underlying set M = M x {0, 1} . Let now T be
the set of all trensformations g & T(M) for which = g = gm
where g is an element of G &and o : M — M, (x, i) x is
a natural projection, i=1, 2,

The proof is given in four steps.

1. & is the group. If ¥, g € G then there are f, ge G

@MW . Since #¥=fnwg=
1 1

such that w¥f=fn and =g

atgw and (@Y =gt @ 1=l 3@ g, it ds

TE el and ()~ 1e d.
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'2. The trensformetion % : (x, i)r——(x, 1 - i) belongs *.t.o
the centre T of T. Since wi=m =17 it is T el
Moreover g (x, i) = (y, j) yields g(x, 1 -1i) = (y, 1 - j);
therefore

Tg(x, i) = (y, 1 - j) = g(x, 1 - i) = gt(x, i), hence Tg =
=gt, ¥ge T,

3. 1f Fel then ah=®. Suppose #F=h® » h # 1,
say h(a) = b # a and denote ¢ = n~1(a). Then h(a, 0) = (b, i),
(H)-l(a, 0) = (¢, j). and we can define ¥ e T(M) by

(a, 0)

(¢, 1-J), ¥(a, 1) = (¢, j), F(b, 0) =

(e, i), F(b, 1) = (a, 1 - i) ’

and F(x, 0) =(h-l(x), 0), f(x, 1) = (h-l(x), 1) for xe M,
x# @, b. Since o F=h"la it is Te G. Now Ph(a, 0) = =
= ¥(b, i) = (e, 0) end hf(a, 0) = h(e, 1 - j) = (&, 1) hence

Th # bf - contrradiction.

4. K-spaces M &nd M/C are isomorphic. According to steps

n

and 3 T=1{1, T} and M/C consists of all cosets [x] =

{(x, 0), (x, 1)} . To each g e G there exists at least one
8el (say g : (x, i)r— (g(x), i) such that W g=gn.
Therefore W : M/C— M, [xl—Xx, O: TT@) — G, rl'g'—’g

is the required isomorphism.

Proposition 10, Let Ko be the category of

pi
epi T
the strong Klein category Kg and there is e functor Kepi—" Ke

all k-speces and k-epimorphisms. Then K is a subcategory of

pi
given by
_ M= (G, M) — M/C = (TT, G, M/C) for objects and
My M, Gy, My/C,) c, (x) TTl(g) . :
ul —_— - where .lw,. 1-0-:: for morphisms.
M, @@, G,, Uy/Cp) C(w x) Thflg)
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Proof . The first assertion follows directly from Theprem
l. To prove the second result we recall that for a group epimorphism
n: Gy —>G, it holds [f2(C;) c C, where C; is the centre of
G0 If Cl(x) = Cl(y) then there is f € C; such that y = f(x),
hence fl,e C, eand wy = .Qf( @ x); therefore C, (w x) =
= C,(@y) and wy is well defined. The definition of (2, is justi-
fied by the commutative square '

¢, (x) 2t > Cylwx)

M| lr'rzx ay

a) .
¢, (gx) —*— Cy(wegx) = Cy( ﬂg W X)
Since both w, and (), are surjective, @, is an epimorphism.

Example 7. Proposition 10 does not hold beyond the

category K, i'.' Let us define a strong k-morphism & :il; —> M,

p
as follows
My =i, ={e, b, c}, G Fz3," G, =100,
{) is the inclusion mep and @ is the identity lM'
Here M1/°1 {s the singelton an? M2/02 = M, becourse C,
is triviel. Thus there is no "canonicel" k-morphism

W, : ”‘1/"1—"’ M2/02 which can be assign to the k-monomorphism ¢)..

7. 3alois Connection

This Section induces the (categorial) concept of the Galois
connection, which, beeing applied, is of fundamental importance

in our approach to the geometry of Klein spaces.

—

Def inition 6. The Galois-connection category GC

is the category whose:

1. Objécts are sequences [ = (A, B,M,x,Ah) = (a,5) where
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A, B, " ¢« 4xB ere nonempty sets,
&: P(B) —> P(A), Y—i{x e a | (x, y)eM, ¥ye Y}
and bH: P(A) — P)B), X+—>fyeB | (x, y)el", ¥xe X}

are maps celled the first and the second poler respectively;

2. Morphisms A: [, — I, I, = (4, B,

My &y /‘5i)
are pairs of maps
At by —>hy, A:B—>B,
with the property
(1) (AxA)XIM)) e M, ice. (x,y) € r'1-=-=> ( x,Ay)el,

The f‘ollowing three statements are well known, see for example

[1] Chapter V.

Propositiomn 11. Let (P,%&) means either (P(A),A)
or (P(B), ). '
Then
XcY => £L D EY
E(XuY) = £X Nn &Y
EXnY) o &X u &Y
for 11 X,Y € P.

Proposition 12. Themeps P =pPx end d = of
are closure operators on P(B) and F(A) respectively; this means

that both 7 end d are extensive, idempotent end isotonel/.

1) A map £ : P(A) — P(A) is
a/ extensive iff X c £ X for all X e P(4)
b/ idempotent iff £ (£ X) = X for all X e P(A),
¢/ isotone iff Xc Y =>&X <c &Y for all X, Ye P(4A)
Moreover it is o« =oyp = du , b= pd = 75 end
Xe P(A) or Ye P(B) is closed if and only if X e Imoax =
= Ind or Ye Imp = Imd .
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Corollery..Let (P, &) means either (P)A), d.)
or (P(B), ) .
Then

E(XvY) E (& XuEY)
XcbtY = £E(XuY) = &Y
"for all X, Ye P,

Proposition 13, There are complete lattices

(Imx ,c ) and (Imp , c ) in which great lower bound means
intersection. The Galois connection. ( ¢ , A ) gives & dual iso-

morphism between the lattices (Imax ,< ) end (Imp , c ).

Proposition 14, Let A =(A, A): r1—>r“2,

be a morphism in the Galois category GC , ri =

= (A;, By, My, @y, Ay, i=1,2.
(2) (A ®)(Y) ¢ (a, A )(Y) for all Y e P(B,)
and

(3) (A BNX) c (P, A)X) for all X e P(a))
: Moreover the equation in (1) implies equations in (2) and (3),

as well as

(4) (A Q)= (A )A) for all Y e P(B;)
and
(5) (A §1)(x) = (d,A)X) for ell Xe P(A;)

whereas s =h;a,, Ji =ax, b, fori=1,a2.

Proof ., (1) == (2), For (A «,)(Y) = @ there is nothing
to be proved. Assume ( A @1)(Y) # @ and choose v € ( A a,)(Y),
Then there exists u € &,(Y) such that v = A (u). Since
(u, y) € F"l for each ye Y, it is (v, A y) = (Au, Ay e
€(Ax A)Ty)e M, end therefore v e a,(AY) = (e, A)(Y).
Similarly (or u?ing the duality functor D : GC —= GC we can now
show (1) == (3). The proof of the firast assertion is finished.
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Suppose now (A x A)( [M]) = [', end pick a point
velR,NA)X); since zeA(X) implies (s, v)e [', =
= (Ax A)( M) there exists u e A M(v). It is xe X
— (Ax,Awel,— (x,we M =—sueh, () —5v=
=Adu e (A /61)()(). Therefore the equation in (1) yields the
equation in (3) and, similarly, in (2) . The relations (4)

eand (5) are consequences of the facts just proved. For example

A= AP, o = PAry = oy, A= PR

Corollary . If both A and A are bijective and
(Ax A)( ") = "', then

=N, A", 7'2:,17.4,1"‘
b= ABAT, d=Ad A

R emark . In general nothing can be proved about the
inclusion relations between (A 7 )(Y) end (9, A )(Y) or
between (A J4)(X) and (d, A )(X).

8. Stabilizer

Previous Section will be applied to k-spaces. The most interest-

ing object which we shall regard, is the closure operation:

.

2 : P(M) —> P(M)

-

described as follows. If A 1is a subset of an undgrlying set M
then 2 (A)e M is the set of all points x e M which are inva-
riant under each of *the transformations g e G with the property: .

g(a) = a for all a € A.

Definition 7. Let M= (G, M) be a k-spece. The set
' sM={(f, x)e Gx M| £(x) =x}

is called the stabilizer of a k-space M.
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Nonempty sets G, M and SM, together with the maps
Pyt P(M) — P(G), Y+—{xe GIl(x, y)e SM for all Ye Y}
Yyt P(G) — P(M), Xr—{ye M|(x, y) € SM for all xe X}

built up an object of the Galois connection category GC. Index
M in the symbols ¢, eand vy, will be frequently omitted.

Proposition 15. There is a covariant functor

: K — GC defined by

M —rM= (G, M, SM, ¢, p,) for objects

and
Vw—"r'u= (0, w) for morphisms.
Proof . Given a k-morphism W= (Q,a)):Ml——» M,

M; = (G, M;t)’ i=1,2 we have to show ({)x w)(SH;)c SM,. In

fact if (£, x) € SM;, i.e. f£(x) = x then Df( @ X) = wx, hence
(Nxw)(f, x) = ( .Qf,a)x) € SM,.

Remark . Another way of introducing the Galois connection
structure into a k-space M can be establish by the functor
M — (G, P(M), S"(M, ...) where S'Mc G x P(M) consists of
exactly those (f, X) for whiech f£f(X)

X.

Proposition 16, Let M= (G, M) be a k-space and

t € T(M) a transformation. The k-isomorphisni‘

1

O, = (X, 0,): M —> SimM = (Gt™", M)

induces the GC - isomorphism

Pa't‘ Mu=(a, M, SM, ¢ , p ) —> " (SimM) =

(tat~t

y M, S(SimM), ¢, p')

where

1

. (th at): SM —> S(Simtm), (g, x) —> (tgt;' , tx),

P=Z, ¢ a-{l and y'= O, P 2o
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If te G then @ =¢' and Y=y .

P r oo f follows directly from Propositions 2, 14, 15 and

Corollary of Proposition 14.

Corollary . By the above notation;, completed by

96:?’40 ”"’V"?'
and
/-"-'=<f"/’ ‘ /a,‘.(p’-y,i

it holds

t (Xt = otx), tlseX) =x'(tX) for all Xe P(M)
t (px) = pxt™h), (™ = wtxt™) for all X e P(G).

If, in addition, t € G then

t (pX)
t (pX)

(¢ (£X))t, t(a X) =2 (tX) for all X e P(M)
p(ext™h), e wx)t™! = (txt™L) for a1l X € P(G).

Regarding the classical geometries (Euclidean, Affine, Pro-

Jjextive, Vectorspeces,...) seven concepts of (in) dependency have

been introduced and studyied in [3] .

[1]
[2]
[31

[4]

[51
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Sd4hrn

KATEGORIA KLEINOVYCH PRIESTOROV
M. HEJNY, BRATISLAVA

Z hladiska tedrie kategdrif analyzujisa pojmy "nezévislosti"

‘v kleinovych priestoroch; tieto boli definovené v préci [3] .

?EB3KME
. KaTEPOPMA [IPOCTPAHCIB HJLAHA
MilaH TEAHH, BPATHCJABA

C Touxu 8peHMS TeopuUM KaTeropum o6CyXmaeTCs TNOAXOL K MOHA=
THAM H2. 1BUCMMOCTM B NpoCTpaHCTBax HJaeiiHa, oNpefeJeHHHM B CTa-

Tre [3]1 .



) UNIVERSITAS COMENIANA
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE

MATHEMATICA XXXV - 1979

QUALITATIVE EIGENSCHAFTEN EINES TYPS
VON RANDPROBLEMEN 1.

RUDOLF KODNAR, Bratislava

In der Arbeit werden die Eigenschaften der Operatoreﬁ des
Systems von quesilineeren pertiellen Differentialgleichungen des
Kdrménschen Typs untersucht. it diesem System kénnen schlanke
Wande oder flache Schalen, sowie auch Falle von anfénglichen Im-
perfektionen modeliert wérden. Die Belastungen konnen quer oder
der Lange nech gehen und die erwogenen Randbedingungen kﬁnheh auch
nicht homogen sein. Angewandt wird derselﬁe methematische Apparat

wie auch in [1].

l. Grundlegende Begriffe

Q sei ein begrenzfes Gebiet im zweidimensionalen Euklidischen
Raur und dessen Grenze bezeichnen wir mit a2 . In Q erwégen wir

des System der Gleichungen -

1[F,w]+[k,F]+[F,w]+ql

AAW
(1) :

AAF

EH~ MO

%[w,w]+[k,w]-_q2 ' '

Im System (1) sind D, t, E Konstenten. F, =F, (x, y),
k = k(x, y), 9y = qy(x, ¥), @3 = q5(x, y) sind genugend regulére
Funktionen F,= F, (x, y) # O. Weiter bezeichnen wir -

. s s 9, ’p _, 3 '8
(48] = 52 52 5.2 52 ™ 25eny oady
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4 ist ein Laplacescher Operator. Alle Funktionen in (1,
setzen wir als real vorsus und A ist ein realer Farameter.
Die Eigenschaften des Systems (1) werden wir im Raum
W =H xH untersuchen,‘wo wir die Réume H;, H, (R&ume der
Funktionen w, F) in ibhéngigkeit zu den Rendwertproblemen wéhlen.
1. Im Falle der Grenze O{2 mit stetigsichveréndernder Normale
setzen %ir voreus, dess 92 = 9Q;U0R, | dass 902, N 982, =g
und dess mes 0f, >0. 1In diesem Falle nehmen wir die Randbe-

dingungen der Form

wl = —Ow = FI — L =
A 9n 0, 20 9n (30
@ w =uaw+ (1 - )(nz—-?-azw + 2n_n Fw +
, IoQQ_ & & dx %y dx dy

2
+n w i
y ——3—)| =0

dy° |00,

In (2) ist n = (ng, ny) die #ussere Normale zu {2 und
= 0}
. . a0,

Weiter erwagen wir fur u, v ¢ \’uéz)(Q ) Uber die bilineare

) 9/& <1 ist-eine Konstente. Bezeichnen wir

Vi) = {u T w ewé:?)(ﬂ ), u|6ﬂ= du l

n

Form
) azu azv '+ gzu 'azv
A(u, v) ‘J[a_'fax2 *2Q [L) dx dy 9xdy 8;2 9)'2-

+

Hilfssatz Fir u € V(£ ) gilt

1.

: 2 2
(3) ¢ |u "w;‘s A (u, ) £Cp | u”w:”
wo Cl, 02 von u unabhéngige positive Konstanten sind.

Beweis, Fur O §[b<l und die beliebigen Zahlen a, b
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.2ilt die Ungleichheit

a? + 2meb + b° E (1 -p) (a2 + b?)
Wenn wir :
s S Py
9%’ 9y°

bezeichnen, dann haben wir
(au).? 90 + azu z]dQ_
v ’
9 ay 3y

woraus wir durch Verwendung der Ungleichheit von Poincaré und

A(u u)i(l-(a,)f[

Friedrichs die erste Ungleichheit in (3) erhalten.

Die zweite Ungleichheit folgt direkt aus der Verwendung der
Ungleichheit von Bunekovskij.
Durch einfache Berechnungen und durch die Verwendung des Hilf-

ssetzes 1 erhelten wir, dass
(4) (u, v)v = A(u, v)

alle Zigenschaften eines Skalarproduktes hat.

Vervollsténdigen wir V(S ) in der generieérten Norm mit
dem Skalarprodukt (4) und den gewonnenen vollsténdigen Reum
bezeichnen wir wieder mit V(£ ). Aus der Konstruktién des Raumes

ist ersichtlich, dass
W) c vearcwfPo)

Mit vollkommen denselben Ervégungen und Verfahren wie in [1]

kdnnen wir zeigen, dass jedem w & V() g'erade eine schwache
Ldsung F(w) € ﬁéZ)(Sl ) der zweiten Gleichung von (1) entspricht
und es gilt die Abschétzung

(5)  IFI () £ ogC vl y(2) + cp) v y(2) + C

wo C3, 04, C5 von w unabhéngige positive Konstenten sind.

2. 98) sei ein rechtwinkeliges Viereck. Nehmen wir die
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Randbedingungen der Form

o= Bw . Pu
on axz 20 ayzaﬂ

FI 5 BZF | = ng ‘
W Py? 2Q ayz 192

|
o

(6)

Den Raum konstruieren wir in diesem Falle genau so wie in [1]

Das System (1) untersuchen wir bei beliebiger Kombination
der Randbedingungen (2), (6). Die entsprechenden R#ume fiir w
und F wahlen wir nach den Randbedingungen und den erw#hnten
Konstruktionen., Die entspréichenden Rume werden wir mit Hy, H,
bezeichnen, -

Bezeichnen wir

W(Q ) = H x H,
Wenn hié. W(( ) sind
hi = <wi, Fi> 9 Wie Hl, FiE Hz, i = l, 2
ist W(Q ) ein Hilbert Reum mit skalaren Produkt

(hyy Byly = wys Woly, + (Fys Fply,

2,Schwache Losung des Systems (1)

Def inition 1, Das Paar <w, F)> € W(SQ ) werden
wir eine schwache L&sung der Aufgeben (1), (2) bezw. (6) nennen,
. » . .

wenn folgendes gilt: .

a) V?enlz—%-A(w,¢)= AL(F ,w, @)+ L(F, w, )+
v L, B0+ L ay) gy an
b) VY{eﬁa :-—]E-(F,Y‘)H2=--§— L(w, w,y) = L (k, w, ¥ )+

+.af Wix, y) ¥ x,y) aQ

.
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wo

Fe_ Oy Oy Oy 2
9x dy dy 9y§ 9x dx

+

LC¢,¥,g) = J [«
2

Py Oy _ Pr 9y, 9t 1,40
+(9x9yax _G?;E-Qy)ay ]d

Aus der Definition 1 1ist ersichtlich, dass wenn das Pear .
{(w, F> € W(Q ) eine schwache Lsung der Aufgaben (1), (2)
bezw. (6) ist, dann ist fiir alle Paare <{¢.¥) € W( 2 ):

G(Cw, F> ,<9.¥) ) = 2 a(w, ¢) - 2(F,¥v)y -
t E 2

E)aFO Iw 9ZFO dw )_9?’ QZFO dw

a[(axay dy _8y2 dx 9x+(9x9y Ix

azF s % 2
0 dw de Q - j 9 k _Q_F'_ sz _9_F it
9 x° dy ) dy Ik Q2 [ ‘9x9y dy —9_;5 x) 9x

Pk OF

+ (

+( azF aw azF BW)?i]dQ +! (gw 91' 3!

9x dy dx 0Ox2 Oy Oy & 9x dy2 9x
- _3__\_! azw _?1 d.Q. - ( azk 9' azk h Ol
9x Oxdy 2y Il 3y 9y ~ 3y 9x ox
- _x 2w _ Pk dw, Oy i
P UgtEfx - Sh 2 <F a0 Jut e, 9 a0

+_gq2(x, y) ¥ (x, y) dQ =0
Nehmen wir die bilineare Form

(1) 6y (W, F>, <$,¥) ) = %-A(w,y’) - -;—(F,vr g,

Fir jedes feste (w, F) & W(S ) ist die Form G, ein.
lineares Funktional auf W({) ). Aus der Verwendung der Holderischen
Ungleichheit folgt, dess dieses Funktional begrenzt ist. Aus dem

Representationssatz von Riesz folgt dann, dess ein 'einzigqa
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solches Element aus W({)) (bezeichnen wir es mit Gy < w s F)

existiert, dass

(8) G(Kw,F> , (P,¥>)=1(G<w,F> ,<¢,¥v>) ,
¥,y > eWM)
Damit erhielten wir einen linearen Operator Gl welcher in

wiQ) operiert (wir schreiben Gy : W )—=w(x)).

Weiter bezeichnen wir
(9) G(<Kw,F>,<¢,¥>)=C6K w,F)>,¢,v))-
-e(<w,F>, <o, ¥> )+ ] g9 e - o, ¥ a0

Alle Ableitungen der ersten Ordnung aus G,( < w, F > ,<¢,¥))
sind nach den Einbettungssétzen von Sobolev aus L4( Q). Wenn wir
also fur jeden sus (9) die H8ldersche Ungleichheit verwenden,

erhalten wir durch Benutzung der Sobolevschen Einbettungssétze, dass
< 2
lo ¢ < w, B> <oy v | 2cg I<w, DIy, - [I<e, ¥,
ist, wo Cg eine positive Konstante ist. Also ist bei festem
{w, F> e W(Q ) dieForm G,( w, F > , (¢,y)> ) ein
linear begrenztes Funktionel auf W( £ ). Gem#iss des Satzes von Riesz

existiert ein einziges Element ‘G2 < w,F> e W(Q ) derart,

dass
(10) ¥ o,y ) e W) :
G2(< Wy F\> ) <“P9V> ) = (GZ {w,y, F D ,‘<<f;V>)w
Dsmit erhielten wir einen nichtlinearen Operstor
G, : W) — w(iQ).
Aus den Sobolevschen SEtzen tiber die Einbettung
l{aeaal =il

Also existiert ein einziges Element Q) € H; derart, dess
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¥ ?GHl: n..[ql?d!). =(q1'q)Hl
Was das selbe ist wie
¥ <o,¥> e W2 ): Jagan = (< 0,853 4 < vy
Abnlich fir q,,
¥ <tvo e wla ):_{{ QQVdQ = (6}{11 B> s <PV Dy
Aus den vorhergegangenen Ervégungen folgt die Gliltigkeit won

S ezt 1, Mit der bilinearen Form G(< w, F> , < 9,¥ > )

wurde der Operator

(11) 6w, F> =G, w,F> +G, < w, F) - <q,8,> +
1 2 1 H2

definiert, welcher in W( 2 ) operiert.

Definition 2. Es sei 4’ ein Funktional,

(iJ tW(Q) — Rl. Es existiere das Gfteauxsches Differential
D$ (< w,F> ,<P,¥>) welches linear und stetig in Hinsicht
auf ¢ ¢,y > ist. Dann bezeichnen wir mit grad 4)( wy F > ein

derartiges Element von W( £ ), fur welches
(12) V<o, wD> € W2 ):DP (LW, F D> , <P, WD) =

=@raa $Cw, B> L, <P, WD),
S gilt,.

Der Operator grad tﬁ {w, F> aus (12) wird potentiell genannt
und @ {w, F> ist seine Potential,

S atz 2, Der Operator G < w, F> ist potential suf
Wi ).

B ewe is ., Bei Verwendung der Erviigungen aus [1] (Hilf-

ssetz 1, Hilfssatz 2, Beweis des Satzes 1) genlgt es die bilineare

Form A(w, ¢ ) 2zu untersuchen. Aber
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DA(w, W, W) = A(w, W); w, W, W « H,
womit der Beweis des Satzes beendet ist.-

Das entsprechende Funktional wir dann

=D 1 2
(13) é(', F) —;t—A(VI, w) -E— ”Fuﬂz-—gh([Fo,'l] ")Lz-

1
= _2_([ F, '] ’ ')LZ -( [ k, F] ’ ')L2‘ b.I ql'dﬂ +

""'f{qudQ

sein, \

3. Eigenschaften des Operators
und des Funktionals der s ¢c hwa-

chen Loésung
Satz 3, Das Funktional ¢ <w, F> ist auf W(Q )
schwach halbstéitig von unten.

Bewegis . Durch Verwendung des Hilfssatzes 3 aus [1]

ist der Beweis, genau derselbe wieder Beweis des Satzes 2 aus [1] .

Definition 3. Der nichtlineare Operator wird ‘begrenzt

genannt, wenn er die begrenzte Menge auf die begrenzte Menge abbil-
det.

Satz 4, Der 6perator Gl< v, F) +G, {w, F)aus
(11) ist begrenzt und stetig auf WwW(Q ).

Bewedis ., Aus dem schon Bewiesenen haben wir, dass
@ <w B>, Couwd |E G [[<m BR[| <o v w
fiir ein beliebiges <({9,y)> € W( ') ist. Nehmen wir
<, ¥)=08,(w, F).

Dann ist
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2
2 ¢
woraus die Begrenztheit und die Stetigkeit des Operators 02
ersichtlich ist. Flir den Operator Gl ist der Beweis analog.

8 t z 5, Der Operator 02 ist auf W(£2 ) vollstetig.

Bewedis . Es sei {hn} C W(Q) und’es sei hy—5= h
wo hn = < W Fn> ist. Infolge der_ Eigenschaft der schwachen

o!?

Konvergenz, existiert M > 0 derart, dass

¥ |n, | €
W(Q2) ist ein H11bertsch¢r Raum, wo gemfiss Satz 4 {Gzhn}
schwach zu irgendeinen Element 2 = < Z(l), Z(2)> konvergie_rt.
Es sei also die Konvergenz der Folge {GZhn} nich stark. Dann

wurde gemtiss des Satzes von Hahn-Bsnach eine solche Folge
=<4y (1) (2) -
{'n}l =AY (Vn-<vn » Vn > )
existieren, dass

”v“”w =1, Cohy -z, vy > = o, - 2|y 2 > o.
Dabei folgt aus den Einbettungss&tzen, dass -{Vn }” zZu

irgendeinen Element % in der Norm des Raumes C({l) konvergiert.

Weiter gilt

(14) (Gyohy = 2, vp)y = (Gohy = 2, v, = Vo)y + (Ghy = Z, Vy)y
Das zweite Glied auf der rechten Seite von (14) konvergiert

fur n — oe zu Null., Das erste Glied kdnnen wir durch integrieren

per partes, durch Verwendung der Randbedingungén und durch die

Stetigkeit des Skalarproduktes iliberfithren in die Form
15) (= g=[w, w ][k, w]-23), {2 véZ))Lz -
-(- a.[Fo' Wn] + [ k, Fn] +[]‘n, wn] - z(}kgj_ v(()l) )LZ

Die Ausdriicke in (15) sind Funktionale auf W(Q). Es ist
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bekannt, dess eine starke Konvergenz in C({2) eine starke Kon-
vergenz in L2(£1) impliziert. Durch Verwendung der bekannten
Eigenschaften schwacher und starker Konvergenz in den Hilbertschen
. Réumen erhalten wir also, dass (15) fir n— o zu Null konvergiert.
Damit ist der Beweis beendet.
Es seien Fl(x, ¥y), Fo(x, y) solche Funktionen, dass bei den
Rendbedingungen fiir F aus (2), oder (6) fir w e H, in

schwachen Sinne
Foaans-Flow), Foan-lowl g
gilt. Es ist leicht zu beweisen, dass Fi, Fy existieren und

eindeutig gegeben sind. Mit Hilfe dieser Funktionen kénnen wir das

Funktional (13) in die Form

SR G L RUFEL LY

+ 4T ( [W,W], F2)L2 % —ZE ( [k,W], Fl)Lz -

= '%— ( [ Fl,'W] ,W)LZ = + ( [Fz,w] ,W)L2 -

+ ([ o,w w)L ([x,w], F + F2)L2

- éqlw @Q +équde
schreiben.

S atz 6, Das Funktional (16) ist suf Hy waéhsend, d.h.
es gilt

1m P (w) =
Hvdu“—>“

Bewedis, Lrsichtlich gilt

wo Cg eine positive, von w. unabhéngige Konstante ist. Weiter

verléiuft der Beweis #hnlich, wie der Beweis des Satzes 9 aus [1] .



- 141 -
4, Die Existenz der L&ésung

Hilfssatz 2. Das Funktional ¢ (w) sei schwach

halbstetig von unten und wachsend auf Hl. Dann ist

inf é (w)> -
vcHl

und es existiert ein solches wo € Hy, dass

P (wy) =W1‘n]:;l $ (w)

Beweis diese Hilfssatzes ist in [2] .

¢
Definition 4., Es sei M eine offene Untermenge von

Hl. Der Punkt Wq € M wird kritischer Punkt des' Funktionals

heissen, wenn

¥ ¢cH: DP (wy, ¢ ) = 6“1

Hilfssatz 3. M seiaus der Definition 4. Es sei é

ein solches Funktionel, dass flir jedes w e M ein grad @ (w)
existiert. Dann ist jeder extremale Punkt des Funktionals @ auch

dessen kritischer Punkt.

Beweis dieses Hilfssatzes ist in [2] .

Setz 7.Esseien q), Q4 € Ly (Q); Fo» k & Véz)(ﬂ).
In H1 existiert wenigstens eine schwache L§sung der Aufgabe (1),

(2) bezw. (6) im Sinne der Definition 1.

Bewedis,, Aus dem Satz 3, dem Satz 6 und dem Hilfssatz
2 folgt, dass des Funktional (16) in H, einen extremalen Punkt
besitz (genauer einen Punkt des Minimums). Aus dem Beweis der Po-
tentialitéit des Operators G- (Satz 2) geht die Existenz von
grad cﬁ _her’vor. Also folgt aus dem Hilfssatz 4, dass im Punkt des
Minimums . ‘
¥¢ e Hy: (gred CIJ (wg)y, ¢ )H1 =0
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ist und das Paar ( vy, F = F(w,) + F,(w,)> ist eine schwache
Losung der Aufgabe (1), (2) bezw. (6).

.5 Die Verwendbarkeit der Anndé-

herungsmethoden

Aus der Definition 1 ist ebenfalls ersichtlich, dass wenn
des Paar <{w, F)> ¢ W(Q ) eine schwache L3sung der Aufgeabe
(1), .(2) bezw. (6) ist, dann gilt fiir alle Paare < ¢,¥)> e W)

Twy B>y (9 WD) = alw, )+ F (B, ¥y -
- A L(Fy,w,¥) - L(F,w,9) - Lk, F, ¢) + Llw,w,y) +

+ 2L(k, w, y) -ﬁf q ¢ 49 -g Q¥ aQ = o,
Auf dieselbe Art wie wir den Operator in Satz 1 konstruier-

ten, erhielten wir den Operator

(17) T Kw,F)=17 (w,F> +T,<w, F) -<ql,@H3-

= <GF1’ q2>'

Der Operator T operiert von W(2) bis W(Q), ist auf
W(Q) begrenzt und stetig und der Operator T, is vollstetig.
Die Beweise dieser Behauptungen sind genau dieselben, wie die

Beweise der entsprechenden Behauptungen fiir den'Operator G .

Satez 8, Der Operator T, der mit dem Ausdruck (17)
gegeben ist, hat diese Eigenschaft:

Flir eine beliebige Folge {% }:C W(SL), welche schwach zum
Element ho konvergiert, und fiir welche gilt, dass

lim (Thy, hy - hy), 20 ' -

n-»>%

gilt hn B ho
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Beveia.Essei{hn}o;.c W(Q) und es sei hnT-T:hO

Es gilt
lim (T W = lim ('I‘ )
o hn’ fp = Boly = lim (Tihy, By = holy +

+ lin (1,0, by = By

n—o

Die lbrigen Elemente von T 8ind gleich Nu 1, Aus der Kon-
struktion des Operators T2, welche anelogioch ist wie im Falle

02 und aus der Integration per partes ist ersichtlich, dass

(18)  (T,hy, by - hy)y = ([wy, w,] +2[k,wn],Fn-Fo)L2_-
= (1[ FQ:Wn] i* [k, Fn] + [Fnawn] ’ Wn'WO)LZ

Durch Verwendung der Sktze {iber die Einbettung und aus den’
Eigenschaften dass der lineare vollstetige Operator verstirkt stetig

ist, erhalten wir aus der Voraussetzung des Satzes, dass
- _—
"hh hO"LZXLZ n-—»>o 0

L_J
In W(f2 ) ist die schwach konvergente Folge {hn }1 be-
grenzt in W( £2 ), deshaldb erhalten wir durch die Verwendung der
Ungleichheit von Caucl\v-Sch\varz aus (18)

(Tzhn' by ~thply e 0

Aus der Definition der schwachen Konvergenz im Hilbertraum

lim (Tyhg, hy, - ho)w ,

n—>co

Wir konnen also endlich

lim (Thy, hy = hyly = lim (Tyhy = Tyhy, hy = hyly =

n —»te n-—>ot=

= 1im (7, ( - ) “)
iim (Ty(hy = Bo) by = Boly ‘



- 144 -

schreiben. Aus dem Hilfssatz 1 und aus der Geﬁtalt der bilinearen .

Form welche den Operator Tl generiert erhalten wir
2
(19) (7 (h, = by, By = Boly 2 Cg || my - mp §
wo Cg eine von { h r’ unabhléingige positive Konstente ist.
: 1

Aus der Voraussetzung des Satzes und aus (19) ist

0% lim (Thy, hy - hy) 2 Gy || by, - By ||Z,

n- o

also

Ln_In, - w05 =02y —o— 1

Es sei Q eine begrenztes Gebiet in W(Q2 ) und S ist
.-die Grenze von Q. Es sei 6 < Q.

S atz 9. Es seiem k(x, y), Fo(x, y) Elemente aus wéZ)(IZ)

und zwar solche, dass fur h e S

(Th, h), 2 0 _
gelte. Dann hat ‘die Aufgabe (1), (2) bezw. (6) wenigstens eine
verallgemeinerte Losung in Q flr ein beliebiges Q, 9 € Ll(ll e

Wenn die verallgemeinerte L¥sung die einzige ist, dann existie-
ren Galerkinsche Annliherungen, welche zu der verallgemeinerten Lo-

sung in der Norm des Raumes W( 2 ) konvergieren.

Be“eis . Dieser folgt aus der Verwendung des Satzes 8

und der SHtze 1, 2 aus [3] .
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Sdihrn

KVALITAT fVNE VLASTNOSTI JEDNEHO TYPU OKRAJOVYCH ULOH I.
RUDOLF KODNAR, BRATISLAVA

V préci ea‘ekdmajﬁ vlastnosti operédtorov systému nelineédrnych
rovnic Kérménovho typu pri danych okrajovych podmienkach. V prie—‘
store, ktory je kartééekym sidinom priestorov typu WéZ), je doké-
zand existencia aspon jedného slabého rieSenia formulovanej dlohy.
Dokézand je tieZ konvergencia Galerkinovej mntédy‘v norme slabého

rieSenia.

PE3DME
KAUECTBEHHHE CEBOACTEA OLHOI'O THIIA KPAEEHX 3alau I .
PY/0J® KOZHAP, BPATHCJIABA

B cTaThe pacCMATPHBADTCH CBOKCTBA ONMEpPaATOPOB CHCTEMH HeJMHeHk-
HHX ypaBHeHMit Tmna KapseHa npM OZHOPOLHHX KPAEeBHX YCJAOBEAX. B mpo-
cwpancrne,‘xowopoe SBAfETCSH NpOoMSBeAeHNEeM NPOCTPAHCTE THNA \an
clesaHO AOKABATEAbBCTBO GYymMECTBOBAHNA NO kpalneiivmepe oxmoro oGobmer-
HOroO po-oill sazaun, JoxasaHa CXOAMMOCTL METOXH [‘asepKMHEA B HODMe

0600meHHOro pemeHns,
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QUALITATIVE EIGENSCHAFTEN EINES TYPS
VON RANDPROBLEMEN II.

RUDOLF KODNAR, Bratislava

Kni.;pfen wir an die Arbeit [1) an. Durch Untersuchung des
hHomogenen Systems [1] eus [1] 18sen wir fiir dieses System bei
den gegebenen Randbedingungen das Problem der Bifurkationspunkte.
Fur den ersten Bifurkationspunkt gilt der Satz aus [2] . Die
Begriffe aus der Analyse in linearen R#umen nehmen wir aus [3] .

~
™~

6. Die Eigenschaften des homoge-~-

nen Systems aus (1)

Erwigen wir das System (1) [1] bei q =9 =0 “und den
Randbedingungen (2) bezw. (6). Wie wir im Teil 2 [1] zeigten,
ist der Operator G { w, F)» der schvachen Losung dieser Auf-

gabe potentiellin W( €2 ) und das entsprechende Funktional ist
- D 1 2
(20) @(W,F) _ft_A(w’w)-ﬁ_"F"Hz-
- % ¢ [ By, w],w)L2 - 3 ([F, vf],w)Lz - ([x,F] ¥
Aus dem Funktional (20) enthehmen wir das Funktional
(1) X<w, B> = g alw,w) - g [ P IR -
-3« [F,w],w)L2 =[x F]my

Durch Berechnung und durch Verwendung des Hilfssatzes 2 [2]
erhalten wir fiur ein beliebiges ¢ e 'Hl
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x(W"’r?;‘F}-x<wlr>:—2—A(W,‘P)'

lim
r-0

([ rowl, Py - ([x, B, €)1, = (grady. X Kw, F> ,9)H
Wobei wir bei der letzten Anordnung die Definition 2 [1]
benutzen.
Durch denselben Vorgang fiur ein beliebiges v e H, erhalten

wir . |
g W, Prre) - XKW, B) . L (F,y)y -
r-0 2

--%-([w.»@,w)Lz- ([, 9 ¥y, = (eradp #<w, F> ,«m?{z

Bezeichnen wir weiter

(22) @ {w, F > 3'%_ ('{.FOQ “&; w )LZ
Dann ist
1im Dl w+ p ? ,rF> - @ {w, E)_‘ ( [Fos W], @ )L -
r-»0 _ 2

= (Sradw @ w, F), (P)Hl

lig R W, F+ :v)-ﬁKW. F2 _o= (grady @ Sw, P>,V)nz

r-»0 '

Durch Benutzung dieser Ervigungen und durch Integration per
partes kdonnen wir das System von Gleichungen mit Qchvacher Ldsung
aus der Definition 1, bei q =9, =20 in folgender Form sbhrei-
ben:
¥ (grea, X{w, F ), ('”“1 = A(graa, @ <{w, F > , ¢ )ﬂ1

(23) .
_‘\!‘Ht(gradg X< F D, ¥y, = (erady © (w, ¥ > » ¥ )y,

Hilfeseats 4. Das Funktional w<{w, F) ist schwach
stetig und gleichmlssig differenzierbar in W( Q).
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%

B eweis . Die schwache Stetigkeit geht aus der Folgerung g
(2] hervor. Weiter gilt

owrre, Frryp - alw, B
r

[Fo’ w] ’ ‘P)LZ *

+ 5 ([ Foe], ¥L,

Also existiert die Gateaux-sche Ableitung des Funktional

@ {wy, F)> und es gilt

(24) @ (<w P>, g, = Clrg,v] e

Durch Verwendung der Ungleichheit von Cauchy-Schwarz erhalten
wir daraus sofort, dess auch die Ableitung von Fréchet existiert,
welche der Geteaux-schen gleich ist.. Aus der Formel fur des Gateaux-
sthe Differeni‘ial ist ersichtlich, dess w {w, F) gleichméissig
differenzierbar ist, weil der Rest nicht von <w, F) abh&ngig i
ist. ‘ ,

Berechnen wir die zweite Ableitung des Funktionals w (¢ w, F)

im Punkt < 6 ,0 D> . Wir erhalten (verwendet wird der Hilfsaatz
2 [2])
(25) W (< 0,0, <P, <PV, )=

= ([Fy, 91] ?2)1,

Die zweite Geteaux-sche Ableitung in {6 ,6) ist stetig in
{68,08) und ist also auch eine Fréchet-sche Ableitung. Aus der
Gleichheit (25) ist eraichtl‘ich, dess diese Fréchet-sche Ableitung
ein symmetrischer am genzen W( Q ) definierter Operator und daher

auf W(JS) ) ein selbstadjungierter Operator ist.

Hilfssatz 5. Das Funktional x<w,F) ist in
W( (. ) stetig differenzierbar.
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Beweis , Durch Berechnung kann leicht festgestellt wer-

den, dass

(26) DX (<K wy,F)>, ¢ ¢,¥v> )==1!
-([Fiw]!(P)Lz-_%-([ytw])W)Lz‘—%—(F)w)Hz*‘
+—2—A(w,cp)-([k,l‘],?)Lz-_([k,v],w)bz

Dieser Ausdruck ist eine Form in den Ver#nderlichen ¢ w, F) ,

{¢ s ¥) « Durch Verwendung der Holderschen Ungleichheit und der

SHtze uber die Einbettung Bhnlich wie be:&m Beweis des Satzes 1 [1]
wirden wir erhalten, dass der Operator

grad X' (w, F) ‘
definiert durch die Form (26) stetig ist.
Wéhlen wir F derart, dass es die Losung der zweiten Gleichung
aus (23) bei gegebenen we Hl sei. Ein solches F existiert
immer.

Dann ist
DX(Lwy F > , (g, ¥d) = =2A(w,9) = ([PFw], cp)Lz-
-([x, F] ,cp)Lz.

Fur jedes feste we H) ist die bilineare Form A( w, ¢ )'
‘ein lineares Funktional auf H1. Bei Verwendung der Holderschen
Ungleichheit zeigt es sich, dass dieses lineare Funktional auch
begrenzt ist. Dann folgt aus dem Satze von Riesz, dass ein einziges
Ilemeht (bezeichnen wir es als Aw) aus H, derart existiert,

dass

FAW P =W, @)y, ¥Peh
Wir erhielten den linesren Operator A, welcher von Hy bis
H, operiert. Fur ein festes w e H) (elso auch ein festes F) ist

die Form

il

([F;W]o‘f)];,z"' ( [ k, F]' (’)1‘2
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ein lineares Funktiokal auf H’l' Durch Integration per partes und
' mit dem gleichen Vorgang wie vor dem Satz 1 [1] wiirden wir

einen 'Operat.or ' K erhalten, welcher von Hl bis Hl operiert .
und mit der Beziehung '

¥ 9ecH : ([F,w],?)Lz"'([k,F],‘f)Lz'(Kw,?)Hl

definiert ist. Also kdnnen wir schreiben ;
DX(Cw, FD>, <P ,y> ) =2 (Aw, ¢ g = E W, Py,
¥ ¢ ¢ Hl

Hilfssatz 6. Der Operator K ist vollstetig.

Bewedis . Zuerst wird die Begrenstheit und Stetigkeit des
Operators bewiesen und zwar &hnlich wie im Satz 4 [1] fir G,.
Der Beyeia der Kompaktheit wird #&hnlich durchgefiihrt, wie der Beweis
des Satzes 5 [1] . Beim Beweis wird die Stetigkeit des Zuordnungs-

operator F 2zu dem gegebenen W verwendet.

.
Hilfesatz 7. Fir die beliebige Folge {wn}lc By,

welche schwach zu irgendeinem w o € Hl konvergiert, gelte

lin { - (4 wp, w, = Yol = KW ¥ - “"o’nl} #o.

n-»e
Dann ist '
s
W, ——— W
B p e (o}
=° Hy
B:weis.Egsei {wn}lc H, wund \X.'n —— Wai
{wn}l ist also in H1 begrenzt. Aus den Sltzen iliber die Ein-
L
bettung folgt, dass wn A< \Wo ist.
n — ce

Kus der impliziten Konstruktion des Operators K und durch
Anwendung der Cauchy-Schwargzschen Ungleichheit erhalten wir

n— o
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Der weitere Verlauf des Beweises ist durch die Benutzung
des Hilfssatses 1 [1] genau derselbe, wieder Beweis des Satzes

8 [1] .
Begeichnen wir mit U die Umgebung des Nullelements in Hl.
Hilfesesatz 8 Es existiert eine positive Konstante T°

derart, dass fir weU
= 2
27 DX (< wyF>, (w, F) );3”IIWIIH1

ist.

B eweis, Durch Anwendung der Cauchy-Schwarzschen Ungleich-
heit, der Einbettungssitze und der Ungleichheit (5) [1] erhalten

wir die Abschitzungen
([r,w],w) | Ec w2 » 21,02 c 2
] [ ’ ]n I‘Z‘ 11 Hy H, = HW "31 11( 012 Il w"nl +

+ €y "“"“Bl)

([x, P], w),lz 12 ' 2 . A

e ], & ol I, € Cop ¥l + Ci30%lg)
wo ?119 012, 013- °i4 positive, von w unabhlingige Konstanten
sind. Aus diesen Ungleichheiten erhalten wir fur ein (hinreichend

kleines) weU
{([F,w] ’ W)Lzl = 015 Il w "1211

(28) ,
(T 2], wo | £ Cgliw i

Jetst o::hnlten wir durch Auaniit;snng der Ungleichheit (28)

und des Hilfssatzes 1 [1] die Ungleichheit (27).
Die existenz der sweiten Gateauxschen Ableitung des Funktio-

nals X wurde schon im Sats 2 [1] gezeigt. Durch einfache
Berechnung erhalten wir, dass

A w23 ) KG,¥> (9, V> =3 Alg, o)) -
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-2 (v, g - ([, %], @) -([v.w;j"’; ?) -
RIRRAIAEY 1)r, 11,

-([xe], Y1)y, - ¢ [w,e] , Yy, - ([r,¢], Ny,
ist. Also
L(<0,8> ) <Y > <Ky, V> =Ry, @) -
-4 (v, 'l’1>nz-([k.vf] » )y, - ([x,9], )y,
Es sei {hn}:c ¥(Q) eime solche Folge, dass h —> O,

n —>eo
Die Verwendung der Cauchy-Schwarzschen Ungleichheit ergibt dann

gleich, dass

29) X7"(my) < 9 Y¥) < y0 ¥V ——t xreg)

7. Problem der Bifurkationspunkte

Es seien K,, K, Operatoren auf irgendeinem Hilbertraum.

Def inition 5. Die Zahl 3'0 nennt man einen Bi-
furkationspunkt der Gleichung

Kijh + 4 Koh =0
wenn

¥ 3 (Ksh, + 2% K,h =0
€0 Ryt L€ ¢ T2 '

0= '30;3£|<E’o< Ih5“<5 5,8111’..

Sets 10, Dazu, dess die Zahl 1A, ein Bifurkationspunkt
der Aufgabe (23) sei, ist notvind:lg und hinreichend, dess aie
Aurgabe

¥ oACw, ¢) = “"‘]"F)Lz' 3’0‘['6""]"?’1.2

1 B -
R O RS0
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die nichttriviel Lisung <w, F)> € W(Q) habe.

Beweis ., Die Hilfssltse 4, 5, T, 8 und die Eigenschaft
(29) verblirgen die Erfullung der Voraussetsungen des Satzes 1 [4] .
Aus der Giiltigkeit des Satses 1 [4] fiir die Aufgabe (23) geht
die Wahrhaftigkeit des Satses hervor.

Folgerung.VWenndas Paar <(w, F) € W(Q) und
A, (30) ‘erfiillen, sind diese auch eine LYsung der Aufgabe

(31) ¥ <¢,¥> € W) - Alw,2) - [k, F] » )y, *

*+ (FoV)Ba + ([k,W] ’ V)Lz = 10‘[’0»"”] ’ 90)1,2

Bemerkung 1, Wenn das Paer {(w, F) e W(Q) und
A, (30) erfiilllen und w, P hinreichend regullir sind, wird

(30) #quivalent mit dem System

(32) "1{3— AAW'[ko F] = QO[FO,W]

4 4 4F+[x,w] =0
sein, bei den Randbedingungen (2) bezw. (6). So war die Aufgabe
filr die Bifurkationspunkte des Systems (23) in [2] formuliert

worden.

Bemerkung 2, ImnFalle einer idealen geraden schlanken
Ian_d, wiirden wir fiir hinreichend reguléres W, F die Gleichung
(33) 2 Aaw=Ar,w]

]

erhalten, bei den Randbedingungen (2) bezw. (6). Die Gleichung
fhir die Bifurkationspunkte einer idealen geraden schlanken Wand
der Form (33) wurde bei den Dirichletschen Randbedingungen in
mehreren Arbeiten abgeleitet. |

Bemerkung 3, Es gilt der Satz 12 [2] .

\
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Sdihrn

KVALITAT fVNE VLASTNOSTI JEDNEHO TYPU OKRAJOVICH ULOH II
RUDOLF KODNAR, BRAT ISLAVA

Pre homogenny systém rovnic Kérménovho typu pri denfch okra-
Jovych podmienkach je v préci rieleny problém bodov bifurkédcie.
Systém rovnic pre body bifurkécie dostévame Fréchetovskym derivova-

nim operétora slabého rieSenia v nulovom prvku priestoru.
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ON EXPONENTIAL INTERPOLATION

ANTON HUTA, Bratislava

A large number of events‘(processea) especially in economy,
medicine, biology, chemistry etc. have Qh exponential character.
At interpolating in numerical materials of these events exponentisl
interpolation is more suitable than the interpolation based on the
polynome.'The aim of this article is the derivation of formulae
for exponential interpolation. In general, i.e. in the case of the
.arbitrary intervals formulase (35) end (36), were derived and in
the case of interpolation with equﬁl intervals formulae (67) and

(68).
Problem. One has to find a real function
(1) £(xq, Xpy seey Xg) for (X3, X5, cooy x,) € E,

80 that it has certain real values for prescribed fixed values
at x. In this article we will limit ourselves to the case, that
for the whole range of definition will always hold ‘

(2) £(x, X5, eeey X,) > 0

l. The general case of exponential

interpolation

Introduction of the symbols -

Sometimes it will be advantageous to work with vectors.
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as= (al, By, evey 8g), B = (ak,l’ B 21 ey ak’s)
X = (X, Xpy eeey X))y,  L(R) = £(x, X5, eee, Xg)
f(ik) = f(ak’l, 8,20 o0 ak,a)

In the following considerations it will be usefull to intro-

duce the concept of "rooted quotieﬁt”.

Note 1. In further text, to accentuate, that a, . is
distinct from a, by the only value ail we will .sometimes write
&,(i,). Similerly &y distinguished from &, only by the value
a end thus from & by the values a and a; we shall

12 1 il i,
denote '53(11, 12) and finally for ap we will introduce the de-
notation !p(il, iy seey ip-l)‘

Defini t ion 1. Partial rooted quotient with respect

to i-th variable of the function f£(x) between arguments ay and

8y is defined by the formula
a, .-8, - -
: R 2,i""1,i £(s,)
(3) Qi[al|i|32] = . m =
8,i™8 .4 Jf(°2,1’ 8,27 *r 8) 4y coey 8 o)
where &, , = & ; for L#4i ana £=1,2,...,8

and 8.4 # 8 i

Definition 2. The second partial rooted quotient

with respect to the i-th variable is defined by the relation
() o} [5 14®1 &) =q [q; [ lil8&,]]

etc. and finally

(5)  QFlay 14" ay,,] = [ o 2(s 475 1]

Def inition 3. The second partial rooted quotient

with rocpect‘td the i-th and J=th variable is
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(6) Qﬁj[alli, jlagl=q50 Q8 lilg,]1]=
= [ ;03 1jla;]]
where &, ¥ &,
Lemma l..In constructing the second partial rooted .
quotient of the seme i-th variable between the values of arguments

31, EZ, 53 the ordering in which we construct the rooted quotients

is of no importance.

Proof .

a, :-a =
3,1 1,3 Q; [8, |18
(1 & [ 14%15,] = q——i—!l%-i Eai| 3

-1 . —
£(5,) 83317%2,1) 7 1£(5,) (%2,17%,¢ ] (a3 578y 3

[f‘(‘gl)' :(ml—)-)

)"1

n
)
-~
[ ]

[

-1
[ (e, i'al,i)(aZ,i"B,i)]

-1
) f(a3)[ (83’1‘31’1)(83 ’1-32,1)]
As follows from the formula (7), the second partial rooted

quotient is a symmetrical function of its arguments and the validity

of lemma 1 is thus demonstrated.

Corollary 1., It is possible to prove that it holds
generglly
(8 Qf [& "8, 1=

~
- T—[ f(_ )[(ak i al l)oun(ak i ak 1 i)(ak i‘ak_'_l i)...(ak i-.n i]
k=1
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Note 2.-In further text we shall omit the indices i, j..
ete. by Q.

Lemma 2., The construction the second partial rooted
quotient with respect to i-th and j-th variable does not depend
on the order in which we construct the rooted quotient, thus it
holds

2p - : 2r = . -
(9) Q°[ 8 li, I 53] = Q<[ 8 g, il a3]

Proof ., In the proof we must consider that the mediating

variable between the variables & eand 33 is in both cases

different (viz. &, or ié).

Let us denote

l2 = (.2'1, ceey az.il’ coey az'jl, seey az’a)
52' = (.1’1, eeey .l,iz’ ...,'al’ja, L) al,’)

53 (az’l, oney ’2,12’ coey az,jz, vevy '2,3)

Now let us assume that it holds

QP mpa ™ M0 %2 = St Mg S %20 M0 " P

then we have ( y-1
£(h)\'%,i, " %,i
(12) Q& lila] =(==2) ' -
| £(a,)
' Qla; 14wl ‘(5931) oo
e R PYT R
' sy (a -ay s )
-, £(a,) 1,3 s W
Q [a 508 1= (2220 2 1
810 & (r(al))
]
£(5,), (82,5, ~ 9 ;)
aln, 131 8,7 = (£52) 02 Tt

£(a,)
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and finally the second partial rooted quotient are

. (8 & - y
Q lila 2, -
(13) Qz[llli,j\iﬂ-(—[—iz——l—l]) Y2 %1
Q& 11l 8]
y-1

Q& |jla,]1 ‘8,1, =~ %,i
(u)&[al&i|%1=-—?—f—% e i
Q,[‘l |3 |§2]
By substituting from (12) in (13) we obtain

-1
(a - < )

£(8,) 2,1, T 1,iy £(a;)

(15)[ T -

r(ié)(azviz "o,y

and by substituting in (14) we obtain

-1
-1 (a, : =&, : )
(05,1,7%1,4, 2,Jp 29y

-1
(32,1 -

8- =
£(8,) 1 by

-1 -1 (a, ; =&, )'1
(a, s - ) ) 2,i, 1,1

£(8,) 2,3, %253, I

(16) [ - -

(e, : -8, ) (a, : -8y
£(a,) 2092 2191 £(ay) L2 1idy

(aq,: -8, =
£(g)) L'd2 b1

)=1

With respect to (11) one can easily show that the relations
(15) and (16) are identical g.e.d.

Corollary 2, Byrepeating the procedure from lemma 2

we can prove the validity of the following formula
7 Q°L[& 1, 2, ..., nla,,]= QU [&) |15, ipseees 1n|'in+1]

where the group of numbers {11, is) eeey in} is an arbitrary

permutation of numbers 1, 2, .., N

Definition 4. The partial rooted quotient (in

further text only p.r.q.) of the n-th order can be written in
this way

(n)  y(n) (n)
. k k
as) @ [&!4* , 312:2 R R
) (n)

where the arguments 311 etc. till jkn

n denot‘, that the PereqQe -



- 162 -

is constructed kin)-tinee with respect to a. etc. till kén)-

J1
times with respect to 85 where holds
n
(19) | > k) n
t=1

Formula (18) can be written in an abbreviated form

(20) - 3 7))
Lemma 3. The number of all n-th p.r.q. of the function
f(x) is ’
. s+n-1
(21) ( )
n

and the sum of the first p.r.q. till n-th is

(22) (°+?)
) n

Proof . From the values &, and lzﬁij) for
J=1,2, ¢«ss, 8 we can form the 8 first p.r.q. From the each
first p.r.q. we can again form 8 second p.r.q., but because with
respect to (9) the second p.r.q. do not depend on the ordering of
variables with respect of which they wefe formed, the number of
all possible p.r.q. of the 2. order is equal (551). One can
simplely prove that the number of p.r.q. of n-th order is
(" : = 1) (i.e. the number of n-combinetion from s elements
with repetition). The fgret pert of the lemmea 3 is thus demonstra-
" ted. Further the #um of the first n p.r.q. as it is well-known

from combinatorial anelysis is

(23) P CA-REDENLIMY

Thus it is demonstrated also the second part of the lemma 3.
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In accordance with (18) a fixed p.r.q. of the n-order Q® depends
on the elements jl, jz, coey jn. By espplication of all non nega-
tive integer solutions of condition (19) we get the number of all
per.q. of the n-th order Q" depending on the 31 for
i=1,2, ..., n, @as a number of the n-combinations of n ele-

ments with repetition nameli

(24)  o'm,m = (21 )

If the formula (18) is changed as follows

(n) (n) (n)
k k
(25) & [ 1t %t o .1:"‘2‘]
and thus if we change also the formula (20) into the following
form
_Ein)
(26) " [5 |3, ]

where . denote the number order of any n-combinations from s
elements (i.e. of c(s, n)), then gradually for L= 1, 2, ...,
c(s, n) we get all n-combinations.

“In total number

(27) ¢’(n, n) . cls, n) = (30~ 1)(2)

occur some combinations several times. Therefore by summation
with respect to I we must these combinations take only once.

In this way we obtain es a total number

‘

(28) ¢c’(s,n)=(®" : =1 ’

in accordance with (21).

Definition 5, Let us introduce the function G by
following relation
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m
(29)  o6@®; 11,22, 00,29, e, n®) =
n B
1—2 'TTl(xi - .i’ji)
m. m, m = =
=c (1% 2%, ey @9, ..., D I

m m m
where the C(1 l, 2m2, «eeq% ..., nP) is a constant belonging

to the function G.

Lemma 4. If we constouct the p.r.q. of the function G
of the variable X betveen the values ‘q,r and ’é,r we obtain
the function

m ‘m_-1
(30) o(® 1,22, .., a9, ..., 0D

In the exponent of this function does not occur already the

factor (xq - ’q,r)‘

Proof ., Let us denote the function from (29) with the
symbol G, further the one from (30) as G, eand finally the func-

.

q,r
as G,. On the bases of the (3) holas

l-l

tion which differ from G only by parameter a which appear

instead of ‘q,r’

N )"q,r " fq,r
G

= G

(31) ( .

Corolleary 3. Analogously in accordance with lemma 4,

if we construct the p.r.q. with respect to Py values of variable

x, for k=1, 2, ..., n we get the function

- - m = -
(32) o(x; 11 pl, 22 P2 ¢ re n D 'n

1] ooy 1] LA RN ]

Now we prove the following theorem.

Iheorem 1, Let the arguments (in the sense of notice 1)

(33) Wty , Sgeses f4.2)s 21,2, cee,n+1, 4, 21,2, 000; 8
" correspond the values
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£34) r(a,) > 0

(which can be considered) the values of some function f£(x)).
The general exponential interpolationnl function of the p-th

order
(35) F(x) =

c(s,n) 8 kini

rﬁ (x4-a;

)

p c(s,n) s ki 20 1on 41 =t 19,10
= £(&) TT 7T 7T o135, ] ",
n=4 1=} i=1 j. .=1
i,l
or partially written
8
(x;-a; ;)
(36) F@) = £(5p) || algylal L
i= .
k(2)
8 kj,l '
(2) '
: T a4, YL, 5,241] 0 Jiaet ..
l=l i=‘ Ji =1 1 1, ’ 2’1 o0
’
] k%%f
P (x,-a J
c(s,p) 8 kj1 Pl Jk}?i kézi _képi]1=1 3g 1! 177,35 4
eee o =1 1=1 ji 1=1 l 1 l ’ JZ, « 9000y Jp’i
where
(n) o
(37) E§% kt,l n

. c¢(s,n)
has for arguments in (33) the values in (34). The product T_f
1=1

must be constructed in the sense, that the factors occuring

several times must taken only once.
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Proo f:, Let us assume, that the formulae for exponential
interpolation (35) resp. (36) one can write by means of G de-
fined by equation (29) .in the following way

p cls,n) jin)
(38) F(®) = £(85)) . ljl AR A
resp.
‘ c(s,1) (1) cls,2) L2) L(2)
(39) F) = f(al)g—rl a(%; 311") . }1 o(x; 31 1158 sz’-
L
S T L

If we denote the construction of p.r.q. of"the function

F(x)- k'(_f} -times with respect to x, for t =1, 2, eeey © &8s

s (r) k(r) k(r) .
(40) Q[F(ii llz 22’L, o-o'rr'z)]

then by constructing of the p.r.q. of an arbitrary factor froq the
right side of (39) e.g.

(p) (p) . (p)

k r k

(41) a(%; jll.'z"z, j:?il, q00H :} p,l) we obtain
_ (P) l‘(r) (p)_,(r) (p) (r)
(42)  O(%; 311' 1,L, szi e, pi 5,2,

Fi;rst of all let us inveatigat}e the case r = p. If it will
~ hold '

(43) k%) = kP) forall t=1,2, ..,r

then all factors of the exponent of the constant

(p) p) P
k
(44) e, a:ﬁ ey .1:‘:;"
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(

will be equel to 1 and thus the term {(40) will be the constant
(44).

It is clear that for r > p the term (40) will be 1, since
the p.r.q. of an arbitrary constant ie'equal tol. For r< p the
term (40) will be 1 again, because by the constructing of p.r.q..

_ of the r-th order will remain in the exponent of the constant C
yet p - r factors which for the values Ek (in the sense of

notice 1) will be equal to O. Thus it will hold

(p) (p)
(p) (p) (p) k k
k k k = 1,L 13y
(45) QP[5 | .jlf’/, R AT Ry Clay, s weer dp3 )

and the validity of the theorem 1 is demonstrated.

Specialization. To meke clear the construction of the products

c(s, n) ‘
ATﬁi we show two special cases: 1. 8 = 3, n= 4 and

2, 8 =4, n= 3.
1. 8 =3, n =4 (the number of the factors is (3+:'1) = 15)
(x,=874) (x,-8]5) (x,~8,7) (Xy=0,,)
ot [51,14] RS R W Aty B kLt s UL
(x,-874) (x,-815) (x,~87,) (X,~8,,)
Q4E§1I13,2J b Sy LT L e L T - N

ot [ 8yl 1%, 227 G2y =0y Hxyagod (xp=tyy dixoag)

at [5, 128 J"2“21’(‘z“‘za“"2‘!‘23’.(‘2"24’ .

Q4 [ al | 12 , 32 ] (xl-.ll) (11‘312 ) (x3.'.31) (!3-l32 ) .
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A(x -a,,)(x,-a,,)(x,~a,,)(x,~a,,)
Q4 [illl, 33J 171173 3173 T32°°73 733 .

(X=8+q ) (Xy=85, ) (Xy-854) (X1=85, )
Q4[§1l34] 3 T31°'3 T32 3 33773 T34 .

(x,-8, ) (x,-8,,) (x,~8,,) (x,-8,5)
Q4 [§1|23,3J 2 21 2 22 2 23 3 T31 .

(x,~-a,-) (x,-a,,) (x,~4,,)(x,~-0,,)
Q‘ ['il|22’ 32] 2 “21 2 “22 3 731 3 732 .

(x,~-8,,) (x,~a,,) (x,~a,,) (x,-a,,)
Q4[51|2, 33] 2 “21 3 "31°'"3 T32 3 "33 .

(x,~-8,,)(x,=8,,) (x,-8,, ) (Xx1~8,7)
Q4[‘1|12,2’3] 1 "11 1 12 2 “21 3 "31 .

(xy=-8,4) (x,-8,) (X5-8,,) (X,~8,,)
Q4 :[!lll’ 22,3] 1 711 2 “21 2 “22 3 731 .

(x,-8y4) (x,-8,,) (x1~8a,, ) (x,~8,,)
ot [ay 11, 2, 33] 170072 By Ty e

2. 8 =4, n = 3 (the number of the factors is (4+g'1) = 20)

(X =87,) (X ~87,) (x,~85)
&[5 123 ] 7 T tamay?

(x -84, ) (x,-8,,)(x,-8,,)

(X, =8,,) (x,-8,4 ) (x,~0,,)
Q3 [‘1|1’ 22] 1 711 2 “21 2 “22 .

(x,~a,,)(x,-8,,)(x,-0,,)
Q3 [‘1 | 23 ] xl?- 821 x2 a22 x2 !23 .

(x,-a,,)(x,-8,- ) (x,~a,,)
Q3 [llll’ 32] 171173 "317'73 32 .

(x,-8,4) (x,~8,,) (X1~85q)
S [ay 122, 3] 2t )

(x,-a,, ) (x,~a,, ) (x,~8,,)
°3v[‘1'|2' 323 2" 81\ Xq=0y) J\X4=835 .

’ (=84, ) (X1=85,) (Xy=04,)
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(x,=8y4)(Xy-8:,) (x,~8,,)

(x,-2,,)(x -a. )(x,~a,,)
.Q3[51|1,42] 1 711 4 T4l 4 "42 .

:
o
w

[ ‘l' 22’ o] (x2'321)(‘2'322)(x4"41) ]

(x,-a,,)(x,~8,,)(x,~a,,)

(x3-a31)(x3-a32)(x4-l41) .

o
w

[5 132 4]

(x,-a,,)(x,~a,,)(x,~8,,)

(x,-8,,) (xy-8,,) (x,-85,)
.3 [g 1,231 1 b 3 s T L

PRI L
L3 [ay i, 2, 4] 10022 )

(x;-8,,) (x5=8,,) (x,-8,,)
L3I 5 11,3, 4] i W SR T B e SR

(X, = 81 ) (=827 ) (xy=84n)
@[5 12 3,4] ¢ A3
(x,~a,,)(x,~a,,)(x,-a,,) °
L SEPEE Rt e e s L
2. Exponential interpolation with equal intervals

Introduction of symbols

In practice often occurs the problem to obtain the value of
a given function tabulated in equal intervals. Therefore we also’

conform the symbols to this requirement. First of all it is cleir
that holds

(46) z=8+mh or x; =a; +mh; fori=1,2,...,8
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therefore it will be

(47)/?(5 + mh) = F(ay + mh), &, + mbhy, cooy 8, + my h,)

where the hy (for 4i=1, 2, ..., 8) is the step of the i-th
variable. Since the values a; and hy for i=1, 2, ¢ec, 8
are constants it suffices to write only the variebles m; and
therefore instead of (47) we can write

(48) £(B) = £(my, My, eoo, m,)

If will be m; = 0 for all i=1, 2, «es, 8 we shall write
 instead of (48) simplely £ (0).
» Further instead of "rooted quotients” we introduce by equal inter-

vals only "quotients”.

Definition 6. The partial quotient with respect to

the i-th veriable of the function f(@) is defined by relation

f(a,+mh,, a2+m2hg, oiaiolg ai+;ihi+hi, ...,a'+n‘§g
f(al+l1h1, ay+myh,, ..., a;+mihy, ..., 8 tm b,

(49) Q[ £(@) 1 i]

One can derive all dependences and formulae occuring in the
exponentiel interpolation with equal intervals by specialization

of the general exponential interpolation by means of substitution
(50) .1’38.1 +(j-l) hi fo!‘i'l, 2’ ey ‘, ng, 2, LR

From it there follows that the theorems used in the derivation
of the formulae of the exponential interpolation with equal inter-
vals iro special cases of theorems analogous for general exponential
interpolation and therefore also hold the proofs. Therefore in the
following we shall not prove gho Qajority of the given theorems.
From the lemma 2 follows immediastely lemma 5.

Lemma 5. In constructing the second partial quotient with
respect to the i-th and j-th variable the ordering in which we
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construct the quotients is of no importance i. e. it holds
(51) Cre@li, jl=e{Q[e@|111 3} =
e{a[em | jIli} =Q@[ @ 4, 1]
From the lemma 5 follows corollary 4:

Corollary 4, By repeating the procedure from lemma 5

we can prove the validity of the following formula
(52) QLem) 11, 2, eoey n ] = QLM |4y, dp, eee, 4, ]

where the group of numbers {il, iyy eeey i} 4s en arbitrary
permutation of numbers 1, 2, ..., n. It is clear that the corol-

lary 4 is a special cese of the corollery 2.

/

Definition 7. The partial quotient (in the further
text only p. q. ) of the n-th order of the function f(&E) can

be written in the following way

(n) (n) (n)
k k k
(53) P Lem | 50, 52 4 eens 30
‘n)

where the numbers. jii denote that the p. q. is constructed
kgn)-tines with respect to the ji—th varieble for i = 1, 2, ...,n,
by condition ' '

n
(54) > ki(.n) =n

i=1

L e é B 8 6. The number of the p. q. of the n-th order of

the function f(m) is from the formula (21) equal to ‘(’+:'1)
and the number of all p. Q. till n-th order is from the formula

(22) equal

5‘:'0 (WI=ly - (MR
r=
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Definition 8. Let us introduce the function g by

relation

k k k k

(55) g(ml, mz, LR Y mq, uon"mn; 1 1, 2 2, e0oy q q, 0oy n n)

'n- ki

T'T hg™ (mg)y
Kk, k K k. i=1 *
=c1t 22 ...,q9 ...,n®

kl k, k kn
where C(1 %, 2°, ... q9%, ..., n ™) is a constant belonging to

the function g defined in (55).

Briefly we can write this function vectorially
k k k k k.
(56) gm; 13,22, ...,a9, oo, n®) or gm 1)
It is clear that for @ =0 i. e. m = 0 for i=1, 2, see,yn

is

kg
(57) gd; 1) = 1

Lemma 1. The p. q. of the function g with respect to

the variable mq is

Kk, k x X
(58) Qlg@; 13,22, ...,q9, ..., n ®) 5, ] -

h k
. k k -1 k qq
= g(m; 1 l, 2 2, ceey @3, sue,n ™)

where the point at g means that the constant of the function on

the right side of (58) is

K, k Kk x X, k k -1 X
2
]

c(1 2,..., q q,...l n®) end not C(1 1, 2 2,...,q 1 yeso,n 1)

Proof . From the formula (49) we have

k k k
(59) Q[ g(my, m,, ..., By eees By 1 A, 2 2, suny 4.2 suwy nkn)j.q]:

<
3
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k k k k
2
_ glmy, my, oo, mq+1,...,mn°,ll, 2 5 seny Q 9 ...,n M .
k k k k
g(my, My, eoey Mgy eeey Myj 1 1, 2‘2, veey 33, cee,n ™

X X '
h, 1 (m, )y« eob¥q(m +1), ...n5n(m )
X, k K 1 1(my )y e eoBga(mg+l)y ooobpnlmy)y
=ﬂ].'l-22'. ceey quo'-- nkn) 2 8 n
K K X k, b 51(m), ... n fa(my), +..h “n(m)),
cat 2% ooy, a9, ceeyn ™ 1 17 9% 0k
h k
k qq
kK, k kK -1 n
= g'(ﬁ; 1 1’ 2 2, NI qQ q 9y ooy n )

q. e. d.

Corollary 5. Analogously to the lemma 7, when we

construect the p. Qq. ri-.times with respect to the variable my

for i=1,2, «es, n we get

k k k k
(60) QC[egm; 11,22, ...,a9 oo, n Ml

r r r r
11,22, .oo,qq’ ooc’nnJ= n ri
X K K X 121hi (ki)ri
=1 - . -y - =
=g(m 1t 1,222 ,,,q2 9.0 "D
where ¢
n
(61) r= Z ry
; |
or briefly
n
X
T ngtoeg),
(62) gm; JET) =1 i

where the point at g draws again our attention to the constent
c. ’

In the case r; = ki-for i=1, 2, oo, n we have
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k k k k ‘ . < k
1 nn)lll, 2k2 q,...,nnJ"‘

2
9 eoey q ) eeey ] "‘.,q =

k
63) Q" [g(@; 1 1, 2

L'
TT ndaeg)
=g @ 0

under the condition
(64) 2. kj=n

The right side from (63) is a constant.
Note 3.From the definition 8 follows

kK, k k. Kk
65) g @ ) =c@t 22, ...,q9 ..., 0"

and therefore

"k k : k k k k k
(66) Qnrg’(ﬁ; 1 1, 2 2,...,(1 q,oo-,n n)' 1 l, 2 2,ooo,q q,...nk"n.]=

B x,

) iTT hyd(eg)1
X X =1

=c(1 1, 2??, i, ad ., n ™

Theor em 2, Let us have an s-dimensional "table" of .

the function f£(X) with equidistant arguments

X=a+th where 1 =‘(t1, toy eeey tg) and ¢y £ 0 are
integers for i=1, 2, ..., 8 and h = (hy, hyy ees, hg) denotes
the steps, then the value of the function f(x) for X = & + @h
where n; € (0,'1) is given by the exponential interpolational
function of the p-th order with equal intervals, which according
to (48) can be written in the following way

(67) £(m) =

(o,m) s K (n) 1 (nft !

} p c(s,n) s i.1 §n) g n

=e® JT TT T1 TT @@[a)3 3 %1
nel 1=l del §g o=t
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or partially written

(68) f(m) = 2 m.
(8,2) 8 k @) () ¢ 2331’
8 m. c\8, 8 1 k , t=1 k
-2 TTarols 3™ TT TT M Q2[0|.i1'i1,.i:211] Sl
i=1 1=1 i=1 ji l=1 - ’ ’
»
3 (3) L (3)  (3) %‘nfgil’
0(8’3) 8 k' k 3 3 k 34 t=1 k
. ]_r -ILT Q3[O|j11il’ J:zil) 033i1] t’l e eooe
1=1 i=1 ji’1=1 » ’ »
T da
c(s,p) s k{p{ ‘ k(p) k(p) t,1(k(p5 )
tee o JT TUTT cProlg'id oo 3P4 tl
’ ’

1=1 i=1 ji’lz]

under the condition

n
(69) %g% ké“{ =n

Proof . Let us assume that the formulae for exponential
interpolation (67) resp. (68) can be written by means of function

g defined by equation (55) in the following way

p c(s,n)

(70) e@m = £® . 1T 1 g i)
n=1 [=1

resp.

g~ oW R AW
(71) £(m) £(0) l]:rl 8(‘, Jl’l ) .LT:I;_ g(m, Jl,i Jz'l )- see
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e(s,p) éi)L k(p;
g <D
ee e .l=l g(m, Jl,i 9 ooy Jp,i )

In order to define the function g 1let us form the p. q. of

k(r)

the function f£(m) N t—t1mes with respect to m,

Jt’z
for t=1,2, «c., r where
(r)
(72) Z kt’z =r
For r2 1 we obtain
(r)
_ (r) kr,l
(73) Q" [ £@) | Jl o g 1=
r (r)
LR ™ ™) )
p c(s,n) k(n)_k(r) t=1
=TT 11 @@ 5,8 #4 )

n=1 L=l
"If now is r = n then according to (63) and (66) holds for g

(n)
n k
(74) g m ©) ¥l

but accordiné'to (65) we have

k:(Ln) x(n)
(75) g @ 39 = eyt ..., Jn‘:j>

and therefore:

| k) xn)
n
(76) . Q [ S(I’ jl oL 702 jn,L J
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n (n)

t,4.,.(n)
k) L(n) ”ht g 2

= C (Jl Y ovee, Jnn’l)

what is a constant.

If r >n then considering the fact that the p. q. of a con-

stant equals to 1, we have

k(n) x(n)
77 Q C S(N, Jl LL, ccoy Jnn z)] =1

Both formulese (76) and (77) hold naturally also for the case
that
(78) _ m=0

If r<n then under the condition (78) with respect to (57)
holds

(79) QF [ gd; 3* ] =

From the formulae (73), (76), (77), (78) and (79) follows

(n)

(n)
(80) c(Jl LL) ooy Jkn,l

n, ) =
‘ n (n) n

L -1
K () ﬂht ﬂ(k(n))’]
R LN IF Nl LR 1]

this term together with (55) gives

(n) (n)
k
(81) yﬁ;ali, “-,J§u1)=



- 178 =

e
’ (m: ),.(n)
1t t=1 9t Kt
fﬁ kgn% f% (n)
(n) () Tnt (™))
x i oy ke,
=Q?[2(D) | jlfiL,...,j:?it] td Lot

or
(n) (n)
x x
( mﬁtst)
(n) ¢\ /

x
= L@ | 544, ..., 3]

The function g from (82) substituted in (71) gives the
formula (68) q. e. d.
"Specialization. To make clear the concrete construction of the

c(s,n) '

products }_& we show again two special cases. From methodical
=1

reasons there are the same cases as in the preceding part:
1. s =3, n =4 (the number of the factors are 15)

2. 8 =4, n =3 (the number of the factors are 20)

1. s=3, n=4

(D] 143(:1). Q[ 513, 21(31)(‘{2).

. Q¥ [ D112 22 ](21)(32) .Q*[d]1, 23 ](21)(52) .
. Q4 [6I24]-(:2) cQtr ol 33(511)(2” .

ot B, 32](;1)(23) Sl 333({1)(';3) .

O
>
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(73) (22)(33)
4 - 3eSNY:
* [0(34] .Qt[ol23, 31 .
(32)(%3) (*2)(®3)
2 2 1l
Q* [ 8122, 32] .ot 92, 33] o
: GuEIN (T1)(32)(P3
1 2 1
* [011%2 2,3 ] S D, 22, 3]
(T1)(F2)(33)

Q* [0 11, 2, 32]

2, 8=4, n=3

(*1) (M) (M)
3 \ 2 1
QB [0113]

(1) (32) (32
RS [0]1, 2° ] . [0123] .

(31)(13) (T1)(33)
QB[08112 3] LA [0, 3%] .

(32)(13) (T2)(33)
QB[o12?% 31 3 [d2, 3%] .

(33) (1) (B4)
BL[o133] .3 [011% 4] .

(T1)(38) (32)(T4)
SGLHI1, 42] .3 [0]2% 4] .

(M2) (Bg): ' (®3)(%4)
1 2 2 1
QB[ o2, 42] .3 [ 0132 4] .

(13)(34) < (1) (F2)(33)
R3I[ 813, 4] L[l 2,3] ‘

(F1)(F2)(74) QL) (33 ()

A0, 2, 4] | . Q3[B11,3, 4]
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m,y M, M m
$ (12)(13)(14) 3 3 (34)
« [ 0l2, 3, 4] Q[ 014°]
Applications
1. Let us find a (exponential) function, the values of which
satisfy to values of the Table I.
Table I
;;. —
0,6 1,1 1,8 2,2
x
2
0,4 2,73577564 8,10962374 64,4366732 281,136723
0,9 3,70272405 12,5842549 121,087753
1,4 6,23705696 24,3036670
1,7 || 9,47246755
Here is

‘1,1 * 0,6, 31’2 1,1,. 31’3 = 1,8, 31'4 = 2,2

= 0,9 1,4 = 1,7

92,2 ° 82,3 82,4
£(0,6; 0,4) = 2,73577564

821 *

By computing we gain the values

= 8,78699648; Q (0,65 0,4(2) = 1,83181553
1,92775787; Q2(0,6; 0,4(1,2) = 1,72800000
1,54894141

@3(0,6; 0,4/12, 2) = @3(0,6; 0,4]1,22) =
Q3(0,6; 0,4]23) = 1

Q (0,65 0,411)
Q?(0,6; 0,411%)
Q2(0,6; 0,4122)
Q3(0,6; 0,4113)

Since all third and higher p.r.q. are 1 it suffices to take

a formula of the second order.

F(x,,

i

4)

2 (21-0 ,6) (12"'0,
xz) = 2,73577564 . 8,78699648 . 1,83181553
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. (x, _
. 1,92775787 . 1,72800000

(xa-o ,4) (xz"opg)
. 1,54894141

or by modification we have finally

3,6x§ + 3x1x2 + 2,4x§ + 4,6:1 - 1,6x2 + 1
F(xy, x,) = 1,2

2. Let us find the value of the function given in Table II.

for x =1,3.

Table II
x £(x)
0,7 3,28708122
142 14,01320367
1,6 64,07152267
1,9 247,15112700
2,1 || 671,82641989

a) The computing with a interpolation formula of the polynomial
type of the 4-th order gives

£(1, 3) = 3,28708122 + 0,6 . 10,72612245 + 0,6 . Q1 . 39,33219655 -
- 0,6 . 0,1 .0,3 . 93,68908878 +

+0,6 .0,1.0,3.0,6.14,88531445 = 10,5570443

b) The computing with the exponential formula of the 2-nd
order gives

6

£(1,3) = 3,28708122 . 18,17414539°:% . 2,7182818°2%0 = 19,8856822

c) The true value is 19,8856825,
x%+x
(It was tabulated the function € )e
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Sd4hrn
0 EXPONENCIALNEJ INTERFOL. CII
ANTON HUTA, BRAT ISLAVA

V ekondmii, lekérstve, bioldgii a technickych veddch vyskytu-
je sa velké mnoZistvo javov, ktoré majui exponencidlny charakter.
Pri interpolédecii v numerickych materidloch tychto javov je vyhod-
nejdia exponencidlna inierpolécia, neZ interpoldcia zaloZend na
polynémoch.

Cielom tejto préce je odvodenie vzorcov pre exponencidlnu
interpoléciu.

V prvej %asti je dokd4zand veta 1 pre exponencidlnu interpo-
l4ciu s neekvidiatantnymi'argumentaﬁi (vzorce(3Y a (36)) a v dru-
hej &asti vete 2 pre exp&henciélnu interpoldciu s ekvidi3tantnymi

argumentmi.

PE3UME

OB 3KCIOHEHU/AJBHON VHTEPIOJALUAK
|
AHTOH XYTA, BPATWLCJIABa

b sxoHoMuM, MenMlMHe., OMOJOI'MM M TeXHMYECKMX HAYKAX BCTpeva-
erca Ooaplioe MHOXECTBO fBJeHMA MMepumMX excrnoHeruuaxabHHE xapaxTep.
Mlpu BHYKCAKTEABHON MHTepHmOAALMM BTHUX ABJAEHHMH OGoxee BHI'OLHAA 8KCMO-
HeHUMAIDHAS MHTEPNoJASUMA, HeM MHTePNoXALNS OCHOBAHA HA MOJAMHOMAX.

" lleapn 8TOM badorn fABaAgeTCA BuBeleHMe JOPMYXA OAS BKCNOHEHUNAAD-

Holt MHTepnOAALMN,
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B neppoit yacTu nokasaHa TeopeMa 1 IAA BKCNOHeHUMAABLHON MH-
Tepnaﬁﬂuun C HepABHONPOMEXYTOYHMHMM nepeMenHuMu [ popumyan (35)
u (36) ] u Bo BTOpOK uacTH TeopeMa 2 nAsA SKCMNOHEeHUMAJBHON MHTep-

NOJAUMM C PABHONMPOMEXYTOUHHMHA MNEepEeMeHHHMM ,
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REFLECTIVE AND COREFLECTIVE SUBCATEGORIES
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O InNtroduction

A ¢ -space (see 1.1) is a topologicel space in Sech’s sence
from the year 1937. The category J of all topological space.a and
continuous maps which is a full subcategory of the category ¢
studied in this peper is neither reflective nor coreflective in £ .
Therefore results of the theory of reflective and coreflective
subcategories of 4 do not always give an immediete information
about reflective and coreflective subcategories in € and there
_are some interesting differences between situations in & and
in f . The categorical terminology will be used according to [3] .
The concepts separator, extremal separator (coseparator, extremal
coseparator) used in [3] coincide with the concepts generator,

extremal generator (cogenerator, extremal cogenerator) in [2] ..
2. The category € - basiec
definitions and properties

In this section we shall prove only the facts needed for the

study of reflective and coreflective subcategories of % .

l.l. Definition [5].A € -spece is a pair (P, u)
where P is a set, u: ZP——- 2P is a map and the followiné condi-

tions are’' satisfied:
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ul) uw =g
u2) MCuM for each Me¢ ZP
u3) uM C uN whenever M C N

The map u is called a "d ~topology, uM is called the
closure of - M. A set Me 2P is said to be closed provided
that uM = M. |

Let (P, w) bea ¢ -space end pe P. A subset O of P
is said to be a neighbourhood of the point pe€ P provided that
pe P - u(P - 0).

Remark, It will be often written P instead of (P, u)
and then N instead of uM.

Let (P, u) bea ¥ -space and QC P, Put VM = uM N Q

for each Me 2°. Then (Q, v) is a ¢ -space.

1,2, Def inition [5]. The %’-apéce (Q, v) is

called a subspace of the ¥ -space (P, u).

1.3, Definition [5]. Let (P, w, (Q, v) be
¢ -spaces. Amap f : P—> Q is said to be continuous provided

that for each M € 2F, £ [uM] C ve [ M]..

We shall always denote by ¥ the category which is defined

as follows: )

ob ¥ is the class of all ¢ -spaces,
‘ mor ¥ is the class of all continuous maps of ¥ -spaces
(more exactly the class of all tripples ((P, u), £, (Q, v)) where
'(P, u), (Q, v) € ob ¥ and £ is a continuous map (P, u) — (Q, v)). -
It is clear that the category J of all topological spaces '
and continuous maps is a full subcategory of the category ¢ .

1,4, Theorem, Let f bea ¢ -morphism.
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1, £ is a ¢ -ponomorphism iff f is in;joctivo

2, £ is a % -epimorphism iff f is surjective

3. £ is a ¢ -isomorphism iff f is bijective and £l
is a continuous map

4, ¢ is well-powered and co-well-powered

5. £ is an extremal ¢ -monomorphism iff f is an embed-.
ding _

6. f£: (P, u) — (Q, v) is an extremal ¢ -epimorphism
(or a quotient map) iff f is a ¢ -epimorphism and for each
Ne2% wi=z[u™ (N]] . The ¢-space (Q, v) is called s
qui;t:l.ent space of (P, u).

T. Let {(P,, uy)} ac
jects. Let (P, (P} o . o) be the Set-product of {P,} , ¢ ,¢
Define u: 2P—— 2 putting uM = ar;A p;'l[uapa [M]] for each

) bea set-indexed femily of ¥ -ob-

¥ e 2F, Then (P, u) is a ¢ -space and ((P, u), {Palac A)
is a ¢ -product of the family {(Pa' u,)} a c A* Ve shall write

(P, u) =J_E] A(P" u,).

8. Let [(Pa’ u‘)} a € A De @ set-indexed family of € -ob-
Jjects, Let ( {m} a €A P) be the Set-coproduct of {Pa} ac A
Define u: F—— 2F vy w= U m, [uan;l [M]] for each

aeAl

M € 2F, Then (P, u) is a ¢ -space and ({n.} ae A (Pyu))is
the ¢ -coproduct of {(P_, u,)} a € A° We shall write (P, u) =

= aJ-El *(P‘, u.)o

9. If r, s€ homg ((P, w), (Q, v)), then Eq(r, s) =

((K, w),k) where (K, w) is a subspace of (P, u) such that
K={x€P: r(x) = s(x)} and k: (K, w) & (P, u) is en embedding.

10, If r, s€ homg ((P, w, (Q, v)), then Coeq (r, s) =
(p, (E, w)) where E = Q/R, R is the equivalence-relation on Q
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generated by the relation S for which (y, z) € S ii‘f there
exists x € P such that r(x) =y end s(x) = g, p is the pro-
jection Q — Q/R and (p,(E, w)) is an extremal quotient of

Q, v).
11. ¢ is complete and cocomplete.
12, Any non-empty ¢ -object is a separator.

R e ia r ks . The terms ¥ cproduct and ¥ -coproduct

will be often (inaccurately) used also for their "object parts".
The concepts extremal subobject and subspace are essentially

identical in ¥ .

l.5. Proposition, Let (P, u) = M (Pgy ug)e
' a€EA

A subset MC P is closed in (P, u) iff M = XA Py [M] (a Set-
ac€

product) and pa[u] is closed in (P,, u,) for each a € A,
Proof ., Immediate from the preceding theorem - (7).

1.6. Def inition [5]. A ¢€-space (P, u) is

said to be an F-space provided that for each M € 2P, u(uM) = uM,
A € -space (P, u) is said to be an A-space provided that for
each M, Ne 2F, u(MU N) = ud U uN,

The full subcategory of the category % consisting of all
F-spaces (A-spaces) will be denoted by § ( & ). )

In tha' category ¢ TO-, Tl-, Ta-apaces can be defined
analogously as in the category J . Corresponding (full) sub-
categories will be denoted by ¢,, ¢, ©,, respectively.

Remark, In % we can define also Ta-apaces as follows:

(P, u) is a Tz-spvace iff for each x, y&€ P, x # y there exist

neighbourhoods Ox, 0y of x, y, reapectively such that
0, N uo, = uo, N 0’ =@, In¥ T,- end T,-spaces concide.

.. ‘
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1.7. Theorem, Let X be & £ -object such that

any non-constant % -morphism ¢: X— X is an isomorphism.
Let A be a non-empty set and (X.A-, {Pglaeyp) De a corresponding
% - power. Then for any non-constant ?-mbrphiem o gl XA—> X
there exists ay € A such that f = Qe pao where ¢ is an (sui-
table) isomorphism X — X.

Proof . Let f:.xA—+ X be a non-constant ¥ -morphism.

Then ¥ =foA : X—+ X where A is a diagonal morphism
X —» x*  is non-constent. Indeed, if f ¢ & (x) = x, for each

x € X, then A[Xx] C f'l[xo]. But -1 [xy] is closed in xA

and A [x] = x*. Thus £ is constant - a contradiction. Hence ¢
is an isomorphism. Put g= ¢ '% f. Then for each § € A [X]
end a € A g(§)=pa(§). The family m={g'1[x]:xex}
is a decomposition of XA and every element belonging to M is

a closed set. Thus, for each x € X g'l [x] = X Ba (a Set-product)
; ) a€ i

where B, is a closed subset of X, for each ae€ A, Let B,, # X
for some &€ A. Let t€ X -B, end 7€ x* such that

Pe(7) =t and p () =x for each ac A - {a'}. It is evident
that 7 ¢ g-l[x]. Denote by X,, the set {fe xA; Pe(¥) =x
for each a € A - {a'}}. Xy is a subspace of x* which is iso-
morphic with X. Hence all non-constant € -morphisms x.,—- X

ere isomorphisms, Put g, = glX Then g, is non-constant.

-
In fact, consider ¥ € A [X]N g-l[x]. Then g (%)=x#ts=

= 8g (7). Hence g, is an isomorphiem and it implies B, = {x}.
Thus, we have shown that 'B.l =X or Ba = {x} for each a € A,

Now, for each x € X there exists a € A such that .p, [g'l[x]] = {x}.
It follows from the fact theat g is non-constant. For each a € A
put Y, = {x € X: p, [g’l[x]] = {x}} . 1£ Y, ¥ X for each

& €A, then the point ¥ € x* for which p,(§) € X - ¥, for
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each a € A belongs to X‘ - L‘}x g-l [(x] - a contradiction.
o ;
Thus, there exists a, & A such that Y‘o = X. Let Y, # g
for some 8, € A -{ao} gnd X, € !al. Then the point "[ e xt
for which »p
8

- U g"l[x] - a contradiction. Hence, for each a & A - ,
x€X

- {ao} Y. = g, Coneequently, g = pao and f = Fo P‘o .

(1) = x; end pal(’[)#xo belongs to

1.8 Definition [5], Let (P, u) bea ¥-space,
MCP. ' '

Define: 1° uly = uM,
2°u “*lu = u(u”® M) for any ordinal &« ¥ 1,
3°utu= U u' M for any limit ordinal 2 # 0.

1.9, Propositlon. Let (P, u)= r[(P.,u)
a€A

where {(P,, u,)} acA 18 @ non-empty femily of  #-objects.

Let M be a subset of P, Then u"M = (] p;]'[u:p. [u]] for esch
ac€A

positive integer n.

Proof ., First we need to prove that p, [uPM] = n‘:)::a (]
Holds for any positive integer and each a € A. The case n =1
is evident. Let it be true for n % 1, Then Pq [unﬂ'l] =
= Py (u(u®™)] =u oPa [u™M] = umlp‘ [M] . Now, we can prove our
proposition. The cese n = 1 directly follows from the definition
of & $-product. If it is true for n ® 1, then u"*lx =

- +
= uww = [ p7lup, (uun = M 23t 15", ] .

a€ A a

;,;O, D efinition, A ¢ -space (P, u) is said
to be compact provided that for any filter § on P n ’l_ll‘ ¥ d.

Evidently it holds:

1011, Proposition. (P, u is compact iff for
any ultrafilter % on P N uvu ¥ @,
veld
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1.2. Theorem. Let {(p, ua)} aeca De @ set-indexed

family of compact ¢ -spaces. Then (P, u) = QA Py, ua) is
a
compact.

Proof . Let £ be a filter on P. Then fa =
= {p‘a [F] : Fe §31 is a filter-base on Pge Therefore
FQZ’ u P, [F] # 8. Choose x, e up, [U] for eech a € A and

let x € P be such that pa(") = Xg for each & € A, Because

X, € up, [F] for each a€ A eand F € ¥ , we have
x € p;l[na'pa [F]] for each a € A. Therefore x € uF for each
Fe ¥ and [l uF # 4.

"Fe §

1.13. Definition.Let (¢, u) bea %-spece.

A subset M of P is said to be semi-closed provided that for
‘each x € P - M there exist neighbourhoods Ol, 0, such theat
0, N o, ﬂ M= g

l.l4. Proposition., If M is & semi-closed subset

of a compact ¥ -space (P, u), then M is compact (i.e. the
sub~space M together with the induced % -topolngy is a compact

spaceJ.

Proof . Let M be a semi-closed subset of (P, u) and
U be an ultraefilter on M. Let ¥ be a filter on P for which
UCF.T™en N uF #@. Choose x € [) uF. Then
Fe re §
<e _[) uB. Let 0,, O, be neighbourhoods of the point x.
Bel . ' ;
Clearly, 0;(1B # P for each B€EU and i1=1,2 and

therefore 0, M1 M end O, N M belong to U . But it implies

that 0, [ ozﬂu=(olﬂ M) N (0, N M) # @. Hence, x € M

j.e. x € (] (uB N M) so that the subspace M of (P, u)
Bel :

is compact.

1,15, Theor em (M m) isan extremal subobject of
an object (P, u) in the category €, iff m is an embedding



- 192 -

and m [M] is a semi-closed subset of (P, u).

Proof. Sufficieﬁcy. Suppose that (M, m) satisfies
the given conditions. Let ( {Jj;, Jp}, (P, ) L (P, u)) be a
'lz-coproduct (it coincides with & -coproduct). Define the
equivalence-relation E on (P, u) [J (P, u) as follows:
(x, y) € E iff x =y or there exists & € m [M] such that
Jy(a) = x” and .Jp(a) =y. Denote by (Q, v) a quotient space
(in € ) (P, w) U (P, w)/E.
Let p: (P, w) LJ (P, u) — (Q, v) be the corresponding extremal
€ -epimorphism. It can be easily shown that (Q, v) € ob ‘62
because m [M] is semi-closed. Clearly, (M, m) =
= Eq (p « ji, P . Jy) in (5’2. Hence (M, m) is a Zz-extremal
subobject of (P, u).

Necessity. If m is not an embedding, then m =m', e

where e : M —»m [M] defined by e(x) = m(x) for each xe& M
is a %a-epimorphism which is not an isomorphism and
m: m [M] &— (P, u) is an embedding - a contradiction. If m [M]
is not semi-closed, then there exists p € F - m [M] such that
for any neighbourhoods 0y, O, of p 0Oy N 0, N m[M]#g.
Consider A = m [M] (J {p} as a subspace of (P, u). Then
e: M —» A defined by e(x) = m(x) for each x € M is a

%z-epim'orphism which is not an isomorphism end m= j ¢ e

where. j: A < (P, u) is an embedding - a contradiction.

1,16. Def initions. Let (P, u) bea ¢ -space,
MCP., Define M'= M U{xe€P -M: u(u{x} N M =uix}}.
It is evident that M* C uM for each M € 2%, Denote by

the intersection /(1 ¢,. Then it holds:

%o

1,17. Proposition.An Fy-morphism
. o '(P, u) — (Q, v) is an %-epimorphism ire f£[P1"= Q.
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Proof . Necessity. Suppose f is an Fo-epimorphiem
end £[P)*# Q. Let y € Q - £[P]* . Then i, # v{y} where M, =
=vi{y} n f£[r] . Put Cy = (K, t) where K=(0,1, 2},
tg = &, t{0} = {0}, t {1} =+t (0,1} = {0,1} and tM = K for
2ll other subsets of K. Clearly, 03 € ob fo. Define Fo-
morphisms h, g: (Q, v) —C3; by h [vug,] C (0}, hiviy} - vl%]=
={1}y, h[Q-v{y)] c (2} end g[v{y}] = L0} ,
g[Q-v{y}] c{2}. Then h#g but h.f=g.f - a con-

tradiction. -

Sufficiency. Suppose h, g: (&, v) — (s, w; are ?’o-morphisms
for which h.f =g . f i.e. hif [P]=g|f [P] . Let yeqQ -
£ [P] . Evidently, h|My =g |My, (M = £ [P] N v {y} ). Since
M, is dense in v {y} it implies that h [My] =g [l&] is dense
in h [v {y}] end in g[v {y}] . Therefore wh([v.{y}] = wh[Ms,] =
= wg [M;y] =wg [v{y}] . Since n[v{y}] < w{h (y)] and
h (y) € h[viy}] , it implies w{h(y)} = wh[v {y}] and
analogousiy for g. Hence, w{h(y)} = wh [v {r3] = wh [LE,] =
= wg [%] =wg [v{y}] =w{gly)}. Because (S, w) € ob $0’
h(y) = g(y). Hence, h='g and f is an fo-epimorhiam.

1,18, Corollary. §o 1is co-well-powered.

Proof . Let f: (P, uy—> (Q, v) be an fo-epimorphism..
The map ¢ : Q———+2P; y__.f"l[v {¥}] . is injective so that

card Q 2 card 2P.

1,19. PropositionJQ v), m) is en = .%—extreul

subobject of the go-object (P, u) iff m is en embedding and
m(Q]*= m[Q] .

Proof, Necessity. Immediate from 1.17.

Sufficiency. For each y€ P.- m[Q)* we can: define fo-morphisms
hy, &,: (p, u)——_——"'c3 such that hy(y) # gy(y) and l‘&/l[Q] =
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= g’/-[Q] (see Proof of 1.17). Let h, g: (P, u)— I’]P Cg be
YEP-

%--orphiau induced by {hy}y‘ P~ nlQl*)&}ycp - miQ)*

respeciively. Clearly, ((Q, v), m) = Eq(h, g) end therefore

((Q, v), m) is an fb-extreml subobject of (P, u).

2. Reflective Bsubcategories

of the cat'og'ory?

2.1, Convention . Throughout the remainder of this

peper all subcategories will be assumed to be both full and
isomorphism-closed.

We shall use standard symbols for the following g-apacea
for which the set {0, 1} is an underlying set:

D2 - the discrete space
12 - the antidiscrete space :
C, - the space for which {J} = {0} end {I}={0,1}.

Recall (see e.g. [3] ) that if # , # are (full)
reflective subcategories of a category .B.,ﬁ cC ,ﬂ' end # is

\
monoreflective, then A is also monoreflective.

2.2, Examples . a) The category 5 is a bireflective
aubcategory of £ .If (P,u € ob% and v is the F-modi-

fication of u (see [5] ), then (i, (P, v)) where i is the
identity mep P—> P is the F-reflection of (P, u).

b) The category al consisting of all antidiscrete spaces
is bireflective in ¢ .

¢) The categories $0' 31, g’z are epireflective subcate-
gories of g . '

d) The subcategory 9 2 of the category ¢ consisting of all
f-pa\ura of the space D2 is a reflective subcategory of & -

.
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vhich is not epireflective (see 2.12).

e) The category J  is not a reflective subcategory of £ .
In fact, D, € ob S but D, 1 D, £ ob I , Dbecause
{0, ®} U {2, 1)} = {(0, 0), (1, 1)} # {0, 1} x {0, 1} =
= {(0, 0), (1, 1) }. ‘

Next we show that there exists an injective map of the class
of all cardinals into the conglomerate (the concept used in [3] )
R of all reflective subcategories of ¢ .

Let § Dbe a cardinal. Denote by 5‘5 the subcategory of
consisting of all & -spaces (P, u) which satisfy the following
condition: if MC P for which card M ¥ § , then u’M = uM,

2.3. Theorem, 1) For any cardinal ¥ , £ is a bi-

reflective subcategory of the category £ .
2) For any cerdinals € , § such that § <¥, gF 244

Proof .,1l. Let (P, u = [1 (Pa’ u,) where
ac A

{(Pyy u)} ge o 1i® @ family of Jf-objects. If MC P such that
card M ¥ § , then card p.[l] ES f for each a ¢ A. Therefore
uipa[l] = u‘p.[l] for each a € A. According to 1.9. it implies
uM = ul. Hence, £ f is closed under the formation of . ¥ -products.
It is easy to verify that § ¥ is also closed under the formation
of subspaces. Therefore £ ! is epireflective in> % . Since

a’l < f" and al is bireflective (2.2. b)), FF is bireflective.

_ 2. Clearly, ff 2 ff. Let P be a set for which

card P> § + 1. Let QC P such that ‘card Q =§ . Define
u- 22—+ 2P as follows: If card l‘_f ) then uM =M. If
cardl>§ , then uM = Q whenever MCQ and M# Q and

uM = P whenever M ¢ Q. Choose a fixed point q € P - Q and
put WQ =QU {g} . Clearly, (P, u) is a ¥¢-space such that
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(P, u) € ob §F . Since cearda Q=5 and u¥Q ¥ w, (P, u) ¢

2.4, Proposition. The subcategory X, of the
category & consisting of all compact gz-apacoa is reflective

in €.

Prootft., X, C 82. X, is closed under the formation
'of products and extremal subobjects in ?2 according to 1.12.,
1.14. and 1.15. Therefore X, is epireflective in 82.
Since “2 is epireflective in ¥, X, is reflective in #.

~2,2. Exaanm pPle. Let o be an infinite cardinal. Denote
by X the subcategory of & consisting of all € -spaces (P, u)
with the follwing property: If Z is an ultrafilter on P such
that U = {uB: B€ U} has an L -intersection property, then

N w8 # g. For any infinite cerdinal o, JG=X"1N ¢
Bel 2

is a reflective subcategory of ¢ .

The conglomerate R of all reflective subcategories of the
category & is partially ordered by the inclusion-releation and
has the smallest element - the subcategory Q_l of & consisting
of all singletons. The subcategory ao of & consisting of all
¢ -spaces (P, u) for which card P £ 1 is the smallest element
in R - {a'-l}'- Denote by R* the collection R - {Cl_l, CZO}.
Our next study of reflective subcategories in % is devoted to the
minimal elements of R*.

2.6, Proposition. The category al of all anti-

discrete spaces is a minimal element of R,

*x
Proof . Let f#€ Rsuch that # C al' Let (P, u) €
ob # for which card P > 1. Then there exists an extremal

3-nonomrphism r: Ay—> (P, u). Moreover, it is evident that
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r is a section and therefore A, € ob #f . Since A, is en
extremal coseparator of al and each subspace of any “-power
Ag is a sect, it holds al cH.

Next we show that the space C, hes a reflective hul a2
in € which is a minimal el ement of R* . To show this, we shall

use the following proposition:

2,7. Proposition [3]. Let B be a complete

well-powered and co-well-powered category and # be a subcategory
of B . let E(A ) be an epireflective hull of # in B .,

If the category & (&# ) is co-well-powered, then the epiireflecti-
ve hull of the vcategory # in & (A ) is the reflective hull

of # in B .

The category $o is the epireflective hull of the space

C, in € . In fact, let (P, u) € ob !:0 and S be the
femily of all closed subsets of P. For each M € ¥ defin;l

€ -morphism £,: (P, u) —C, by f,[M]C {0} ena -
fylP - M] < {1} . Let m: (P, w) —»Ci be the € -morphism
defined by the family {fi} . ¢. It is easy to show that m is
an extremal & -monomorphism and therefore & () = - £ o* Since

£ o 18 co-well-powered (see 1.18) the epireflective hull a2
of €, in ‘;0 is the reflective hull of C, in g .

2.8 Proposition, 1. If (P, u € ob dz,
P # ¢, then there exists p € P such that u{p} = P.

2, 1f (P, u) @ ob (L, such that cerd P % 2, then (P, u)
has a subspace isomorphic with cz.

Proof , To prove 1, we need to show that for any
M C C] such that M¥= M there exists x € M for which {X}> M.
Since C; @ ob &, W ie closed in Cl. For each i€ I put
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x; = max pi[ll]. Let x € C% such that pi(x) 5 x; for eaoch i,s T.
Evidently, {(x} =M. Thus, {X} N M =M and therefore {X}(1 M =
== (X]. Hence x € M* Since M*= M, .x belongs to M.

2. Let p € P such that u{p} =P. Let qe& P - {p}l.
Since

(P, u) € ob 36, it is evident that {p, q} = Cye

2.9. Theorem, az is & minimal element of X* .

Proof.Llt fAe R anda & C Qz.If(P;u)E
€ob A - ob ao, then there is an extremal monomorphism
m: C, —> (P, u) which is evidently a section. Hence_ C2 € ob #
and therefore 4, C #. : '

2,100, Definition.a) A &-gpace is said to be

rigid provided that Homy, (X, X) contains only constant morphisms
and identity morphism.

b) A € -space X is said to be quasi-rigid provided that
any non-constant 3 -morphism f: X——+ X is an isomorphism and
for any two different morphisms f, g € homg (X, X)
cerd {x € X: f(x) = g(x)} ¥ 1.

2.1l,. Theorem., Let X be a quasi-rigia gl-ob.jeht.
Then the subcategory dx of ¢ consisting of @ and all g-

powers of the space X is & reflective subcategory of ? .

Proof . Let Y be a non-empty ©Z-object and C(Y, X)
be the set of all non-c;anstant ¢ -morphisms Y—— X. Let E be
the equivalence-relation on C(Y, X) defined as follows: (f, g) € E
iff there exists an isomorphism ¢ : X——X such that f = ¥¢ g.
Denote by CY the chosen representative set of the decomposition
C(Y, X)/B. Then Cy defines exactly one ¥ -morphism r: Y —X
guch that Ppor= f for each f € c!. It can be proved that
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. C
(r, X Y) is the dx-reflection of Y. To show it, we need to
prove that for any e-morphism h: Y — x‘ ()(A is an arbitrary
non-empty dx-object) there exists exactly one 4 -morphism

t: X —-7XA~auchthat h=1t er.

l. Existence. Let a ® A and pa:‘xA—o X be the correspon-
ding projection. Let Pg © h = f. be non-constant. Then there
exists an isomorphism ¢ : X — X such that ¢ef, € Cy. Since
(by the definition of T) Py, p oT = Pofy £, = ¢ 1, Poaog, o
Let a €A. If f, is non-constent, §Mn put t, = ¢ 1, Pe¢ of,
where ¢ 1is above defined isomorphism. If fa is constant, then
t, is the constant 'c-morphism X T—= x* for which ta[x Y:I =
= £, [Y]. Now, let t : X T__+x* bve the unique ¥ -morphism de-

fined by the family “?a}a < A+ Evidently, tor = h.

c P
2. Uniqueness. Let t, t': X *—> x* be € -morphisms for

which t o r=t’e r=h. Put pa¢t=m,pa.t'=na. Then

a
mper=p,oter=p,o t'er= n, o r. If m, is non-constent,
then by 1.7. there exists an isomorphism ¢ : X—> X such that

m, = 4 ° Py wheré f € CY so that Py = ?-lo mg. Since f

is non-conatant; there exist some points x, y € Y such that

f(x) # £(y). Then n (r(x)) =m o r(x) = Pepp o rix) = yofix) #

a
# Yof(y) = y¢o Pe o r(y) = m, o r(y) = na(r(y)); hence n, is
non-constant. Clearly, the converse is also true so that m, is

non-constant iff ng is non-constant for each a € A. Now,

suppose m., n, to be non-constant. Then m, 2 = ¢, pp, N, =

= v,pg where f, g € cY end ¢ ,y are suitable iso-
morphisms X—"X. Since ¢@ef = @PoPpoTr =M o T =N, o T =
= YoPge T = ¥og, e have £=(¢ -1,.’) o g. Then (f, g)e
€ E and since each of f, g belongs to Cy, £ =g .
Hence m, = ¢,pPp, N, = ¥ oPpe The equation n.lr[!]= n, | r[Y]
implies ¢ |pp o T [Y] = y|Ps o r LYl Since p, o r[Y] = £[¥]



- 200 -

.

end cerd £ [Y] > 1, we heve ¢ =¥ 8o that m, = né. It

m,, n, ere constent, then m, |r (Y] =n, |r [¥] implies m, = n,.
Therefore for each a € A p, e t =m =n, = p, e t’; hence t = t’.

Remar k. If a subcategory ax of ¥ consisting of all
¢ -powers of some $-object X 1is reflective in ¢ , then it
is & minimel element of R - {CLO}. Indeed, the diagonal morphism
‘O: X ——’XA is a section for any non-empty set A.

2,12, Corolleary . The subcategory 9, of ¥ con-

sisting of all % -powers of D, is minimel in R,

2.13. Ex empl es of homogeneous éuasi—rigid 31-apacea.

a) Dy = ({0, 1, 2}, -) where M =M whenever card M1
end ¥ =1{0, 1, 2} whenever card M > 1.

w

b) Let Z, be the group of integers modulo p where p = 5

end p is 0odd. Let M = Z,. Then M =M whenever card M = 1

>
s 3, €
and M = Z_ whenever card M = 3. For each k Zp put

{k, k+1} ={k, k+1, k+2,k+3}. If mne 2, such that

m#¥n+1l and n#¥m+ 1, then{m,n}={m,n,—%7(m+n)}.
(since p 1is odd, any equation x + x = k in Zp has exactly
one solution denoted by —%—k.) (Zp, -) satisfiea the required

conditions.

-

c) Let P be the set of all integers or real numbers. Let
Mc P. Put B=M ifcard M1 end M=P if cerd M = 3.
Foreach re€ P (F, r+1}={t€ P: t¥r+1}, If r,s€P
such that r<s and s -r > 1, thenm}sir-l, r,s}.

The spece P a_ati's'ﬁes the nequired_ conditions.

2.14. Corollaery. If X is a rigid “l-space,
then ax is minimal in R* .

Next we construct an injective map of the class of all ordi-
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P

nals into the conglomerate of minimal elements of R* . Let oy
be an initial ordinal. Define €-topology on the set W(we + 1)

as follows:

l. If MC W(Wx+ 1) and cerd M £ 1, then H= M

»

2, If MC W(wy) and card M > 1, then N =w(7m + 1)
where '7 is the smallest ordinal for which M C W(‘z )e

3.Let 0< F<owg, If §=F +1, then {f , wcl =
1,8 , @} . If F is & limit ordinal, then {[§ ,w<} =
= (WOE + @) =W(E)) U {wg.

4. For allaher M c W( w, + 1) put H=W(ew + 1),
Denote by S@‘ the just defined g-spaee. Clearly,

St‘%c € ob gl'

2.15. Theorem, For eny initial ordinal wg, Sy, is

a rigid & -space. If ®#8 , then S, and s‘*’p are not

isomorphic so that # Q .
Proof, Evidently, by the definition of Sq‘ a subset

M of W(wc+ 1) is closed iff M e {g, W(ew, + 1)} or
card M = 1, This implies thmt any non-constant ‘-morphisn
£ S%—-——o Su is & monomorphism. Next we prove that f is
necessarily lsw‘ . Clearly, f[{0, a}] < IT(0), f(we JF .
If (£(0), f(we )} # {0, wc}, then card {¥F(O), (o ) ¥ <
< card £ [{0, wg)] =card {0, w ] = card W(wx + 1),
Therefore {f(0), f( wx )} ={0, wel. It implies 1. £(0) = 0,
flw,) =w or 2, £(0) = W , f(wx ) = 0. The second case
is impossible. In fact, if f£(wx ) = 0, then £ [{1, 2, w }]=
={£(), £(2), 0}. Clearly, £(1), £(2) ¢ {0, w,} (beceuse f
is a monomorphism). Then {f£(1), £(2), 0 } = W(mex {£(1), £(2)} + 2).
Therefore card {I, 2,q.) =card £[{ I, 2, 0,3] >
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> card { Z(1J), Z(2), f{w, )] - a contradiction. Hence the case

1l is true.
Let «¢ > 71 >0 and suppose that for each Fe W(7 ) £(¥) =F.

A. Let f£(n) < M . Then f£(f (7)) = £(n ) and this yields
f(n) =7 - a contradiction. '

B. Let £( 7 ) > n . Clearly, £(1) < wg -

a) If 7 =F§ +1, then § < n so that £ [{q, o 3] =
=2 ({5, 1,rw0cd] = {5, 20 ), @} C (£ ), g} -
It £( 7 ) is a limit ordinal, then {FU7 ), o, } =
= (W(E(7) + @) =W(E(1)) U {ox} so that § ¢ {TTT), o}
what is impossible. Therefore f (7 ) is not a limit ordinal and
then {f(7 ), w,} =1{f(n) -1, £(1), @ }. Because f£(7) «
¥ § < 7, we get f(®n) = m - a contradiction. Hence, if 7 =
= §+1, thenf£(7) =17 . | '

b) Finally, let 7 be & limit ordinal. Then f(7 ) is also
a limit ordinel. In fact, otherwise we have card {f(7 ), ogt =
=3 < card fT{W] = &, whet is impossilile. Since
1 < f£(%), there exists an ordinal + for which 7< v< £(y ).
The set of(‘l) = W(ewg + 1) - W(+ ) is a neighbourhood of £(7)
because f£(y) ¢ W( ) = W(+ 1), Clearly, 7 < § for each

} € of(i ye Since f is continuous, there exists a neighbour-
hood 0, of‘rl such that ¢ [°1] c of(‘) (see [5] ). But
by the definition of Sq‘
W(y ). Now, if § € Oy W(p ), then £(f)=§ < 1<
so that f£(}) ¢ of(l) - @ contradiction. Hence, f£(7) =7 .

ahy neighbourhood of 7 intersects

So we have proved that f/W( g ) is the identity. Because

(g ) = @ (see above) it holds f = 1g  If ® ¥ g8,

then card W(wg + 1) # card W(w’ + 1). Therefore S, and
3 < .

S cannot be isomorphic.

“p
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gLLG.Corollary.Themapuc.—oas is an in-
WO
jective map of the class of all ordinals into the conglomerate

of minimal elements in R* .

2.1 Examples;, Lt An={0,1,...,n},n> 3.
Put W= M whenever MC A end cerd ¥ ¥ 1, {T,—l-} = {0, 1, n}.
If{k, t} # {0, 1} and k < t < n, then {k, t} = {0, eee, t}.
If 0Ok <n, then {k, n} = {k-1, k, n} . For all other

M C An put ¥ = An. It can be easily verified that A, with

the just defined 8 -topology is a rigid €,-space.
.2. There exist rigid compact Hausdorff J -spaces with more
than one point (see [2] ).

2

3. There exist rigid local connected subspaces of R“ (with

the usual topology) containing more than one point (see [2] ).

The situation in the conglomerate &£ of all epireflective

subcategories of & is simpler (analogous as in § ).

2,18. Theorem., The conglomerate & - {a.o} has

exactly two minimal elements - the category lll (antidiscrete spa-
ces) and the subcategory J of & which is the epireflective
hull of the space D, in £ . . _ ¢

Proof, Lt #€ & - {Q} and (r, R) be the
#-reflection of the space D,. Then R is isomorphic with A,

and then (11 C # or R is isomorphic with D2 and then
Y € A . The case R is isomorphic with C, is impossible
end if cerd R=1, then £ = Ay-

The next step in our study is to show that in R - { £} .
there is the greatest element. First we prove that % has an ex-

tremel coseparator. )
Define a £ -topology on {0, 1, 2} by B =g, {0} = {0, 1}
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and M= {0, 1, 2} for ell other MC (0, 1, 2} and denote
this space by C.

2,19, Theorem. The space C is an extremal cosepara-

tor of the category ¢ .

Proof, Let (P, u) € ob % . For each M € 2¥ define

Tyt (P, w)— C by fu[M]lC {0} , £ [‘1‘,‘" - M] c {1} and
fl[P - uM] € {2}, Let m: (P, u) —»C%  be the (unique)‘ ¢-
morphism defined by the family {fuju‘ oP. Clearly, m is a £-
monomorphism. To show that m is extremal ¢ -monomorphism, we
need to prove that mf[uM] = m—] N m[P] for each M e 2T,
Evidently, m [uM] ;{_ll_] n m[P]-C‘ ﬁll‘ [to, 13 N w[P] for
each M € 2F, Now, let Yy e:._,pil[{o, 1Y N m([P] . Then pn(y)e_

€ {0, 1} eand there exists x € P such that m(x) = y. But
since pu(y) = py(m(x)) = £ ,(x) € {0, 11 , then x belongs to
uM. Hence y € m[uM] so that pil [0, 11 N m[P)< m [uM].
Consequently, m[uM] = n—[ll-j-l N m [PF] for each M € 2F,

Remar k . Moreover % is the reflective hull of C
(see 2.7).

2.20. Proposition,Let (P, u =" (P, u).
acA @& A
Let K be a subspace of (P, u) isomorphic with C. Then there
exists e, € A such that K‘O = Py [K] is isomorphic with C.
’ (0]

Proof, Let {(x,y, 2} =K be a subspace of (P, u)
isomorphic with C. Let u{x} N K= {(x, y} and u{y} N X =
= u{z} N K = K. Then ua(xa} Dixgr ¥q} and ug {7} N Ka =
= u,{2,} N Kg = K, for each & € A where X = pa[K] . If
card K, £ 2 for some a ¢ A, then Ka is isomorphic with A,
or cerd K, ¥ 1, Indeed, if x, =y, ¥ 2, and if we put t =
=X, =y, then u, {t‘} n kK, = “’a' z} = u{2,} N Kge The
other ceses for card K, = 2 can ‘be shown anslogously. Since
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z ¢ u{x} , there exists 8y € A. such that zao¢ u.o{x.o

But then card K, =3 and Kao is isomorphic with C.
0 .

2,21, Corollary.A ©-space (P, uw is an extre-

mal coseparator of % iff there exists an extremal &-monomorphism

m: C — (P, u).

2.22. Theore m, The subcategory B of & for which

ob B ={(P, u) € ob ¥ : (P, u) is not an extremal coseparator

of ¥} is the greatest element of. R -~ { %},

Proof. B is closed under the formation of & -products
by 2.20. and it is evident that B is closed under subspaces.
Hence, B € R . Mareover B € R- {%)because B ¥ € . Let

# € R suchthat B PH end (F, u)€ ob#* =-0obB . Then
there exists an extremal € -monomorphism m : C —» (P, u) which
is moreover evidently a section (the map f:. (P, uy)y — C defined
by £(m(0)) = 0, £{u{m(0)} - {(m(0)}] = {1} and £[P - u{m (0)}) =
= {2} is a left inverse & -morphism of m). Therefore C. & ob # .

But reflective hull of C in # 3is & ; hence # = ¢ .

As we have shown (2.2.e) (the category J is not reflective
in ¢ . It holds:

2, 23, Proposition, The category & is the reflecti-

ve hull of J in ¥ .

Pro o £ . Because a.l C J, any reflective subcategory
containing 5 is bireflective. Therefore the reflective hull of
J" coincides with the epireflective one.Consider the spico 03
defined on the set {0, 1, 2} by B=¢, {0} ={0} anda H=
= {0, 1, 2} otherwise. Clearly &(C;) = & ena C;& ob g .
(Let (P, u) € ob § . For M€ 2P define £y (P, u) — C; by
fyM] c {0} ena fu[P - M]C {2} if M is closed and £ (M] = {1}"
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A P
end f [P - M] = {2} if uM# M. Then m: (P, u).—-..cg de-

fined by the femily {fyl, ., P is an extremal ¢ -monomorphism. )
Because C; € ob S, §F= 8 (C3) C &(f ). But S c §
implies &(§ ) C _.9' . Hence, E(y)=§ .

3. Corefl-cctive subcategories

of the category 14

Recall that all subcategories are assumed to be both full and
isomorphism-closed.

By [2] - 13-102. ‘nd 1.4. it holds:

3.1. Proposition. For asubcategory @ of ¥

for which @ # { @} the following are equivalent:

a) @A is coreflective
b) (@ is bicoreflective
¢) A is closed under the formation of "’-coproducta and

% -~extremal quotients.

This implies that the intersection of any collection of co-
reflective subcategories of ¥ is a coreflective auﬁcategory of
% and therefore the conglomerate £ of all coreflective sub-
categories of ¥ together with the inclusion-relation is a complete
(lerge) lattice. The smallest element in ( &£ ,c ) is evide'nt.],v.
B,=1 @} . Analogously as in J° it can be shown that the ca-
tlegory 8 1 of all discrete spaces is the smallest element in
£ - {Go} and the category @, of ell &-coproducts of all
antidisérete spaces is the smallest element in & -{ Bo; 61] .
Let A4 Se a subcategory of % which is not necessarily full
and isomorphism-closed. Then € ( & ) denotes the coreflective
hull of @ i.e. the intersection of all # € & such that 2C 8 ,
Clearly, ob €( @) is the class of all ¥ -extremal quotients
of all ¢ -coproducts of @-objects.
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3s2e E x amples . a) The category & of all A-spaces

is a corerlective subcategory of ¥ .

b) Let § ©be en infinite cardinal. Denote by ﬂ? the subca-
tegory of ¥ for which (P, u) € ob UL} iff for eny family

{Bg)ge s Of subsets of P such that card A ¥ § u(elé ABa) =

= U uBg,. Then “; is coreflective in & eand for any infinite
a€ A

cerdinals § , § F#£S implies 8!; # a; . It cen be easily
‘verified that ‘flf is closed under the formation of €-coproducts

end € -extremal quotients.

¢) The subcetegory &L of % for which (P, u) € ob &
iff for any two closed subsets M, Nc P MUN is closed is a

coreflective subcetegory of & .

d) Let f be en infinite cardinal. Then the subcstegory a}
of © consisting of all (P, u) € € for which the union of any
femily J of closed subsets such that card S =§ is closed
in (P, u) is coreflective in € and for § #§ (infinite
cerdinals) le;! %g .

: Simil»arlybas in § we can define:

3.3, Definitio n . Let @& be a subcategory of ¢ .

Then agen is the subcstegory of ¥ defined as follows:
. P _
(P, u) € odb a,gen iff for each M € 2° uM =
=M U (U u, (M n Qg)) where {(Qa, u )} g is the family

aeAh
of all subspaces of (P, u, belonging to ob 2

3.4. Proposition. If asubcategory .4 of ¢ is

epimorphism-closed i.e. f: X——=Y is an €-epimorphism and
X € obG implies Y € obQ , then a,,, is the coreflective

hull of @ in ¢ .

Proof .Let (P,u) &€ ob¥% . Define v: Foes 2P put-
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ting WM = aLi AUa(M 0 Q) where {(Q,, u)l, .,

of all subspaces of (P, u) belonging to @ ., It can be easily

is the family

verified that ((P, v), i), where i is the identity mep on P,

is @___-coreflection of (P, u). Thus, -is coreflective

‘gen %sen
in € so that {(Q)C a’gen’ On the other hand, since @ is epi-

morphism-closed, then every - @__.-object is the direct limit of

gen
the family of all its subspaces belonging to & so that a c

gen
c €(a ). Hence a8°n= cca ). ) :

3.5 Examp'les, a) Let § be any cardinal. Let ()
be the subcategory of & for which (P, u) € ob et ier
card P = § . Then BF is epimorphism-closed so that 6}gen is
coreflective. It will be shown later that for anylcardinal § ,

F £ $
Ggen has an extremal separator and for §< § agen = 6gen'

b) The category X of compact € -spaces (see 1.10) is epi-

morphism-closed so that ‘xgen e &,

¢) The category of all connected ¢ -spaces (a % -space
(P, u) is said to be connected provided that every ¢ -morphism
f: (P, u) —> D, is constent) end the category of all path-con-

nected $-spaces are epimorphism-closed.

d) For any cardinal § the subcategory J' of £ such that
(P, u) € ob OF  iff there exist M C P for which card M 5§

and uM = P is epimorphism-closed.

wy

2.

3.6 Def inition. Let § be e cardinal and §

Let P be a set for which cerd P =§ and pe P. Put M

P -~ {p} and define u: ZP—-—- 2P as follows: uN = N for each
Ne f - {M}, uM = P, Denote this space by st .

3.7. Theorem, Let « beaca;‘dinaland =

{s}: E2«<}., Then for eny cardinel « C(¥*) =% ,
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Proof . Clearly, 8, C €( ¥*). I 28F <5

are cardinals, then st is an extremal quotient of S! ., (Let
X, ¥ be the unique points in s$ : st reaspectively for which
{x} , {y} are not open in st ’ st respectively. Then any map
p: 85— st such that p(x) =y end plsf - (x}] =s¥ - iy}

is an e xtremal €-epimorphism.) Therefore Sf'€ € (¥*) for

eny cardinel §32. Let (P, u) € ob % ,AcC P and 8y € UA.
Denote by (A, ao) the £ -space with the underlying‘ set A U{eo}
and % -topology defined by N = M if MC A U {ay} and M# A

end A=A U {ao}. So we have (A, &;) € ob 8, or (a, 8y)

is isomorphic with goard A + 1

end therefore (4, g;) € C€( ).
The set = { (4, 8y): AC P, a5 € uA} is downwerd-directed
by (B,bo)s(A,ao) iff B < A and bye B or B = A and
by = &y, Let j(A' ap), (A, 85) —» (P, u) be the €-morphism
defined by j(A' a0)(x) =x foreach x € A U {8y} . Then

( {j(A’ aO)J (4, 8y) € ¢ » (P, w)) is a direct limit of the dia-
gram D: ¥ — ¢ such that D(A, a;) = (A, ay) and D((B, by) =
= (A, ay)) = (B, by) = (4, &;) (an embedding). Therefore (P, u)€
€ ob C(Y*). Hence, ¥ c ( (¥

3.8 Proposition. For any cardinal ¥ 2, s}

is an extremal separator of 653!1 (see 3.5 a)) and for § = F = 2

§
‘Bfgen = Bgen‘
¥ ¢
.Proof.sf € ob (Bgen implies cesk) c Agcn‘
Clearly, for any § for which 2% § ¥f , 55 e oo C(sF),
Let (B, u) € ob B, Then for each A C P card wA 2§
Therefore by the proof of the preceding theorem we have af C Csh).
Hence @}, C C(sF). 1r 7>F, then s'¢ o & . m
fact, every subspace Q of S for which card Q 5§ is discrete.
Let M be the unique subset of S1 for which H # M. Then ¥ =

= .Lel ‘ua(ll N Q) = M where {(Qg, ul)} ;. , is the family of all
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subspaces of S™ belonging to ob #f . Hence a*sen- & @;‘n.

3,9. Proposition, Let ({"a}ae:A’ (P, u)) be the

€-coproduct of {(P,, u‘)} aca &nd p: (P, u)— s} be an
extremal . Y-epimorphism. Then there exists 8, € A such that

P, =pem, : (Pa y Ug ) —> s¥ is an extremal £-epimorphism.
(0] (0] 0 0 .

Proof . Let y be the unique point of st for which

M=sf - {y} is not closed. Then {y} is not open in st and
since p is an extremal %-epimorphism, this implies p'l[y] is
not open in (P, u). Therefore there exists 8y € A such that

N = n;: [p'l[y ]] is not open in (Pao, u.o). We show that pao =

= pemy is an extremal €-epimorphism. If pao is not an epi-

- morphism, then p‘o[PaO - N] # M. This implies that B =

= p‘O[PaO - N] is closed in S¥ 80 that p'l[B] is closed in

(P, u). Hence P‘O -N= n'l[p':L [B]] is closed in (P u )

%’ %
what is impossible. Thus, pao is an eéepimorphism. 1t is easy to

-1
verify that for each N C S} N=p_ [u p_~[N]] so that p
% % % %
is an extremal f-epimorphiam.
Proposition 3.9. implies:

3.0, Theorem. In £ - {¢} there are ng maximal

elements. ’

Proof.Let # € £ -{¢ . Then there is a cardinal §
such that Sf ¢ ob # . Therefore C(#U (sf} ) 2 # . But
C(A U (8¥}) # € vbecause for § >F s§ & ob C(# U {sf}).
'In fact, if S5 € ob C(# U {s}} ), then by 3.9. S% is an
-extremal quotient of some # -object (P, u) (because S°
cannot be an & -extremel quotient of S} ), i.e. there exists
an extremal €-epimorphism p: (P, u) — S5 . But §>§ implies
‘that there exists an extremal ¢ -epimorphism q: S¥ —— S§ .
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Since in £ extremal epimorphisms coincide with regular ones,
' q e p: (P, uy—>S' 1is an extremal ¢-epimorphism. Hence S!

belongs to ob # what is a contrediction.

The category S of allltopological spaces (i.e. AF-spaces)
is not coreflective in ¢ . In fact, if (Q, t) is the space for
which Q={0, 1, 2,3}, t{o} =+t {1} =+t{0,1 = {0, 1},
td =@ and tM=Q for all other M C Q, then (Q, t) € ob J .
Define the decomposition R= {x, y, z} by x= {0} , y={1, 2},
z = {3} and let p: Q——*R be the corresponding projection.
If u is the %-topology on R for which p: (Q,,t) — (P, w)
is an5extrema1 %-epimorphism, then u(u {x} ) = Q # {x, y} =
= u{x} . Hence J is not closed under the formation of % -ex-

tremal quotients.

3.1l1. Theorem, C(f)=a(d-thecategory

of all A-spaces).

Proof . Let (P, u) be an‘A-space, M € P. Define
Uyt 2P — 2P a8 follows: WX =X U uld whenever X DO M and
X = (u(X N M) - M) U X whenever X D M. Then (P, u,) is
a J-space (i.e. AF-space) for which uM = uM end uy E T
Clearly, (P, w,) is a €-space. Let X € 2F, If X O M, then
Uy (i (X) = uy(X UuM) = (X U ud) U ull = wX. If X P M, then
((u(X QM) -M) U X) N =X N M Therefore u,(uX) =
= u((ux N M) -8 U X = ((uX N M-8 U X NW-0U
U ((uXN M-0UX=@xNi=-0UNi-0yxs

= uX. Hence (P, w,) is an F-space.

Next we show that fP, “H) is also an A-space. Let X, Y € 2P.

" 1l. X DM, Y DM, then evidently uy (XU Y) = uX U ug.
2.X DM, Y DM, then XU YD M. uXU u¥=
= ((w(x N M) - UX) U (YU ul)= (XU Y) U ul=u(x U,

i ~
.
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(Clearly u(X N M) - M C ul)
3. XP N, YD M. Then we have two cases:
@) XU YD M. Then wX U yX=((uXN ¥ -¥UIU
U(axN -0 UN=XxUYU@@ZNMN-0U

U@mrNum-M=2XxU YU (WU N M - =
=X U YU (ul-M) = uX U Y.

v

D) XU Y P M Then u XU Y= (XU N MN-WU
U@UD=(xNU (YN M)-MU XU Y=
= ((ux N MU u(N M) - U XU Y= (XN M -MU
Ux UG@@N® -0 UY=uyx Uud, Hece, (P, u,) is

an A-space.

Cleerly, uM =M U uM=uk. Let X € 2f, If X O M, then
uX =X U uM C uX because uX O uM. If X P M, then ulX =
= (X N M -M) U XC uX U X=uX. Hence uy = u

Let ({my}y..P, Ll o (P, u,)) bea  B-coproduct. Put
e ndyeo ye P Uy .copouc u

Q, t) = nuzP(P’ u). Let p: Q—>P be the mep for which
e .

p(ﬁ(x)) =x foreach x € P and M€ 2F, Let v be the quo-
tient & -topology on P induced by p (i.e. p: (Q, t) —= (P, ¥)
is an extremal g-epimorphism). Then for each M € 2P , VM =

=p [tp-l[ll;I] = p[t(xLEJZP m, (4] )] = p[xLé’zP [uxh(]] . Because for
each x € 2F uM C uM = uM, p[xUéP mx[uxM]J = uM. Hence
€

v=u 8o th_a'f. (p, (P, w)) is a ¢ -extremal quotient of a ¢-
coproduct of J'-objeots. Therefore (P, u) € ob (( J'). Thus,
O < C(5). since Tc @&&,then C(F)cC O.

Finally we prove that % has no proper both reflective and

coreflective subcategories.

J.12, Theorem., If # is a both reflective and core-
flective subcategory of ¢ , then # = ¢
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Proof. a,_1C # implies 4 ¥ {@g} so that

61 c # . Denote by D3 the three-point discrete space with
underlying set {0, 1, 2} . Since # is reflective, DM Dy €
€ ob # . Define the decomposition R ={x, y, z} of {0, 1, 2} X
X {0,1,2} by x=1{(, 1), (1, )}, y = {(0, O), (1, 1),
(2, 2)}, z = {(2, 0), (2, 1), (0,2), (1, 2)] end let
p: {0, 1, 2} X {0, 1, 2} — {x, y, z} be the corresponding pro-
jection. Then (R, v) where v is the quotient ¥ -topology
induced by p (i.e. p: Dy M D; —~ (R, v) is an extremal ¥¢-

~epimorphism) is isomorphic with 03. Hence 03 € ob# 80 that

& =% .

Remarks. Omitting (u;) or (uy), (u3) or all (uy)

i=1, 2,3 in 1.1, we get more general spaces which will be cal-

led 1@ - 2% - and 3‘& ~spaces respectively. Continuous maps

of i% -spaces i =1, 2, 3 are defined analogously as in € .

Denote the corresponding categories by 1y ; 2% ena 3¢

respectively and put 0% = % . Then i‘é is full subcategory

ot 3¢ for 0% i% j %3 end moreover 1%  is both reflecti-
<

ve and coreflective in 98 for 05 i j= 3, (It is easy to

see that Theorem 1.5. holds for each *¢ i=o0,1, 2, 3).
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REFLEKT fVNE A KOREFLEKT{VNE PODKATEGORIE JEDNEJ
KATEGORIE ZOVSEOBECNENYCH TOPOLOGICKYCH PRIESTOROV

JURAJ CINCURA, BRATISLAVA

Sdhrn
Topologia u topologického priestaru (P, u) v Sechovom zmysle
z roku 1937 spina nasledujice axiomy:
2. MC P =>MN C uM,
c
3.H1C MZC.P—'”'—}ul(l ulz.
' Zobrazenie £: (P, u) — (Q, v) sa nazjva spojité, ak M C P =
=> f[uM] C vf[M] . Préca sa zaoberd 3tudiom reflektivnych a ko-
reflektivnych podkategorif kategérie ¢ +topologickych priestorov

v uvedenom zmysle a spojitych zobrazeni.

PE3DME
 PEGJEKTHBHHE # KOPE®JIEKTLEHHE IOAKATECOPY) QZHOA KATETOPWMM
OBOBIIEHHHX TOMNOJOMYECKMAX MPOCTPAHCTB

DPA# UkHUYPA, BPATKCJABA

Tonoxorxa X Tonoxormvyeckoro npocrpaicrea (P, m) B cumucae
- Yexa M8 1937 r. MCNOAHAET caexynume aKcCMoMH: 1, ug = @, P
2. MCP=M CuM, 3. M C M, C P =>uly c uM,. OToCGpaxenne
£ : (P, u) — (Q, v) HasuBaeTCs HeNpepHBHEM, ecax M CP =—>

== ¢ [uM] C vf [M]. B paGore uccxewé: pedaexTuBEHNE M KOpe-
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DAeKTHBHHE NOAKATEroOpMM KATEeropuM ¢ TOMOJOTrMYECKHX MPOCTPAHCTB

B NpNBeAe€HHOM BHIIE CMHCJE ¥ Henpepuaénx OTOﬁpB‘QHRl.
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ON THE UNIFIED MEASURE AND INTEGRATION THEORY

BELOSLAV RIECAN, Bratislava

There is an snalogy between the messure theory and the inte-
gration theory, that can be discovered by the help of an ordering. -
Denote by L the family of all Lebesgue integrable functions (say
e.g. on the interval <a, b)> ) and for f£f € L put J(f) =

b
= é £(x) dx. Then it holds:

1. If f, g € L, £ 5 g, then J(f) £ J(g)
2. J(f) + J(g) = J(meax(f, g)) + J(min(f, g)) for @11l £, g€ L.
3.1£ £, € L, £, ¢, (n=1,2,..), £f{x) = lim £ (x)

n
P n—o00
for all x and the sequence {J(fn)} " is bounded, then f ¢ L
n=
and
J(f) = J(1lim £_) = lim J(fn)

n—rﬂon n—eco

Every measure has some analogous properties. Let J be a

finite non-negative measure defined on a ¢ -ring. Then it holds:

1. If A, B € S, A C B, then J(A) = J(B)
2. J(A) + J(B) = J(A U B) +J(ANB) for all A, B € S.

o

3. If A € S, A C Ay (n=1,2,...), 4= U1 A, end

. n=

the sequence {J(An)}” is bounded, then A€ A and
n=1

J(A) = 1im J(A)

n—>w

It seems to be natural to study & common generalization of the
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both theories. Let H be a lattice, S its sublattice, J: S — R.

The conditions mentioned above can be formulated as follows:

1. If x,y € S, x £y, then J(x) =2 J(y).

2. J(x) +J(y) =Jd(xvy) +J(xaAny) forall x,y € S. A
function J satisfying the condition is called a valuation.

3. If x, € S, x, S Xp+1 (n f 1, 2, eea)y x = s:p x, ¢ H
"and the sequence {J(xn) }::1 is bounded, then x € S and

J(x) = n]::J(xn) !

In this article we want to give a review of some investigations
in this direction. Here we shall present general results. If we con-
sider a set of real-valded functions as a special case (ordered as
usually, i.e. £ = g iff f(x) £ g(x) for every x) then we get
results of the integration theory. If we consider a set of sets (or-
dered by the inclusion,.i.e. A2 B iff A C B) then we get results
of the measure theory.

Of course, we can obtain not only the two special classical
cases but 8lso some new results as well as in the integration theory
as in the measure théory, e.g2. the theory of integral on lattice or-

dered groups or the measure theory on some types of lattices.

l. Integrals on lattices

Definition 1. Let H be a lattice, A be a sub-

lattice of H. We say that a mapping J: A — R (R is the set of
all real numbers) is an integral, if the following three conditions

are satisfied:

1.

J 1is non-decreasing, i.e. for every x, y € A the rela-
tion x £y implies J(x) ¥ J(y).

2, J is a valuation, i.e. J(x) +J(y) = J(xv y) + J(xA y)

for every x, y € A.
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1)
3.  x, /'x (or x, \\x) ,x, € Aln=1,2,...) and
x € A, then J(x) = lim J(x,)
n— oo

Examples.,

1. Arbitrary measure J on a ring £ of subsets of a set X.
of co'uree, by & measure we mean a non-negative 6 -additive real-
valued function. v

2. Let A be the family of all integrable functions, J(f) =
= _f £ dw . Another possibility: A would be the set of all simple
integrable functions. '

3. Let E be a locally compact topblogical space, A = K(E)
be the set of all continuous functions with compact suppqrt. Let
J: K(E) — R be a positive Radon measure (see [4] ). It is known
( [4] , ehap. IV, § 1, Th. 1) that J satisfies the above condi-
tions 1 - 3. )

4. Every additive capacity ( [9] , chap. III, § 2) is an exam-
ple of an integral on a family A of sets closed under fix_lite unions
.and finite intersections.

5. The following exemple is a generalization of the second and
the third. Let A be an Abelien lattice ordered group and J: A—R
be a linear, positive and continuous functional (i.e. x, .7 x

J(%)/J(x)). The second property holds, since J is linear
and x+y=x Vv y+xAy for every x, y € A.

6. The following example is mentioned in [26] . Let A be
a family of non-negative real-valued functions defined on a set X,
satisfying the following conditions: 0 € A; f € A (n=1, 2, ...)

sup £,c A, inf £ € A, ) + €A, Xf €A (L >0),
£, - min(f,, f,) € A. Finally, a function J:A — R is studied,
where J( £ f) = £ J(f) for «£ >0, J(£ + g) = J(£) + J(g) and

1)
We write xn/"x, ifxn§ Xn+l (n=1, 2, ...) &and x :\/ X,
n
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such that £, / £, £ ¢ A implies J(f) = sup J(£,). Then J
is an integral on A. It is sufficient to prove that f £ 0 =>
=>J(f) 2 0. But -n—';,‘T £ / £, hence

J(£) = sup - J(£)
np n
If J(£)<0, then J(f)= sup ﬁ'E'I J(f)g % J(f)what is impossible.

2, Full integral
The notion of full integral was introduced by Alfsen ( [2] ).

Definition 2. An integral J defined on the sub-

lattice A of a lattice H is called a full integral if it has

the following property:

If x, x € H or x, x € H,x, e -4 (n=1, 2, ...)
oo .
end {J(xn) } is bounded, then x € 4.
. n=1

Of course, H need not be & -complete or relatively -

complete. x, /" x means that { x, }w 1 is non-decreasing end
n=

it has the least upper bound, namely x. 1t is possible that

there are sequences (bounded) which have not the leest\upper bound.

First we present here two results'concerning the full integrals.
The first ?s concerned with the completness of the correspondihg
pseudometric space and the second with anhapproximation theorem.,
In the first of these théorems we need the following notion. A lat-
;ice H is called to be reletively 6 -complete, if every bounded
sequence has the least upper bound and the greatest lower bound.
A relatively 6 -complete lattice is called to be 6 -continuous

if the following implications are satisfied:
X, /%, 9, Y X, AV, S XAY

XN\ X Y N\ Y XoV Yo WX VY
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3.Completness of Ly

Theorem 1. ( [2] , Theorem 3, p. 425). Let H be a
6 -continuous lattice, A be its relatively 6&-complete sub-
lattice. Let J: A— R be a full integral. Put @ (x, y) =
=J(xvy) -J(xAay) forall x,y € A. Then (A, ¢ ) is a

complete pseudometric space.

Corollary 1. (Riesz - Fischer theorem). Let A be

the family of ell integrsble functions, J(f) = J f dw . Put
e (£, g) = f |£ - g | d(w . Then (A, ¢ ) is a complete pseudo-
metric space.

.Corollary 2. Let A be the tf—ringofallaetaof

finite me asure which is defined on a 6 -ring. Put ¢ (E, F) =

= w(E a F). Then (A, @) is a complete pseudometric space.

In some sense there is a better variant of Theorem l(see [15] ’
Theorem 4). The condition 2 can be changed by a weaker one, but the
algebraic structure of H in [15] is more complicated. We shall

discuss this situation in the next text (Theorem 5).

4. Approximation theoren

Theorem 2, ( [27] , Theorem 2.1). L_et'A=H be a

relatively 6 -complete and distributive lattice, J:: A—— R be
a full integral. Let L be a sublattice of the lattice A and M
be the set of all elements that can be approximated by elements. of
L, i.e.

M={aech; VE>0 J beEL, Javb) -Janb)<t}

Then the set M is monotone, i.e. X, € M, x,/"x €A (or
X, X € A) implies x € M.
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Corollary 1, Let J be a finite measure ona 6-
ring A, L be aring, LC A. Then MD S(L), i.e. to every
Ec€ S(L) end every £ > 0 there is Fe€ L such that J(Ea F)<¢.

Corollary 2, Let A be the family of all integrable

fdnctiona, L be the set of all sinplg integrable functions. Thén
to every Baire integrable function f and every £ >0 there is
‘a simple integrable function g such that I |£ - g |d¥u <E,

In a similar way there can be modified also some further
classical theorems, e.g. the Lebesgue bounded convergence theorem,
Fatou lemma (see [2] ), the completion of an integral (see [17] )
etc. The central role here plays the us;mption that J is a full
integral, i.e. the Beppo Levi requirement. Hence the qheation of

constructing of a full integral is very important.

5% Construction of a ful integral

Throughout of this paper we shall assume that H is a rela-
tively 6 -complete, &~ continuous lattice and A is a sublat-
tice of H. Further there is 'givcn a function JO:A — R which
is an integral. We want to construct a full integrel J : S — R
such that J is an extension of J, (i.e. SO A and Jy(a) = J(a)
for every ., a € A),

This problem can be solved in various ways, by various con-
structions. Of' course, also various properties of H or Jo resp.

are assumed.

Almost all constructions have a common part: first we usually
define

A'={beH Jee A,an/b}-

J3(b) = lim J(a,), be A

n-—oe
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(Analogically cen be defined A”, Jj.). For all x € H one

can define an upper integral

n

3% (x) = inf { JJ(0) ; b e AT, b

x

or an lower integral

x}

A

J7(x) = sup { Ji(c) ; CEAT, ¢

Finally

S

{ x; 0% (x) = J7(x) € R}
J(x) = 3 (x) = J™(x), xe 8
It is interesting that J+ has the following property: If
X, 7%, X,y X € H, then J+(xn)A/’ 3 (x) (see [2] Prop. 3.1,
[12] theorem 3.1, [13] theorem 1). Of course we are not able
‘to prove that J is a full integral on S.

Theorem 3, ( [2] , theorem 5, p. 429). Let Jo be

a decreasing valuation on A satisfying the following condition:
(A) y € A,z eh (n=1,2,...), yn/'y, 2, \\ 2, ¥ 2z
implies sup Jy(y,) 2 inf Jolzy,)
Then J is a full integral on S.

The additional condition (A) is weaker than the original con-
dition x “xe A = Jy(x)) S/ Jol{x). We cen omit (A) if we
assume that there is a richer algebreic structure on H. The main
problem is the following: how to cross from increasing sequences

to decreasing sequences ?

.

Assume thet there are defined two binary operations + and-.
on H (The concept was introduced in [12] , recently a similar
theory was studied in [5] .) In our special cases the operations +,
- can be interpreted as follows: 1, If H is a lattice of functions,

then +, - are usdal sum end difference. More general, +, - are the
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group operetions in an Abelisan -group. 2. If H is a lat-
tice of sets, then +, ~ are the set theoretic union and difference.
More generally, in a complemented lattice, a + b= aVv b, a = b =
=aAb’, where bAb'=0, bV b'= 1.

In the paper [13] the following conditions are assumed.

(These conditions are weaker than the originel ones from [12] .)

l. x +y=y +x for all x, y € H.

2. If x,y, 2z € H are arbiirary elements and x = Yy then

uA

x+z3y+z,x-25y-2,2-x23z-y.
3. If x, y€ H egre arbitrary elements and x £ y then
y=x+ (y - x).

4, If x € H are arbitrary elements (n =1, 2, ...)

n’ Yn
and xn,/’x, Y,-7Y, then x + yn,/’x + y.

5. If x, € H are arbitrary elements (n =1, 2, ...) and
xn,/zx, then =¥ /’x -Yy. '

6. If x,, y € H are arbitraery elements (n =1, 2, ...) and

X\ X, then y - xn/_’y - X.

Further it is assumed that A 1is closed under + and - and

to every x € H there are =a

Qe <o
N a tx2V v,
= n=1

n=1 °

nt )y A (n=1,2,...)) such that

Finaily, J0 setisfies the following additionel conditions

(of course, Jo is an integrsl):

e) If x,yeA and x £y, then Joly) = Jy(x) + Ju(y - x).
b) If x, ye A, then Jy(x +y) = Jo(x) + Jo(y).

T.heorem 4. ( [13] theorem 6, p. 465). Under the previous

essumptions the function J is a full integrel on S.

By a similar way other constructions can be modified also.

E. Futéds in [7] extends Jo first on Agz = A* resp. A& = A
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and then once more on A&gu ASG and the last one is a convenient
extension.
4. Sebo in [23] extends J, by the trensfinite induction.

He puts

Ay ={xcH; Ja € 4, a,—>x}, Jy(x) = lin Jy(a))

n —oo

Then he similarly constructs A2'D Al and J, extending

n

Jl, A3 :)A2 etc.
For a limit ordinal he defines
by =ochpAcc v I () =0 () (X< p)

From the upper integral J+ one can construct the set S by

of the pseudometric
¢ (x, ¥) = 3 (xAy)) + (y - (x Ay

The set S is the topological closure of the set A with
respect the topology induced by the pseudohetric. This idea was
realised by the author in [22] . '

Also the known Carathéodory method can be adapted. Ih the case

S = {x; Y y e H, J+(y) = J+(y/\ x) + J+(y - (xAy))

See [21] ; 8imiler results are contained in [5] , some spe-

cial cases have been studied in [10] end- [25] .

6 Other common formulations

We have mentioned the Riesz - Fischer theorem (Theorem 1) and
the approximetion theorem (Theorem 2). Now we first show that the
Riesz - Fischer theorem can be improved (the valuation condition

can be dropped) if a binary operation on. H 1is defined.

Theorem 5 Let H bea -complete lattice, A its

sublettice. Let a binary operation A on H be given satibfying
the following three conditions:
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a) A is symmetric
b) xay=(xaz)v (zay) for all x, y, z.

e) (xAz) & (xAyAz)Exay forell x,y, z.

Further a real-valued function J : A —> R 1is given satis-

fying the following conditions:

l. J(x A x) = 0 for all x € A

2, If x & ¥, X, y € A, then J(x) £ J(y), J(y) S J(x) +J(xay).
3. J(xvy) £Jd(x) +J(y) for all x, y € A.

4. I x /" x(x,\\x) end {J(xn)};l is bounded, then

x € A and

J(x) = lim J(x)
N> co B

Under the assumptions the couple (A, ¢ ) where ¢(x, y) =
= J(x ay) is a complete pseudometrié space.

The theorem follows from the main result of [15] (theorem 1,
p. 38). Since the corollary is not explicitely presentedvin [15]

we here prove it. Put

Ry =[(x, ¥); x,ye A, Jxay)< -%{}

Then the following properties are satisfied:

1. Ry is a reflexive (see 1) and symmetric (see a)).
2, If (xi, xi+1)€Ri (i=n, +eey, n+ r), then (x )€

€ R,_,+ (This follows from b) and 3).

n' *n+r

3. If (x, y)\e R, then (z Ax, zA X AY)E R, (see ¢) and
the condition 2).

“ lec Rn .

5. If x, “x or X, X, x, € A and (x;, x;,,) € R for
n>N, then xe€ A and to any m there is ny such that
(x, xn) € R, for eny n H n,.
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To prove the fifth property essume that e.g. xn/‘ x and
J(x, a xp4q) < % . The assumption 2 implies that {J(xn)}:=l

is bounded, hence x € A and J(x) = lim J(x,;) by 4. But then

n—»ta
J(x) = J(xn) + J(x & xn)

and therefore 1lim J(x a xn) = 0, hence 5 is proved.
n->oe

Now the completeness of (A, ¢ ) follows from Theorem 1 in
[15] .

Let us mention the meaning of A in the classical exemples.
In the measure theory, 4 is the symmetric difference, in the in-
tegration theory fag=|f -g|.

As the second result contained in this section we present
the decomposition theorem including the Jordan decomposition theo-
rem for Daniell integrals. The theorem was pi'oved in [24] and we

_present it here in a little special form.

Theorem 6, ( [24] , Pe 370). Let A be a distributive

laettice with the least element O and two binary operations +, -

such that. the following conditione are satisfied:

l. x - x=0 for all x € A.

2. If x

= E

HA

y-‘-z, then y - x 2 =-X z
3. If x =y, x, y € A, then y=x+(y-x),x+z§y+z.
4. If x x(x,\(x), then x_A y/x/\y,-y-xn\y-x
(X, vy xvy,y-x,Ty=x.
» Further, let J: A —» R satisfy the following conditions:

1, J(0) = 0
2. J(x) + J(y) =Jd(xvy) +J(xAy) forell x,yeA
3. I xS v,y fqy- v, ‘%then J(xv+ y) = J(x) + J(y)

4, If xn/x, or xn\x end x , x € A, then J(x ) — J(x).
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Put
J'(x) = sup {9 y2x}, 9 (x)==-inf {J(y); y 2 x}

Then J+, J~ are integrals on lattices, J (0) = J'(O)_= 0
and J(x) = J'(x) - J™(x) for all x € A.

Te Quasilinear structure

" Just mentioned algebraic systems enable us to formulate various
problems concerning measure and integration theory. Let us call the
systet a quasilinear structure. Of course, in the problems there
occurs & relatively large number of conditions. This situstion is
not very convenient because we cannot work with a standard algebraic
system (as e.g. lattice ordered groups or Boolean algebras resp.
present).

Recently 5. Brehmer has published ( [5] ) a concept of so-
called C-lattices which includes both the ciassicel cases and pre-
sents a nice closed theory. It seems to us that all our conditions

‘are satisfied in Brehmer s C-lattices, at least in the case that H
has the least element O. Of course, 3. brehmer works with an ope-
ration \ , which is in the function lattice case defined by the
formula f\ g = f - min(f, g).

Another general slgebraic system has been used in [2] by
L. Berg. The éystem is very generel, even it includes the Brehmer
concept, but it_iq not so adequate to the discussed problems.

Finally we present & purely algebreic result cf the author
from [2@]‘ « It genere;ises the well-known assertions that in lat-
tice ordered groups and in Boolean algebfas the infinite distribu-

tive law holds.

Theorem 7. Let S be a relatively 6 -complete lat-

tice with.a binary operation -, satisfying the following conditions:
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1.8-\/ n=A(a-an)

n
y eand x-y%u-u for some u, then x =y

=]

n

2, It x
3. If x

([

¥y, then (z Ay) - (2 A x) £y -x for every z.

Then S is an infinitely distributive lattice, i.e. the
identity
zA(CV x)= A (z4Az2)

n n
holds

8. Subadditive case

- As corollaries we have obtained some known results at most.
Now we present an example, where by generalizating results holding
for subadditive measures.we get new results for subadditive in-
tegrals. Of course, quasilinear structure is here & little complica-
ted, we need a larger number of properties and they are less ele-

gant:

l. + is associative and commutative

2. There is 0 € H 8such that x - x = 0 for every x € H

3. If agxéb,cs—'yéd, then
a-déx-ygb—c,a+c§x+y§b+d
(b-c)-(a-a5(b-a)+(d-c)

(b+d) -(a+e)S(b-a)+(d-c)
(b-a% (b=-x)+(x~-a)
4. If aéc,b%d, then (av_b)-(cvd)é(a-c)*'(b-d)
(aADb) -(cAd) % (a=-c)+ (b=-a)

5. If a Me, b /b, then a +b SMe+b,a Ab “aAb
6. If a8, bn\b, then a8 + bn\a+b, a, v bn\,a v -b

7. If en/a, b, b, then an-bn/a-b, an-bn\b-a.
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Pro;iertiea of JO:

1. Jy(a + b) s Jola) + Jy(b) for every a, b

2, Jy(b) £ Jy(b - a) + Jy(a) for every a, b

3. If afb, then Jy(a) £ Jy(b)

4, If an\o, then Jo(an)\o

5. If a, £ 8,419 {Jo(an).f:=1 is bounded, then
%E:a Jolap,y = 8,) = 0.

We shall not present explicitely the corresponding results
(see Ela] ). We shall be only interested in the condition 5.
The condition is known from the theory of subadditive measures
(see [1] . [6] ), although in a stronger form: A subadditive
measure o is called to be exhausting (in rusgian

if E, disjoint = lim w (En) = 0,

n—¢t
We see that the general method is very economical, Simulta-
neously we get an extension theorem for subadditive measure, an
extension theorem for aubadditive integrals and even an integra-
tion theory with respect to & subadditive measure. The integral

of a simple function f can be defined by
ffd .= inf oy A(E); £2 L Ay}
'oad {i=1 .1(a' e =1 i Ei
or /enother possibility)

n n
P a = sup{ i=Zl o M(Ey; £ 2 L o lEi, E; -disjoint }

i=1 -+ %

9. Measures on lattices

The following definition is in accordance with the studied
conception as well as with the classicel notion of a measure as

a set-function.
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Definition 3. Let A be a lattice with the least ele-

ment O. A mepping M : A —> <0, %4 is called a measure if

the following properties are satisfied:
1. (Ab(O) =0
2. (w is.a valuation, i.e. /.U(x) + (w(y) = /w(x vy +
+ (de Ay) for every x, y € A.
3. If x, /x, X,
wixy) — (u.(x).

Of course, v will be an integral on e lattice (i.e. also the

ehA (n=1, 2, «c0), x € A, then

property dual to 3 is satisfied), only if the domain A <fulfils
some further conditions (A is something like & ring of sets). There

are at lesst three concepts in this connection:

1. H 1is an orthocomplemented lattice, i.e. H has the least

element O, the grestest el ement 1 and there is a mapping x+—sx4

such theat
o) x—x+ ia bijective, .
B x £y xi2 yt
M x+Ll =x
Hxaxt=o0
€) xvxt =1,
Let A be such a sublattice of H that a, b € A implies
an b‘L € A.
Theorem 8 ( [14) , theorem 4, p. 48). Let H be

a 6 -complete, modular orthocomplemented lattice, A be its sub-
lettice closed under the operation (a, b) aA bt . Let
M A — <0, @ > , A(0) = 0. Then (& is a measure iff
4 \x{ 8,) = 2; AAay) for every disjoint sequence {a, }:’1

of A, i.e. such a sequence that ¢ V ai) A ( \/ a.) = 0
iex Jje J
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for every disjoint set s

Now it would be easy to prove the messure extension theorem
(see [141 y theorem 3, p. 47) in this theory.

2. H is & modular, complemented lattice and A such its
sublattice that a A b‘e A for every @a, be A and every comple-
ment b’ of b. Also in this case an enslogy of theorem 8 holds
( ’[14] , theorem 4, p. 48). The validity of the measure extension

theorem is now not evident:

Theorem 9. ([8], theorem 2, p. 159, thedrem 3 p. 160).

Let H be a relatively complemented, 6 -continuous, 6 -complete
lattice with the leest element. Let AC H be a lattice ring (i.e.
such a sublattice of H that a = b =>[x; x AaAb = 0, xVv(aab) = al
C A for every a, b € Aj, Let o be & 6 -finite measure én A.
Then there is exactly one measure (jx on S(A), that is an extension
of M. The measure (171 is 6 -finite.
3. H is a logic, i.e. an orthocomplemented lattice satisfying

the following two properties:

1) 1 aneH(Lxél, 25 wewily an§ ar'lL (n # m) then
o0
there are V - /\ a . .
n=1 -n’ n=1 n ~

§) To every 8, 8, & H such that a, s a, there is b€ H
€ -l =
such that b = ay and b vV a; = &85
Messures on sublogics of H are studied (see [27] ), but the defi-

nition of a measure on a logic does not agree with Definition 3.

Definition 4. A measure on a logic A is such a non-

negative function (w: A — R that (w (0) = 0 and

M a) = L ey

n=1
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“ .
whenever {an } 5 is & sequence of orthogonel elements (i.e.
n=
< 1
a, = ap for n # m).
4L

If a, b are orthogonal (i.e. =a £b ) then aAb=

4 5 G < L .
=b A b=0, hence a, b ere disjoint. Even if { a, } is
n=

1
(o <]
8 sequence of orthogonal elements, then { an} ig disjoint (see
. n=1 .
Theorem 8). Indeed, if « ,/6 are disjoint sets of indices,
< 1 . .
then 8y = a; for all je B , i € X, hence
Z .
\/ a. = /\ a{L = ( \/ ai)“L
jep 9d jecx jec
(\V a)aAa ( \/ ai) =0
jep 9 jex
#e heve seen .(Theorem 8, that
oo <o
it V a,) = Z: (a))
n=1 n=1

if (4b is 2 measure (in the sense of Definition 3) on a orthocomple-
mented modular lettice. Hence every measure on a logic in the sense
of Definition 3 is a measure in the sense of Definition 4. The con-
vergense is not true. A measure.on a logic need not be a veluation
and need not be subadditive (see [19] , example 2.1). No extension

theorem is known.

10, Negsostive answers

We shall present here three examples when the Carathéodory

method cannot be used.

Exemple. ( [19] , exemple 3.2). Let H be the set of

all linear subspaces of R2, a consists of the following six sets:

{0}, {txpy %) %y = 0}, {5, %) %y =0}, {txy, x5 %) = %y},
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-
{(xl, x,); X, = = x;} 4 Ry. Further, let 4 (0) = 0, m(R) =2
and 4 (L) =1 otherwise. Then Mt is a measure which is a valu-
ation. No linear subspace is messurable in the Carathéodory sense,
since if a,.b are linear snd not orthogonal, then a A b = 0,

an bt o= 0, hence

Mla)
Theorem 10. ( [16] , prop. 6, p. 244). Let H be a

- - . A
1#/0-‘/«40)+/M0) ("/(a/\b;*'(“/(a/\b)

modular, orthocomplemented lattice, (AL: H—R, Ml =

= { v; M(e) = m(aAb) + M(a AbY) for any a}. Let My

Abt e M;. Let o be
< l’.)'L =>{u(a vV b) =

be & sublattice and a, b € M) imply a
increasing and additive on My (i.e. a

= m(a) + (4V(b)). Then My is a distributive lattice.

Theorem 11. ( [16] prop. 7, p. 244). Let H be a

modular, complemented lattice, m: H ~— R, My = { by m(a) =

= M(a Ab) + M(a Ab’) for ell a and ell complements b’ of
b}. Let M; be a sublattice of S and b € M; imply b'e My
for all complements b’ of b. Let M be additive and increasing

on M3. Then M3 is a distributive lattice.
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. 0 ZJEDNOTENEJ TESRII MIERY A INTEGRALU

BELOSLAV RIECAN, BRATISLAVA

Sdihrn

PredloZend préca obsahuje prehled vysledkov teorie, ktord je
zov Seobecnenim tedrie miery a teorie integrélu. V tejto teorii sa
8tuduji redlne funkcie né nejekej &isstolne usporisdenej mnoZine S.
Ak za S vezmeme vhodny sysﬁém mno%fn, dostdvame vysledky z tedrie
miery, v pripgde, e 3 je vhodne zvoleny systém funkcif, dostévame

vysledky z tedrie integrovenia.

PE3DME
OB OBEEAVHEHHE/ TEOPMV MEPH ¥ KHTEIPAJA
BEJIOCJIAB PHEYAH, BPAT/CJIABA

HacTosmas pa6GoTa uozepxuT o680p pesyJbTaToOB Teopun hansnmsnca
o6o0meHneM TeopuMM MepH M TeOopMM MHTerpaga. B sToit TeopHUM MByuapnTCH

ZeficTBHTeAbHHEe (YHKUMN ONpeReJeHHHNE HA HEKOTOPOM YaCTMYHO YNOPALO-
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YeHHOM MHoXecTBe S , Ecam B KauecTBe S BosMeM NoAXogsammee ceeli-
CTBO MHOXECTB, TO MH NDHUXOAMM K DESyAbTATOM M8 TEODMM MepH, B CAy-
yae, Korjza S - nomxoxamee cemeiicTBO ¢byHKUKMA, MH moxydaeM pesyab-

TaTH M3 TEeOPMM MHTerpMpOBa&HMA .,
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