#3D
VAL 7

—/

Werk

Titel: Mathematica
Jahr: 1980
PURL: https://resolver.sub.uni-goettingen.de/purl?312899653_0035 | log2

Kontakt/Contact

Digizeitschriften e.V.
SUB Géttingen

Platz der Gottinger Sieben 1
37073 Gottingen

& info@digizeitschriften.de


http://www.digizeitschriften.de
mailto:info@digizeitschriften.de

UNIVERSITAS COMENIANA
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS
COMENIANAE

MATHEMATICA XXXV






UNIVERSITAS COMENIANA
ACTA FACULTATIS RERUM NATURALIUM
UNIVERSITATIS COMENIANAE

MATHEMATICA XXXV

ALFA, VYDAVATELSTVO TECHNICKE] A EKONOMICKE] LITERATURY
BRATISLAVA



ACTA FACULTATIS RERUM NATURALIUM
UNIVERSITATIS COMENIANAE
MATHEMATICA

Zodpovedny redaktor
OrBeTcTBeHbIN pefaKTop
Verantwortlicher Redakteur

~  Execiitive Editor

_Prof. dr. Til.).or‘Salét. DrSc.

Redakénd rada
PeakuHoHHas KOJNErH
Redaktionskollegium
Editorial Board

Prof. RNDr. Michal Gregus, DrSc., doc. RNDr. Milan Hejny, CSc.,

prof. RNDr. Milan Kolibiar, DrSc., RNDr. FrantiSek Lamog, CSc.,

doc. RNDr. Beloslav Riedan, CSc., doc. RNDr. Valter Seda, CSc.,
prof. RNDr. Marko Svec, DrSc., doc. RNDr. Vladimir Pijik

Poziadavky na vymenu adresujte

3anpocs! xacaioiliecs o6MeHa aapecyiiTe
Die Forderungen an die Literaturaustausch adressieren Sie
All correspodence and subscription orders should be addressed

Ustredn kniznica PFUK, 800 00 Bratislava, ul. 29. augusta &. 5, Czechoslovakia

Vydala ALFA, vydavatelstvo technickej a ekonomickej literatiry, Bratislava
Red'akcil internych publikdcii — vediici redaktor Juraj Koutny

.© Alfa, Bratislava 1980



OBSAH

ubrunn, T.: On trensfinite convergence in measure

Spaces O'.l....l...lt.l.l..ll..0...'0.'..‘.....".....
mo 3 , F.: Pairing formulas for tripolykays ecccccceecs

mo & , F.: Some formulas for generalized symmetric
means (G.S.M.’S) and tripolykays eccececcsccesscsccccce

ekauer , J.: Classical Runge-Kutta formulas of the
£ifth order with retional coefficients for an ordinary
differential equation of the fourth order ...cecccceee

rikovide&, V.: On a nonlineary stationary parabolic
boundary value probleém cececesccscccccsscccoscocsssone

rikovie&, V.: On some properties of stationary
parabolic mixed Problem eeecvecccscecsssccccscocccccncs

vid,A. -Dvor 4k, S.: The estimations of the
1imit of the geometric means of Liiroth’s digits ......

jny¥, M.: Categories of Klein SpacCES seececccccccccses

dnédr , R.: Qualitative Eigenschaften eines Typs
von Rwdproblemen I. ...0.0‘l.’....-.....l...‘.'..l....

dnér , R.: Qualitative Eigenschaften eines Typs.

von Randproblemen II. cseeccossccecccccenscasscsssssccee

t a , A.: On exponential interpolation s.eeccececcccces

in&ura, J.: Reflective and coreflective subcatego-
ries of some category of generalized topological

Hpaces 000 000000000 000 000000000000 0000000000000 00000c00

ie& an, B.: On the unified measure and integration

theol‘y 0000000080 000000 0000000000000 00606080000000000s0ss000

17

29

43
55
11

95.

.109

131

147
157

185

217






UNIVERSITAS COMENIANA »
ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE

MATHEMATICA XXXV - 1979

ON TRANSFINITE CONVERGENCE IN MEASURE SPACES

TIBOR NEUBRUNN, Bratislava

The notion of .the transfinite convergence was introduced by .
Sierpinski in [1] . He proved several results on transfinite
pointwise limits of Baire functions. Other types of transfinite
convergences were studied e.g. in [2] and [3] . This is a note
on transfinite convergence in measure spaces.

Notations and notions. In what follows () denotes the

first uncountable ordinal number. Transfinite sequdnces of the type
Q) will be considered. If nothing else is said, { as}§<n
means a transfinite sequence of real numbers. A transfinite sequ-

ence of reel valued functions defined on a set X is denoted as

{fé } E<n *
In secordence with [1], given {ag} <0 end a real
number a, we say that {°§}§<ﬂ is convergeht to a or

%%_!?1 8 = a provided that for any € > O there is A < ()
such thet for (2 A ,lag-al<e :

Given a sequence {fg} £<Q of real functions defined
on X, then it is seid to be (pointwise) convergent to & function
f defined on X if :;lz?lfg (x) = £(x) for every x e X.

The definition of the uniform convergence of {fs} £<Q
is natural and we shall not introduce it. It was studied in rele-
tion with trensfinite convergence of infinite series, In an obvi-

ous way it is posible to formulate, for trensfinite sequences, va-
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rious types of convergences used in the measure theory. We shall -
give some of them, leaving the formulstion of others to the reade‘r.A .

v The notion of a measure space (X, ¥ , m ) and the related
notions are used according to [4].

A transfinite sequence {fg }'g<ﬂ of real functions de-
fined on ‘X is said to be almost uniformly convergent to a function
f if for any € > 0 there exists E € ¥ such that m(E) < £

and {f§}§<ﬂ converges uniformly to £ on X - E.

A sequence {fg} <O of measurable functions is said
to be convergent in mesassure to a measqrable function f if for
eny  £>0 there is lim m({x :I1fg(x) - £(x)|Fe} = 0.

A sequence { fg }£<Q of measurable functions is said
to be fundamental in the messure m if for any £ > 0, d >0
there exists A <) such that for §, 1)>A, . we have
n({x:1g (x) - £, (x)| Ze}) < & .

The definitions.of the convergence almost everywhere and
the convergence uniform almost everywhere may be formulated in a
naturel way.

Results and proofs. The following two lemmas were used in

the sbove mentioned papers (see e.g. [1] end [3] ). Their
proofs will be ommited. '
Lemma 1, If {ag} £< N is a transfinite sequence

a then there exists an ordi-

of real numbers sucﬁ that 1lim 8
£E<Q)

nel number A< ] such the t 8¢ a for £2 A .

Lemma 2, If { £y } £<0 is & transfinite sequence

of real functions defined on a set X such that {fs}g,_n
is uniformly convergent to f then there exists A< () such

that f, =f for 22, £<N .
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The following theorem in which —-%» denotes any of the men-

tiored types of convergences on a measure space:is also evident

and the proof is omitted.

Theorem 1, Let (X, ¥, m) be e measure space. If

e transfinite sequence {fé} £<n of measurable functions
defined on X 1is such that £y < £, f <5 g, where f and g
are measurable then f = g almost everywhere.

There exists a sequence {fé } t<n ‘of measurable func-
r— thet fy %> f, f, “4>g where L4 and £Lt5 are
two different type of the mentioned convergences and f is not

equal to g almost everywhere.

Example 1. Let (X,¥9, m) be as follows:

X = {17 :m<} ,Y¥ is the collection of all subsets of X
which are countable or have a countable complement. The measure
m is defined as m (E) = 0 if E 1is countable and m(E) = 1

if E is not countable.

For any £ < 02 , let
‘ 0 Cif £«
fg (‘)] ) = < . 1’
1 if &zq
The sequence {fi } g<n converges pointwise to the

measurable function f which equals 1 in any n e X. It
converges in measure to the function g which equals O in any
n € X. -

The following theorem shows that for the transfinite sequen-

ces of funeétions it is useless to introduce the almost uniform con-

vergence.
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-T"h e or em 2., A sequence {fg }_‘4“ converges almost

uniformly to f if and only if, it is convergent to f uniformly
elmost everywhere,

. f.. . . -
Proof . Since the suficiency is trivial, let us prove

the necessity. For the numbers % n=1, 2 ... there exist
En e Y suck thet m (En) < -—%— and the convergence is uniform

in X - E . Hence there exists /'Ln<ﬂ. such that fg (x) = £(x)
for & 2 A g

be such thet A ZA, forn=1,2, .. andlet E= A_E.
n=1

end all x € X - E (see lemma 2.). Let A< )

We have m(E) = O and the convergence of {fg } £<n

is uniform to f =f; on X - E. The proof is finished.

The following two theorems charecterize the convergence in

measure and the fundamentalness in measure.

Theorem 3. Atrensfinite sequence {fé }£<_ﬂ of

messurable functions is convergent in measure to 2 measurable func-
tion f if and only if there exists A < ) such that for any
§2 A, <N there is Ege ¥ with m(Eg) =0 eand f;(x) =
f(x) for X &€ X - Eg.

Proof . The sufficieney is obvious. So let {fglecn
be convergent to f in measure, Since for any £€>0
];.il}l m({x :fg (x)-‘f(x) |2€}) = 0; there exists, according to
Lemma 1, Ag< ) such that m({x: | g (x) - fix)lze } ) =0

for 2 Ag, E<n2. .

Hence there exists for any £ 32 Ag & set E;'e.? with

m(ﬁI:) = 0 and lf‘(x) - f(x)|<€e for x e X - EZ . Put succe-

ssively E=¢&, = —3;— ,n=1,2,3, ..., and denote EZ" =
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= E;‘ » Ag = A, . Let A4<(] be such that A>A, for
n=1, 2, ... )
Further let Eg = 34]5“. We have E;e S, m (Es) =0
n=

for any £>A and
0f (£, (x) - £x) | < L for x'eX - B
Hence for x e X - E; we have fg(x) = £ (x) .

Theorem 4. A transfinite sequence {f(} (.

of measurable functions is fundamental in measure if and only if
there exists A< 0 such that for any two £ , n>A there
is Egne ¥ with m (Eg,, ) =0 and f (x) = £, (x), for
xeX-~- Eg,' °

Pr oo f, The sufficiency is again evident. Necessity. For :
any n, k=1, 2, 3, «ss there exist ‘,}Lnk <N such that for

€1’)gﬂ'nk
mifx : 12 () - £ (0 FE1) < 4

For every n let A, < ) be such that A,>A, for
k=1, 2, .... For g,q)>/'lh we have

m(ix:|f(x) -2, )| F-L})=0

Putting E';,' = {x:lf (x) -2, (x)] z -%-.} we have | f; (x) -

-‘r,,,(:)l(—%r forany £,7 £ 1, and any xex-E'é,,'.
_ Further m (E?,,, ) =0, Let A> ;t.,, for n=1, 2, ... be such
that A< () . Putting B¢, = nﬂz E?’, we have = (Eh) = 0 end

for £, 9>2 o‘fg(x)Sf,,l (x)| forany xe X - Eg, .

Theorem 5. A transfinite sequence {fg } £<0 con-
virges in measure to a measurable function f if and only if it is



fundamental in measure.

Proof ., Let {fg} be convergent to f in measure.
According to Theorem 3 there is A< N such that for any
£ >A there exists Ege ¥ with m (E¢) =0 and f; (x) =

=f(x) for xeX-E . Let £, n>A .Put E = E¢UE,.

£ "

We have m (Eg,’) = 0 and rg (x) = f,,, (x) for xeX - Eg,),.
The result follows from Theorem 4.

Conversely, let {f¢ ] be fundemental in measure. There
is 2< 0 such that for £, »2 A exists Eg,, € ¥ with
m (Eg,) =0 and 1 (x) = £, (x) for xeX- E¢, » Hence
z, (x) = £, (x) forany x e Egae So {fé }§< O converges
in measure to f, .

. One of the well known theorems on the convergence in measure.:
spaces is the Jegoroff s theorem (see [4] p. 88) affirming that
the almost everywhere convergence of measurable functions on a set
of a finite measure implies the almost uniform convergence on that
set. It is also known that the theorem is not necessarily valid if

:lhstead of the sequences {fn | B N the convergence os systems
n=

£ (t, x) of real functions, where t is a resl parameter, is con-
sidered (see [5] , [6]). The problem was considered also far
functions with values in more general speces (see [T], [8], [9]).
When transfinite sequences {fé } £<Q are considered then Je-
goroff ‘s theorem in general is not valid. The sequence in Example

l. serves as an counterexample. But the following is a necessary
condition for validity of Jegoroff’s theorem for transfinite sequ-

ences of real valued measurable functions.
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Theorem 6. A necessary condition for validity of Jego»
roff ‘s theorem for transfinite sequences in a measure space
(X, ¥ m) is:

a) For any set E € ¥ of finite measure and any transfinite
sequence {Eg } §<0 of measurable sets such that E, c E,
for <N ,< N and such that UEf=E, 1lim m (E) =

M y P €<0 £ ’ §<’.Q.
= m(E) holds.

- Proof . Let the condition a) be not valid. Take a sequ-
ence Ece¥ ,§< 1 such that ;langs Ee ¥ end E, c E,
for w<v ,w, <l with 1&1:_10 m (E) = m(E).

There exists A , A < {2 such that lim n(E;) = m(E,) and
m(Es) = m(E;) for {22 . Hence m(E - E;) = m(E) - m(Ey) > O.
For any £<[() put fg (x) = zeg(x) and f£(x) = ¥ p(x) for any
x € X. (g, denotes the characteristic function of the set A.)

The functions f; are measurable and lim 1 (x) = £(x) in eny
point x € E. But the convergence is not uniform almost éverywhere.
In fact teke N e ¥ such that m(N) = O. Let & = —4- and A<Q
any ordinal number. There exists x ¢ EA.+1’ x, ¢ N, x,€E.
Hence |f,,, (x,) - flx,)[=1> —%—- =g .

Note. The convergence elmost everywhere of {fg } £<n
to f in general does not imply the convergence in measure to f.
(see example 1). '

It may occur that a sequence {fg } < of measurable

functions converges in measure to a measurable function f but
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does not converge almost everywhere to any measurable function.

Exemple 2. Let (X, ¥, m) have the same meaning as
in Example 1. Let Ec X be such that E ¢ ¥ . Define a sequence
{f }§<_Q as follows:

Given £<.N

fg (n) =0 it m=2¢

’ o} if ¢ E
if < then £, (n ) ={ "
" g g " \l if n e E
The sequence {fgi £E<N is a sequence of measurable func-

tions which converges in measure to the measurable function f = 0.
But the sequence is pointwise convergent to the nonmeasurable func-
tion x E Hence {fé} §<N . does not converge to any measu-

rable function (see Theorem 1).
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Sdihrn

O TRANSFINITNEJ KONVERGENCII V PRIESTOROCH S MIEROU

TIBOR NEUBRUNN, BRATISLAVA

V priestoroch s mierou moZno definovat rczne-fypy konvergen-
cie aj pre transfinitné postupnosti. Vztahy medzi jednotlivymi typ-
mi konvergencif nie su vZdy analogické vztahom platnym pre konver-
genciu oby&ajnych postupnostf. V mréci sa skimajui rdzne typy kon-
vergencie transfinitnych postupnosti na priestore s mierou.

Okrem imého sa tieZ udédva nutnd podmienka k tomu, sby pre trans-
finitné postupnosti platila veta analogick4 Jegorovovej vete.
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PE3DME

O TPAHC®MHMTHO! KOHEEPI'EHLMM B IIPOCTPAHCTBAX C MEPO#

THUBOP HOMEPYH, BPATHUCJIABA
B npocTpaHCTBE C MEpOi MOXHO ONpejeJKTh DaSINMUYHNE TNOHATUS
KOHBEpreHUuM, TaKXe AJAS TPaAaHCOMHMTHHX NocJejoBaTesbHocTeli., He Gce
CBa3H ;exay STHMM THNAMM QHAJOTMYHH CBASAM MEXAy OOHKHOBEHHHMM
nocJefOBaTeJNBHOCTAMN, B paboTe mccaenyeTcsa CUTyauus B caydyae pas-
JAMYHHX TUNOB TpaHCOUHMTHONK KoHBepreruuu. Takxe yYCTaHOBJEHO HEOOGXO-
AuMoe YyCXOBME IAS TOro, YTOOH TeopeMa AHAJOTHYHAS TeopeMe EropoBa

OnJa BepHa.
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PAIRING FORMULAS FOR TRIPOLYKAYS

FRANTISEK LAMOS, Bratislava

l. Introduction

a) The polynomials of the present paper, called "tripolykays"
are symmetric functions in the sense that they are invariant under
permutations of any of the subscripts. This family of polynomials
is an extension, from sets to matrices, of the family of symmetric
polynomials ky, k2’.kll’ k3, ki5y eee eteo, defined by Tukey (3]
and Hook [4] called "bipolykays" and which are a generalization
of the family ki) k5, oo, ete, defined by R. A. Fisher [1] .

This paper defines the tripolykays, shows that they are inhe-

rited on the average, develops the formulas for use in rendom pai-
ring.
b) Generalized symmetric meam is the function which to each

system of real numbers X171 o+ s Xpngy asociates the number

I, P
o b 4 oo
M 1yd1ky Hadgky

where M is the number of ell summands i, i, +.. € {1, 2, «ou,r),
i, # iy, i3 #_12, :i.3 7 i)y <o &nd similarly for 'ju’ k.

For example % > xil‘ilkl xijzkz
t

r s s t 2
PID I IR 5,:1-"11311:1 x3JoK;

o

denotes
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3y ¥ Jor kK F Ky

Obviously M = rs(s - 1) t (t - 1). Let the sum of exponents
be n. All terms of the sum can be expressed in the form of pro-

duct of n coefficients, e.g.
‘i;k"i 5Ky i ik Fin §ok,Fin
191%1 1 d92%2 191Ky 1331k 74, 358

Consider n-tuple of symbols {pl, eeey Pp} in our case it
is a triple {paqr}. Let as define the partition o« of this set
so that two symbols Pi» P; are in the same class exactly, when
the first indices in i-th or Jj=-th coefficient are equal. In our
example aﬁ three indices are equal, therefore all pqr belong to
the same class. Then partition « consists of only one class
{par} . Similarly we define partition /5 of the set
{ql,qu, ceey qn] in dependence on the second indices. In our
example the second indices of the first and the second member are
equel but the third member has the second index different. So A
is combined of two classes {pq} , {t} expressed

P= {pq, t}

Analogicaly we construct partition > which in our case has

the following form
7 =1{prq, r}

Generalized symmetric mean is characterized by the above-
mentioned triple of paﬁitim o, A % ) therefore we denote
it by o< /p | p> . Prom geometrical point of view even the
matrix of entries is suitably applied in [41 .

For example:
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{pasv, u/pgsv, u/pq, svu ) =
1 2

2
= Z‘i s kx- s s xi
Tr - D s - s o o v i ke

NE

2 2
r(r = 1) s(s - 1) t(t - 1) Lk 1"1"2 252k2

or

Sings <a> , <p> eand similar, denote symmetric means
of partition « , A of a set {Pys Ppy eeey Pp} o If o is the
minimal partition, e.i. its claesea‘are Apy} 5 {Po} cees {p‘}
then we define the polykay (o) formally as symmetric mean in the
following way:

(o) = ()

For arbitrary symmetric mean (o> we define the polykay
(c¢) of the degree of m with the help of recurent formula by

equation
(ot D> = (o) + 2 (p)
pel
where r; is the set of all propre ‘subpartitions [ of partition

of ¢ « E.g. o ={pq} consist of the only class,

(p, @) = <p, Q>
<pa)> = (pa) + (p, @) = (pq) + <p, Q>
then )
(pa) = <pa> = <p, 2>

Thus each polykay (x ) can be expressed as a linear combi-

nation of symmetric me;na <'oci> y 121, 2, ¢ee, m.
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() =2185 <ayd
similar is true for the rest.

Let G be a set containing M elements. Let f be a real
function defined on the set c_ of all subsets of G containing
m elements. Then we define ave {f} as an aritmetic mean of all

\

values of f(w), meCp, e.i.
-1
M.\
ave {f} = () Mgc'i:(,w)

Let the real function g be defined on the set of all permu-
tations Pm of a set containing m elements. Then aver g is an

erithmetic mean of all its values, e.i.

aver {g} = e 3 glz)
m! vefR,

The mentioned definition is related to the case when we con-
sider two distinct sets (xl, Xy seey xm) . (yl, Yor seey ym)
and we form a set of type

n * byt ey
where & (1), £(2), ¢e., €&(m) is a permutation of numbers

1’ 2’ eecoy m.

2, Pairing formulas for tripolykays

We define a "dot-multiplicetion” for symmetric means as fol-

lows: .

oo IP 1) if o, B consist of the same symbols
Ca X pXpy (RT3 b

o otherwise

Definition 1. The tripolykays (oc/ﬁ['r)rare de-

fined es
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~
R
~N

=

Alp) = (a)(p)(p)
where « , 5 end § are partiticae er. the same set of symbols,
where it is understood that (o ),. (A) and (9r) are expresed
as sums of symmetric means before the dot-product is taken.

22

1 =
Exampl e . Consider the tripolykay (

l == 1
( l ) = (q, t/qt/q, t) =

(q, t)(at)(q, t). = (q, t> [{qt) - (q, t)] <Kqt) =

{q, t> {aqt) <q, t) - <q, t> <Kq, t> <q, t) ="

(q, t/qt/q, t) =~ {aq, t/q, t/q, t>
(1_-‘- 1> [1 -’- 1] ['1»-|- -]
- eole - - eole - - =l= 1

Definition 2. In dealing with two different popula-

tions, we define -

[ <ad, <AL <T>,<J>.,]'[<5>*<§ w1 =< X d<e ] [P X )],
and by extension this provides a meaning for any expression which
is formaelly written as a dot product of linear combinations of
terms of the type {(x ), <A),,.

Lemma 1.
ave aver {(x){p>{y)} ={ave aver (a)}{ave aver (/4)} { ave aver <{p
ave aver {(x)(3)(7)}={ave aver (x)} {ave aver (p.)}{aveaver (7}

(Dot product the expressions ave aver o, ..., etc. having
meeaning only from the definition just above. Similarly for the tri-
polykays, which must be expressed as sums of g.s.m. before the

above definition gives them meaning).
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Proof is evident.

Lemme 2. (a)(8);(7), ) 06), €)= {)p)Nedl, (AT )E

(Each side of this equation has the meaning, each polykay has
been written as a linear combination of symmetric means). Proof

is evident.

Defimition 3, A aiinple dichotomy of a partition

« is & set {x;,x,} of two partitions o, end «, , such
that it has the property that each part of &« belongs entirely

to “‘1 or to “2'

Definition 4. The tripolykey (x/B /) is said .
to be decomposable if there exist simple dichotomies {al, 062} ’

{py, by} and {p,, 75} of pertitions «, B, 7 such that
xqy,4; and ¢, consist of the same symbols and neither

%3146, mor 2, is null.

Theorem 1, If 2,p eand { are arbitrary partitions. -
If a tripolykay (a/p /7y ) is indecomposable then its pairing
formula is ’

ave aver {(x /A /p)} = (e /B/plg*+ (/B /7 )y
Proof.

ave aver {(a/p/p)} =aveaver i («)(A) 7)) =

= { ave aver ()} { ave aver ()} { ave aver (7 )} =

= 20 (agd (ay) 22 (A (o) o 32 (py) (p)
R L SURGEURD IR FURY s 1

by definitions,ly Lemma 1, where the first sum extends -over all
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simple dichotomies {ocl, oy} of o end similerly for the second
and for the third sum. Hence by Lemma 2

ave aver {(x/p/7)} =
= 2{(aq) (By) () ol (ay) (Bo) ()
gl 107‘10} { °’-2oof~"2007‘2°°

Since {x,,x,} is & simple dichotomy of o , then o,
is a partition consisting of some of the parts of o . Similarly
/.‘>1, T1 consists of some of the parts of 4 and /. The

expression (ocl)o(/bl)o('rl)o venishes unless o ,, A, and
T1 comprise exactly the same symbols. Thus the nonvanishing
terms arise when
1. %q =, ,“’13/'5’ 7‘1’7‘:.“2= /‘52' 72 =g
then 4 .
(xq) (A) (ra) }o{(ay,)d (BA)) (p,) 1 =
¢ 1y Pl T, 2%50 2750 279

= { (@) (B) (p) F.{@) (@) (B) }=(x)(p)(p) =
(0] 0 0 00 00 00 0 0 ]
= (a/B/ )
o /)"o

2. mlz/bl:’rl:ﬁ, 01.230(../523,6,7*2-7"'
then

(ac) (B) () = (/p/P)
OO/bOOTOO 7‘00

Ex_amglg.Ifocs {ra, t}, fb-.{tq.p} .7"'{?‘1) p}
then

ave aver { (/A /y)} =

= , t) (¢ (¢ () ¥) (@ +
{ (pa )o( q, p)o q, p)o} { )oo >°° )oo}
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+ { @ @ @ } {(pa, t) (tq, p) (tq, p) }=
0 0 0 00 00 00

= (pq, t/ta, p/tq, p)o + (pa, t/tq, p/tq, p)oo

ave aver {(a/p/p)} = (oc/b/'r)o-'- (oc//b/'r)oo

Theorem?2. If &,/ and / are arbitrary partitions.

If a tripolykay (o« /p /9 ) is decomposable and is the product
of indecomposable components (oci/ /bi/ 7‘1), then the pairing for-

mula is

ave aver { (a/p/7)} = (oc/ﬂ»'/yn)o L% DI

+ X (/P Cay/ Byl 1ry)
0] 00
where the summetion extends over all simple dichotomies of
a, by '

Proof ., First part of the proof of this theorem, being
virtualy identicel with that of Theorem 1.

Thus the only nonvanishing terms arise when

1o wg=0, hy=hb, pr=7,x,=b,=p, g

2 ay = By=T =8 ay=c, by=h, P,

3. 3 =Ry =7,, ¥, =/, =7, and none of this is null.
The tripolykey is decomposable, case 3., gives exactly the

“v"vhrious terms that correspond to the splitting of the tripolykay
int‘.o indecomposable components.

Example,If = {pq, 8}, A={p, q, 8} , 7=1{pq, 8}
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then

ave aver {(ax/p/p)} = (pq, s/p, q, 8/pq, 9)0 *

A\
+ (pq, s/p, q, 8/pq, 8) + (pa/p, o/pq) (8/8/8) +
00 0 00

+ (s/8/8) (pa/p, /PQ) = (/B/p) + (x/p/7) +
0 00 o 00

+ 22 (g / by 'rl)o (“2/.62/7.2)00
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Sdihrn

VZORCE NA VYTVARANIE DVOJfC PRE TRIPOLYSTATISTIKY
FRANTISEX LAMOS, BRATISLAVA

V prédci sa vySetruji funkcie, ktoré sa nazjveji tripolyitatis-
tiky a ktoré ali definované ako linedrna kombinédcia zov3eobecnenych
symetrickfoch priemerov. Nedvlizuje na préce, ktoré sa zaoberaji né-
hodnym tvorenim dvojfc dvoch r8znych mnoZin. Hlavny vysledok moZno

uviest v nasledovnej vete:

Nech o, A, a si YubovoIné rozklady nejakej mnoZiny zna-
kov. Nech tripoly3tatistika (a/A/p) je

1. nerozloZiteInd, potom plati
ave aver {(/p/p)} = (oc/b/r)o + (a/p /'r)oo
2. rozloZiteInd, potom plati

ave aver {(a/A/7)} = (a.//b/'r)o * (m//b/r)oo*-

+ 7 (ool/ﬁllrl)o(oozllbzlrz)oo

kde ave znamend aritmeticky priemer cez vybery a aver znamend _

aritmeticky priemer cez permutédcie prvkov mnoZiny.
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PE3DME

$OPMYJH [Jid OBPASOBAHMA IIAP TPUIOJUCTATVCTHK

OPAHTMIIEK JIAMOUWl, BPATHCJIABA

B craTe McaenynTcs QYyHKUMM, KOTOpPME HASHBADTCHA TPHIOJAMCTA-
THCTHKM M KOTOPHE onpefeieHH Kax JMHekHAS KoMOMHAUMA 06oOmEHHHX
CHMMETPHYECKHMX CPefHMX, 3Ta paGoTa ABALETCA NPOJOAXeHMeM palorT,
KOTOpDHE BAHMMADTCSH CAYUYAXHHM o6pasoBaHMEM Nap ABYX DASJIMYHHX MHO-

xecTB, ['aBHHil pesyxarTaT cTaTk 8agaE B cJaenyvmeik Teopese :

Nycrs o , /A | 77 TpPOMSBOJbHHE DAasOMEHMS HEeKOTOPOro MHOXeCTBa

aHakoB, [lycTer TpUMmoOJAMCTATHCTHKA
1. HeposJoxXMMas, TOrZa MMeeT MeCTO
ave aver {(w/8/7)} = (a/B/ Py + (/B /D)y
2, pasioxuMas, Torza '
ave aver {(a/B/p)} = (w/b/ply+ (a/h/ )y +
+30 (oey/ By/ '7'1)0(052/L52/7'2)00 ‘
Kie ave O8HauaeT cpejHee apupMmeTHUECKOe BHOODKM M &VEr OsHA=-

4aeT cpeAHee apNPMeTHUECKOEe NEpPeCTAHOBOK eJeMEeHTOB MHOXeCTBa,
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MATHEMATICA XXXV - 1979

SOME FORMULAS FOR GENERALIZED SYMMETRIC
MEANS (G.S.M.’S) AND TRIPOLYKAYS

FRANTISEK LAMOS, Bratislava

l. Introduction

.~ The distinct generalized symmetric means of degree 1, 2 and
3 have been listed in [2] and for degree 3 the notations have
been use Up, Upy eeey Ugqge For example generalized symmetric meen

of degree 1 over a trisample is

)] g

The tripolykeys are linear combinations of g.s.m. s. Those d
of degree 3 can be expressed in similar notation and they will be

denoted by Uy, Uy, «esy U37, (ef. [31 ).

2. Conversion formulas. for g. s.m’s

and tripolykays

The following conversion formulas apply to the tripolykays
of degree 1 and 2:

et (et ) I e b



Degree 2:

+ + + +
| — U . |
[ I | " -~ ~
"~ [ | LI | LI |
LI | " [ | { I}
~ .1 [ I | - -~
] ] ! +
| s | | — | — | 1 r 1
Lo I | LI | LI | | I | "~
1 [ [ | LI | LI |
LI | 1~ 1~ "~ [ I |
- | - - ~ -
| W — == J 1 J L =3 |
] ! L] + !
r — r r — 1 | e | r 1 L A
LI} [} "~ " 1 LI |
L I | " " (I} -~ 1 I ~
1 [ | [ I - 1 " LI |
- | -~ ~ -t - 1 -~ | ~ |
L J L -y L ) L 4 L 4 L - |
u " + L] [] R
Ve ~ —
[} (I | "
- [ | r
LI | { I | - 1
-~ -~ -
~ > ~— N—”
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+ + +
—_ —_—~ / N
] -~ | I | "
~ -~ | | I~
! 1 [ I |
- | ~4 ~ 11.1..
SN—— ~——~ ~~— S~— SN
+ + +
e e e — — /— /N
~ I~ -~  ~ ] ] 11~ "~
L | ] ] ] | I I N N N |
" I~ ~ - 1 1 ]
~ -~ 1 ~ ~ - - | - 1 ~ ~
D L L S~—— ~—— ~ S~ S~
+ +
~ -~ 1 ] ~ [ I | ~ 1 ~ | I |
] - o~ ] ] ] ! -
~ ] ] () ~
— ~ ~ ~ - ~ ~ < ~ () ~ N - I ~
e e D N > N L
[} n
s - r— L — | aa— | | |
~ ] ~ [ I | | I ]
] ] ] -~ o~ [ | [ |}
~ ] "\ -~ |\
~ ~ | ~ ~ ~ -~ L N | (o I |
I | | F———— —_—) | SE—




e

The distinct tripolykays of degree 3 will be denoted by U’s.

U=y

Uzzul-
U = yy -
U4=u4-
Us = u5 =
Us = vg -
Ug =g =
Ug = ug -
U9=u9-
U0 ® Y0
Up = vy
U2 = 9o
U3 = 43
Uiy = My
Uis = W5
Uis = Mg
U17 = g
Ui = Wg
Upg = g
U0 = Y20
Uzy = U5

-3 .

~

e |

b

o

u3-u2+ul

u4-u2+u1

u4-u3+u1

Uy =Wy + 1y

YmhtYy

-04-\13"'“1
-u7-u6A-u5+u4+u3+u2-ul
-ue-u7-u6+u‘+u3+u2-ul
TUTUpcUgtu Uyt -y
TUo TV T U5ty tuytuy -y
Y0 "9 Vgt Uyt U3ty muy
-3u2+2u1

-3u3+2u1
-Ju‘-+‘2ul
-uls-na-2u5+2u3+3u2-2ul
-u17-u8-2u5+2u3+2\12-2“1
-um-u9-2%+2u4+3u2-2u1



Upp = Uy, =

U23= u23 -

Upy = Uy =

U25= u25_
+2u6+

w
w
"
u=
w

==

ul7 - Uy - 2u7 + 2u4 + 3u3 - 2u1

- u9 - 2“6 + 3u‘ + 2u2 - 2u1

Ug = Ujp = 2uq * 3uy + 2u3 + 2u)

M T

U1 < Y9
2u5 - 2u4
Y52 = Y59
2u6 + 2u5
Upg T Up3
2u6 + 2\15
Y1 < Yo
2u5 - 2u4i
Wy = Ban
2u5 - 2u4
Upg = Y23
2\16 -; 3“4

+

2u3

b
2u4

Y18
31.:.4

Y6
2u3

b b 4
3u3

U1g
2u3

Y3
3u2+

Y14
3“3 =
Uig <
Y15 =
3u2 +

2u2 +

2u2 +

Ujp = Ujy *ug tug 2wy 4+
2ul

Yo =Ygy + 9yt ug t

2u2 + 2u1

Uz = Uy + g tug +

2u2 + 2u1

2ujy * 205 *ug +ug +

2u1

2u)y = g + 2ug + ug +

Zul

2ujp + Uy +ug + 2ug +

2u1

~

3uyg = 3upg + 2upg + 2upg + 3ug + 6ug - 6uy -

4uy

3u23 - 3u21 + 2“18 + 2u15 + 3u9 + 6u6 - 6\14 -

4uy

Uy = Juy

4ul

+ 2“18 + 2u17 + 3u1° + 6u7 - 6u4 -

Wiy = Upg = Upg = 2Upg = 2upg + 2uy, + 2uyy +



-34 =

+2u12+2u11-2u10-2u9-3u8-4u7-4u6-6u5+4u4’-
+ 6u, + 6u, - 4u
3 7 O 1
Uss = U3g = U3p = U3p = Upg = 2Upg = 2Uy5 + 2uy, + 3uyy +
f 3uyy + 2upg - 2upg - 2upc + ug *+ 2u, +;2u13 +2u, +

+ 6u2 - 4u1

U = U3g = U3z = U3g = Upg = 2Upyg = 2Upg + 3u,, + 2uyy +
* Uy *2uy5 - 2ujg - 2ugg +oupg + 2up, * 2up5 + 20, +
+ 20y, = 3uy, - 2u9 --.2u8 - 6u7 -'4u5 = 4ug + 6u4 + 6“3 +

Uy ® Ugp = 3u3g = 3u35 = 3ug, + 2ugy + 2uy, + 2u3) + 3uy, +
* 3uyg + 3upg + Buyy *+ buyg + buyg - 6uy, - buyy - Guy, -
= 6uyy - buyg - buyg + dujg * duj, + 4uyg - 3u g -6uy, -
- 6u13 - 6u12 - 6u11'+ 6“10 + 6u9 + 6u8 + 12“7 + 12u6 +

The conioraioi formulas of degree 3:

w=0

Wl + 74

u3 = U3 + U1

u, = U, + Uy
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Rl vy U0
U =Ug * Uy * U + 1
b Ay R R
g =Ug+Uy+ Uy + 1)
Ug =Ug + Uy + Uy + Uy
Uio * Ut Uy * U3+
Uy +Up + Ug + U + U, + U3 + U, + 1)
l.llz-u12+U8*U7+U6"'U“.'U34'U2"'Ul
13+Ug+u7+U5+u4+i13+u;_,+ul
Uy = Upy +Upg* Ug + U + Uy + Uy + U, + U
Uis FUQG Uy + Ug + U, + U3 + Uy + U
Ue = U * 3V + Uy
Vg ® Uyg + 35 + 1
Ujg ¥+ 30, + Uy
Yig = Upg * Uy * Ug + 2Us + U3 43U, + 1)
Upg = Upg *+ Upg + Ug + 2U5'+ 30 + B, + U
Y21 = Uy * Uyg * Ug + 2 + Uy + 30 4 Uy
Yoz * Upp * Upg * Upg + 2Up + Uy + 305 + 4y
Ny = Upy *Upg * Ug + g ¥ 3y +Up+ Ty

Yaq ¥ Upq * Usg + Upo + 207 + 30, + U3 + Uy



Y25

e,

Yar

s

9

Y32

+

Uzs

- 36 o

* Uy *Ujg *Upg + Uy + Upp + Uy + Ug + Ug +

U7** EU6 + 2U5 + U‘ + U3 + 302 + Ul

Uz

*Uyp ¥ Upg * Upp + Upy + Upp + Upy + Ug + 20, +

Taq

2Ug

Vg
20,

Usg

U30

U3y
30,

U2
3U,

U3
3,

Uy

+ U24 + U23 + Uia + 014 + 013 + U11 + U9 + ZUT +_

+ U5 + 2U4 + U3 + U, + U

* Uy +Upg +Upg + Upg + 203, + Uy + Ug + Ug +

+ U4 + U3 + 302 + Ui

*Up + Uyg + Upg + Upg + 2035 + Upg + Ug + U +

+ 2U5 + U4 + 3U§ + UZ + Ul

* Uy * Up3 * Uyg + Upg + 205, + Upy + Ug + Ug +

+ 2U6 + 3U‘ + U3 + 02 + Ul
- .

* Uy * 3Upg * Upq + Ujg + 3Ug + 6U; + 3U4 +

+ Ul

+ 3U23 + 3U21 + UlB + U16 + 2U9 + 606 + 3U4 +

+ Ul'

gy *3Ugp * Upg * Uyg * Uy + 6U7 + 30, +

+ Ui

* U3y + Uyg + Upg *+ 2Upg + 2Upg + Uy, + Uy +

3Upp *+ 3Uyg + Upg + Upg + Upg + 20y, + 2Uy5 + 20y, +
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+ 2011 + Ulo + U9 + 308 + 207 + 2U6 + 605 + 04 + 3U3 +.3U2 +
+ Ul
Uyg = 035 + U32 + 030 + U28 + 2U27 + 2025 + 024 + 3U23 + 3021 +
+ ?19 + Ula + U16 + 015 + 2014 + 2013 + 2U12 + 2U11 + Uio +

+ 3U9 + Ué + 2U7 + 6U6 + 205 + 3U4 + U3

+ 302 + Ul

Ugg + Ugy * Ugg + Uyg + 2Upy + 20p¢ + 3Up, + Upy + 3U,, +
*Uyp * Upg *+ Upq + Upg + 2y, + 2Uj3 + 20y, + 2Up) + 3Up, +
+ Ug + Ug + 6U; + 2Ug + 205 + 3U, + 3U; + U, + U;

U7 % U377 ze ¥ U35 * 3Uyy * Uyy * Ugp + Uy + U360 + 3Upg +
+ 3Upg + 6Uyq *+ 6Uyg + 6Uyg + 3Uy, + 3Upy + 3Up, + 3Uyy + 7
* Uy * 3Upg * Upg + Upg * Upg + 3Up5 + 6U), + 6U;, + 6U 5 +
+6U), + 6U)) + 3Upg + 3Ug + 3Ug + 6Uy + 6Ug + 6U + 3, +

+3U3 + 30, + Uy

3. Multiplication formules for

tripolykays

The usefulness of the property of inheritance on the average
is pretty well limited to the case where functions having this pro-
perty occur linearly. Any polynomial in tripolykays for one trisam-
ple, however, can be expressed as a linear combination of tripo-
lykeys for that trisample, given the proper multiplication formu-
les. We give below the multiplication fofmulas for tripolykays.



+

x x + 2: b 4 Xs + b 4 b 4 hd
2 ok idik,  F ik ok = 1 dak An 01K,

+ x A x + x O x - x R x o +
§ 1,3,k 71,35k = 139k 150,k ; 191k 1535k

I

+

x & b <
& 1y9:k 4535k,

G e ) Pt e g

1-f--= 1-|-1
+ (8 -1) (¢t - l)[ 1 ]+ (r - 1(t - 1)[ - _I_ - ]+
1 == =
+ (r-1)(s - 1) [_ 1| - _]

‘ 1 - - -
+ (r-1)(s ='1)(t = 1) [ l? 1]

Then after a little manipulation we obtain
]

N e e Y et g P G i

N Gt i T Gl B E N Gt L



1
+ 8 ( 1

2|
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e (I D) eme (2 2]27)

Products of tripolykays of degree 1 and 2 are more complica=-

ted, therefore we introduce only results.

l -
rst \ _ _I

rst

rst

rst

rst

rst

(2:

(2:

). (2

-1

el 1 -

1l

)

)

o)

o)

|

)

2015 + 2014 + 2013 + 2U12 + 2rUlo +
2303 + 2108 + 2!0# + 2506 + 2t05 +
2rsU; + 2rtU3 + ZatUz + ratUl

2U30 + 2027 + 2r024 + 23023 + rsU18 +
2tq12 + 2tU11 + 2rtU7 + 2utU6 +

retU‘

2028 + 2025 + 23U21 + 2t019 + stUls +

2rU14 + 2rU11 + 2raU6 + 2rt05 + rat02

+
2029 + 2Uyg + 2rU, 1 2tU2°A+ rtUl7 +

2BU13 + 23U11 +.2rsU7 + 29tq5 + ratU3

203‘ + tU31 + 2’“26 + 23025 + rt020 +

at019 + ZraUlz + ratUa

2U36 + rU33 + 2!U27 + 2t026 + rle‘ +

rtUz2 + 20tUl4 + rstUlo
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]

[ ]

L d
—_
[
"\
1 1!
"
—
e
—
-
L ]
LI |
[}
~—
"

2035 + 3032 + 2rU27 + 2tUa5 +

+ rsU23 + stUzl + 2rt.U13 + rstU9

"

e (PI00).0200)

037 + rU36 + 3035 + t034 + rspBo +

+ rtU29 + etU28 + ratU15

The multiplication results of this section enables us to find
the variances and covariances, in taking trisamples from a popula-

tion matrix, of tripolykays of degree 1, 2 or 3.
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Sihrn

NIEKOIXO VZTAHOV PRE VSEOBECNE SYMETRICKE PRIEMERY A
TRIPOLYSTAT IST IKY

FRANT I5EK LAMOS, BRATISLAVA

8lénok hovori o v3eobecnych symetrickfch priemeroch a o tri-
poly3tatistikdch. Opisuji sa obrédtené vztahy medzi tripolyStati-
stikemi a v3eobecnymi symetrickymi priemermi. V zdvere su odvode-

né vztahy pre su¥in tripoly3tatistik 1 a 2 stupna.

PE3KME

[IECHONBHC OTHOUEHMA 4iJid OBOBIEHHHX C/MMETPWUECKMX CPELHMUX
W TPANCLACTATACTHYK

SPAHTHUIEK JAMOU, BPATACJLABA

B craTeu usyuanTca 06OCmMEHHHE CHUMMETpPMYECKNEe CpelHMe ¥ TpH-
NONMUCTATUCTUKM, OHMCHBADTCA COOTHOMEHUA MEXAy TPUNOJMCTATHCTUKAMM
¥ 06OCmEHHHMN CUMMETDUUYECKUMYU CDEeIHUMM .,

b XOHLUe CTATbYM MBJOXEHH COOTHOWEHMS LJAS NPOMBBELEHMS TPUNOAM-

CTaTUCTUK J-0i M -0l cTeneHei.
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CLASSICAL RUNGE-KUTTA FORMULAS OF THE FIFTH
ORDER WITH RATIONAL COEFFICIENTS
FOR AN ORDINARY DIFFERENTIAL AQUATION
OF THE FOURTH ORDER

JAN STEKAUER, Bratislava

The contents of this paper is the numerical solution of an or-
dinary differential equation of the fourth order by means of classic-
al Runge-Kutta method. The requirement all coefficients to be ra-
tional numbers is given. Conditional equations are then identically
fulfilled in contrast to the case, vhen the coefficients are roun-
ded decimal numbers. The formulas of the 5th order are derived and

in addition weights are Newton-Cotes numbers.

1., Formuletion of the problem. Let us consider the differen-
tial equation

’ oo
)

(1.1) ¥y = tx, v, ¥,y
with) the initial contitions
(1.2) v () = y{P, 120, 1, 2,3

Denoting y = u, we can transform problem (1.1), (1.2) to
the problem for the system of four differential equations of the
1lst order

(1.3) CHE R u£ = £(x, uy, vy, Uy, y), 1=0,1,2
with the initial conditions

(1.4) uy(xg) = wyg, 120, 1,2, 3
which is equivalent to the problem (1.1), (1.2).
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Let the solution

(1.5) u; = Fy(x), i=0,1, 2,3

of the problem (1.3), (1.4) exist. Then our task is to determine
the increments Ky of functions Fi(x), for i=0, 1, 2, 3, if
the increment of the independent variable is h:

(1.6) Uy * Ky = Fylxg + h), i = 0,1, 2, 3

é; The Taylor series method. Expending the right sides of
(1.6) in Taylor series with respect of (1.3) and (1.5) we have:

-1 .3 oe J o
h h (j+i-4)
(2.1) Ki = j%al r uj,._i,o + %-i T b 4 (XO",'OO’“IO’uZO’u_}O)’
i=o0,12
oo .
Y _(j-1)
(2..2) Ky = g;i ¢t (xgy» Uggr Uygr Yoy U3g)
For the simplification of the following derivation it is
useful to introduce some symbols. If we denote

(2.3) r(x, %, ul,.\l2, u3) L f

0 p+q+r+s+t . P
=
3xPIudduTIuBIut arfst

(2.4)
we can introduce the operator

k
(2.5) ¥ ¢ =D (p, q, r, 8, t)
L1y 43, T PRgerrertex

q
. Pe. autr osat
11+q,12+rf;3 + 8,4+t Loyt

where k, p, q, T, 8, t, i, i,, 13, 14 are non-negative integers
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k k!
and (p, q, r, s, gl ® pTqTrTsTer is the polynomi:} coefficient.
ros,

In the denotation (2.4) we shall omit "unnecesary" We shall also
write only x, uy instead of Xqy U3qy for i=o,1, 2, 3.

It is easy to show, that

’

k = pktl k-1

+ gDkl

+ s £ s
. 1112 i3+1,:|.4

k-1
u,D L P +
3 11,12+l :1314

k=1
+ DfD L. )
1112 13,i4+1

Using the relations (2.3) - (2.6) and denoting

(2.7) Ay=t2 '
(2.8) - A = Df

(2.9) A, = P2 % up y0f + up )£ 4+ £F o0+ £ DE
(2.20) a4 = D3¢ + fOIsz + fngf + 2,0 +
+ 3 (upD)gf + uDy)f + £DL + DIDLG)) *+ uy 1 of + £ (if +
* (up gof *+ uy of + £115)85;
(2.11) A, = ptr + f°1D3f + rglnzf + flonzr + 4Df°1D2f +
: 2 2 2 2 2
6 (uyD? 15 + ugd? 2 + #0270 + DEDPe ) + 320, (00)2 +
+ fglnr + ADE)DE + 281 £ Df 4 £DL + T£ DE DL +
6 (uy 1ofgDf + U3 3f)DF + ££7;DF + wyuy )T + u £ 10%0 *
*tuy L ogf) + 3(uDyaf + uDy £ + £DF) £, +
4 (uy 1ofDfG) + U3 3fDfy *+ £30DfG) + usDyof + D5, 1) +

2 g2 2 2
3 (U3 pof+uy gof + 27 f0) *+ (uy 3of + uy f + £fy) £y +
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+ (uy gof + T )f)85y *+ (W 3of + uy 3 + £14) £74 +
* 1 30f

we can (2.1) and (2.2) rewrite:

¥y e, + i 2
(2.12) Ki = = 3"— uj"'i + e 3‘!_ j+i-4 seey =0, 1,

( gnl, .
; 2 ola) K3 j‘l 31— j-l eoe

3. Runge-Kutta method - the 5th order formulas. Now we shall

look for the approximate solutions k; of Ky, for i=o0,1, 2, 3.
Let
Wyo = Uieqs Byp = £(x, Uy, Uy, Uy, uy)
(3.1) miq ® Yiey * 'iqh’ myq = f(x + aqh, uy + ioqh, u, +
u; + 11qh, u2 + 12qh, uy + 13qh), i=o0,1, 2

q= 1, 2, seey 5
where

-l '
(3.2) 'iq = ko Biqj lli,._l’j, q= 1, 2’ ceey 5; i = 0' 1, 2

q-1
(3.3) l:lq = ‘% biq:) ﬂijs Q=1, 2, o0y 5 1=0,1, 2, 3
Let us still denote:

(3.4) kg5 =mysh, 1 =0,1,2,3 J=0, 1, eee, 5

Then we shall look for ki in the form:

5
(3.5) ki = g;s pijkij’ i=o0,1,2,3
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Our aim is to determine coefficients 8gs» Bygjr byqy and
weights Pjj ®° that expansions kg and K, in Taylor series,
for 4 =0, 1, 2, 3, conform one another up to the terms with h’,
In eddition we require all coefficients to be rational numbers.

Let the coefficients Biqj’ biqj satisfy so called Runge’s condi-

" tions:
-1 q-1
(3.6) %55 Biqk = EEB biqx =8y Q% 1, 2, eeey 53%

i=20,1,2; j=0,1, 2, 3

Extending (3.1) in Taylor series, introducing into (3.5), with
respect of (3.4), and comparing with the corresponding terms of
(2.12) and (2.13) we can get following system of nonlinear equa-

tions:
' 5
(3.1 5 ey - EFT k=0,1;3=0,1,2,3
3.8 = pyel® =, i=0,1,2
f=2 91
.9 3 Pj1die) 51 =3 §=0,1
=3 Jti,1L

5

(3.10) pk1r§§{ =g k=1,2; §=0,1, oo, 4=k
5 i

(3.11) > Pjid.(igl}iz = '%5; J=1,2

2 -
(3.12) EZ ;'Pjicgng) = m» Jyk=2,3



(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
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pk"’l,if:(jgi = 2%_ ’ k‘= l’ 2; 'j-. O' 1’ esey 4 -k

k) _ _1 - :
pk+2'ig‘(ji]). = Ir ’ 3 0’ l; J = o' 1’ ecey 3 - k A

p21°§gi = I%U’ i=0,1,2,3

p3i‘£ =3 } T»J3=2 3,4

P31‘§°;(;ﬂ = Nz'lrn »J=0,1,2,3k=0,1, 2

p3id§gi = ?%-' J= 0,1, 2,3

() .1 <.
P33d582 = g5 i=2, 3

Pysciileril =28 §=0,1,2, 35 k=4, .., 3
p3iaid§§i = 3%_ » d=0,1, 2; k=2, 3

P31’§?i= I%U »d=1,2

p3ir§§‘1‘*1’ 35, k=0,1; §=0,1, ear, k + 2

PyiT5a1 =Thy » 4= 0, 1



(3.25)

(3.26)

(3.27)

(3.28)

5
2=
i=2

Gl

>
]

Mo

4

Poi®241

(0) 1

(1) _
P3383¢332 =

® 120

1
5

(1) 3) .
P3i(8331 * #3931) %

(1) (2) 1
pn(r311 +r =

2i1

In this system particular symbols have following meaning:

(o)
¢ijk

(0)
455k

(0)
€231

(1)
ik

(1)
94 5k

(k)
®ij1

(2)
9 jk

j=1
=

J=-1

ok

(0)
' ciqui-l,

(o)
d2qlBO.jq'

Pijqr 3= 21 31 4, 5

i=

i=
jq? J=3, 4, 55<<

J=4,5

i=
a:bijq' Jj=2,3, 4, 5;<::i -

(1)
°iqk525q’

(k)
43918k jq?

(o)
3qk%i jq?

(1)
©jqkP3jq°

i=3,4, 5 <::I i

k=1, 2; j=4, 5

i.=

J=3, 4, 5; <:fi -

. i’
i=3,4, 5‘<1-

0,1; k=1
2, k=1,2,3

i=1;ks=1
i=2;x=1, 2

9,1, 2; k=1
33k=1, 2,3

0,1, 2; k=1
3; k=1, 2

i=0'1| .oo"-k

0, 1; k=1
2; k=1, 2
0,1, 2; k= 1.
33 k=11, 2
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-1
(. 40

.ijl qg3 iql qu’ J': 4, 5; i-= 0,1, 2, 3
j=1
Sigi = éé; aqciiiazjq’ q =3,4,5;1i=0,1, 2,3

J=1 )
3-%{ ‘chibﬁq' j=3,4,51i=0,121,2,3

0 . & L) : .
rijl % aiqlbiol’qu J =4, 5, i

1, 2

X j-1 _
riji = 2 d:{:ibk*-l,jq’ k=1,2; =4, 5 120, 1, coopd=k

=1
"8{ = q% dﬁibﬁq. j=4,5 i=0,1, 2, 3

The system (3.7) - (3.28) is the system of 96 equations con-
taining 99 unknou#: Bijk’ for i=0,1,2; j=2, 3, 4, 5; k =
=1,2, eeey §= 1, bygy, for £20,1,2,3; §=2,3,4,5;
k=1, 2, eeey J =1, Py s for i =0,1, 2, 3; =0, 1, ece, 5,
ay, for 121, 2, vesy 5.

Solving this systeménalogically to Huta [3] we can get the
following formulas of the fifth order (in the variables of the
original problem (1.1) and (1.2):

(3.29) Ny=O0, Ny =4, N=izd i=2,3,4,5

(3.30) My; = 0

(3.32) My = I%-(kio + 3kyy)



(3.33)
(3.34)

(3.35)

(3.36)

(3.37)

(3,38)

K
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- 1
My; = =7 (kjo = 3kjy + 4ky5)

Mgy = g (syo + 3iy3)
Mgy = - (kg * 3kyy + 12k, + Bky,)
ell for i =0, 1, 2, 3

k.. = (yo(i*l) + M,

1) J,i+1)h’ i 3;0, 1’ 2; j = o’ lgovc,s

5= Tlxo * Ny ¥o * Myps g * Mg1s o * Myph Yo *

+ lj3) ’ j = O, 1, ecey 5
1. .

i=o0,1, 2, 3.

We can see that the requirement given above is fulfilled and

in addition the weights in (3,38) arelﬂewton-COtoo numbers. From

the form of the formula (3.29) - (3.38) follows their easy using .

on digital computers.
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Sihrn

KLASICKE VZORCE RUNGE-KUTTA PIATEHO RADU S RACIONALNYMI
KOEF IC IENTMI PRE OBYSAJNU DIFERENCIALNU ROVNICU STVRTEHO
RADU
JAN STEKAUER, BRATISLAVA

' Obsahom ¥lénku je numerické rieSenie obyZajnej diferencidlnej
rovnice 3tvrtého ré4du klasickou metddou Runge-Kutta. V préci je
vyslovend poZiadavka, aby v3etky koeficienty boli racionédlne &isla.
SuU odvodené vzorce piateho rddu, priZom navyde védhy si Newtonove-

Cotesove &isla.

PE3WME

KJACCHYECKME $OPMYJIH PYHI'E-KYTTA IATOLO MNOPAAKA C PALVOHAJB-
HHMJ KO3®SMUMEHTAMM AJA OBHKHOBEHHOI'O AM®SEPEHLMAJILHOIO YPAB-
HEHM YETBEPTOI'O MOPALKA

AH WTEKAYEP, BPATHCJIABA

ComepxaHueM 8TOH CTaThbM SABASETCA UYUCJAEHHOe pemeHMe OOHKHOBEH~-

Horo anddepeHUNMAALHOrO YPABHEHNS YeTBEpTOro MOPSAKA KJIACCHYECKUM
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meTonoM PyrHre-Kyrra. IllpuToM npeabsBiaeHo TpebGoBaHMe, UTOOH Gce
xkospduuuenTH OHAM panuOHALbHHE uMcaa. B crarpe SuBeZeHH dopMyan
NATOro nopsaaxka M BRoGaBOK K 8TOMYy TpeGOBAHHMD BeCH ABJASDTCH YMLJAAMHA

HroToHa-Koreca.
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ON A NONLINEARY STATIONARY PARABOLIC
BOUNDARY VALUE PROBLEM

VLADIMIR DURIKOVIC, Bratislava
l. Introduction

In the widely worked classic and non-classical theory of pa-
;abolic differential equations (see for instance [4] , (5] , (6]),
the different mixed problems are studied on thé finite time-cylin-
der Q= x <, T» , where () is a domain of the Euclidean
space R. and T is a fixed positive number. In the paper [8] an
initisl-boundary value problem for the system

D,u - t) Xu = F(x, t
(4] N |k|Z=2b Ay (x, ). = x, t)u

with the nonlinear differential operator F(x, t) of the order

= 2b - 1 was considered on Q.

The present paper deals with a stationary ﬁixod problem for
the equation of the type (Al) on the infinite cylinder (] x <0,c0).
This problem is studied in a complete topological space of locally
bounded and locally H¥lder continuous functions. Using the S. D.
E’jdeYman’s and S. D. Ivesilen’s estimation of the Green function
from [1] we establish sufficient conditions for.ihe existence of
solution and investigate its structure. These conditions restriet
the growth of F(x, t) much more than the conditions (17) Pormulated
in [8] , however they express the dependence of the growth of F
by the selection of the time cylinder.
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By the below described method we may solve the nonlinear
Cauchy problem for the equation (Al) on the unbounded sets
R,x <0, > " orR x {0,00) in a class of the locally H¥lder

continuous functions.

2. The formulation of problem.

First of all we introduce notions and notations which will
be used throughout this paper.

The symbol (1 means a bounded domain of R- for m% 1
with the boundary &) and the diameter diam () . For 0 < T<oo
we define the bounded cylindricel domain Qp =0 x <0, T> with
the lateral surface [, =31 x <0, T> and for T =co we put
Qo= N x <0,00) with [ = 80 x <0, 00).

For any integer r the symbol t(r) means Card {k =
= (Kyy eeey Kp)i |k =1}

2b-1
and s = Zo t(r) for b & 1. The Cartesian product
r=

Qo x i'l ‘ :ﬁl ‘_{.-oo < u}(w} for p = 1 will be denoted
by H, .

By J and (¢ the (p x 1) - unit vector and the (p x 1) -
sero voc.tor'ia denoted respectively. E; means the (p x p) - matrix
whose all elements are equal to 1 and E means the (p x p) - unit
matrix,

The class of the holder continuous vector functions with
respect to x on (), with exponent O < © ¥ 1 and uniformly
with respect to A on (1, will be denoted by
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Hp (xy 275 A, N,). The class of locally Holder continuous
vector functions with respect to x #‘loc,p (x, ﬂl; A,Ny) =
= {ue Hy (x, A 1;A1): for eny subset A, of the domain n,
such that 51 cn 1} « The system of Hdélder continuous vector -
functions with respect to x and locally uniformly with respect
to A H%“ (x, N3 2, 2,) = {ue Ho(x, 1,5 A, A,): for
eny subset A, of the domain (), such that A'2 = .0.2}.
Consider the system of p 2 1 aifferential equations of the
2b-th order (b = 1) with p unknown functions

ar ' ku
(1) L (x, Dgy Dy) u=1Dyu = IESZb A (x) Dpu =

= F(x' L) ceey D; u, ooo), (x, t) e ﬂ”

where T*= ( YSURIEY 7-.) is @ multiindex such that 0 = ITI £
=2b - 1.

The solution of (1) is required to fulfil the initial condition
(2) u(x, 0) = (", xe (]

and the boundary conditions

ar
(@) Kk .
(3) B (x, Dx)ulr“ = (qu » Df u)ln” = 0

Ikl=rq

N

P
2b -1 end q=1, ..., bp; A(.) = (alV(L)) nge is &
’ =

matrix function and Biq) (.) = (bkql Codiy wiony bkqp (.)) is a

for rq
vector function on Q and F = (fl, veey fp) on H, .

The just formulated problem (1), (2), (3), will be solved
in the following class of Holder continuous functions:
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Consider the nondecreasing paerametric function fB - mapping
the interval <0, c0) into 0,00 ) with the properties

t ¢
2 Bz
(By) fp,s (t) % S(; z e dz
fd t € (O,c0) &and B> 0 and 0< e <1 and
(B,) . o> o
Further; for a reel function v on Roe1 and for 0< a <1l
we put
<vix, > o =lvix, t) ~v(y, )] Ix-yl™®
’ .
and
<vix, 8> 4 g =lvilx, t) = vix, I [t - W
Then for b2 1 and 0< x <1 we define the linear space
2b -1+0, (2b -1 +0)/2b
Cx,t,f(B”°’/""" v)

= (ul(x, )5 weey up(x, t)) from Q_ into Rp by the foquality

(Q,, ) of the vector functions u(x, t) =

(4) £(B ) ar
Nl » s oy <
2b-1 +x , Q_,

. -1 -
. l:lf’ > { izi:o l:vL—-i Bgf.[ID: uj(x, ) fB,z ()] +

+

[(Dlx‘uj(x, D 1 51 )]+

su]
Ikl§2bol (x, t),p(y, t)e Q Byw
x¥y

2b-1

+ > - sup
0 Ikl (x, t), (5, t)eQ,
trt
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[<og us(x, > (5p1 o= [K[)/2b, ¢
-1 ’ -1
- fg,, (It =7 £g0 ()]} <o

where the parameters 3, m, and v belong to the interval

(0, 1) ent t'= max (t, t°).

Remarkl a) We immediately see that if the function ue
2b-1 +o ,(2b-1 +0)/2b '
' (@) then DX ue H%(x,N; t,<0,00))
Xy t,£(By2e ,pu, v) «
k s
for |lk| = 2b-= 1 and Dx ue Hloc,(2b-l+0£-|k|)/2b(t’ < 0,00), x,ﬂ)
for |kl = 0, l, ccey 2b - 1,

b) The derivatives D:u for |kl =2b -1 mey be continu- "
ously proceeded on R, x (0, T) foreny T € (0,00 ) &and then

using the mean value theorem and the relation
(5) RN PRI A DI gy
x:| = Ix| = x
;' =0 1

for xe R, and kK e (0, (l/AV—'Z)"l) ~one obtains: D: ue
e B%(x, N; t, 0,00)) for |kl =0, 1, cc.y 2b = 2.

The operator L and B from (1) and (3) and the boundary

q
91 satisfy the following assumptions:

(A) The system (1) is uniformly parebolic in the sense of
I. G. Petrovskij ( [5] ).

(B) The operator B q and the system (1).are connected by

the "uniform supplementary” condition ( [5]1 , [8] ).

(Dgy, ) The coefficients A, and Béq) end the boundery 932
satisfy the condition (C,) from [1] (or the modified condition
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(Ct,,,“) for the domain 1 from [8]) for 0 < «x < 1 &and an
integer 4 % O,

The estimations of the Green’s matrix of the operator L
and its derivetives on the infinite cylinder Q. are established
by

Theorem 1, (S. D, E‘iderman and S. D, Ivasifen [1].)
Let the aasuﬁptions (4), (B), Dy, ) be fulfilled. Then there
exists the Green’s matrix function G(x, t; £ , = ) of the problem
(1), (2), (3), (WithF =0). For 0 <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>